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2 OnTtumunsaymnoHHble 3aga4nm n Teopema KyHa-Takkepa

PaCCMOTpI/IM 3a/1a9y MHUHHMHU3aIlUN

) — min
fO( ) z€R4

filr) <0, i=1,...,m, (2.1)
hz(l'):O, ’l:l,,p

Ecnu orpannvenus B 9T0it 3a/1a1€ OTCYTCTBYIOT, TO IMEET MECTO Heobxodumoe Ycao-
8UE IKCMPEMYMG: €CJIN B TOUKe * (DYHKIM fo JJOCTHTaeT CBOEr0 MUHUMYMa, TO €€ TPa/Iu-
€HT B 9TOI TOYKE paBeH HYJII0. SHAYHUT, /I PEIIeHus 3a/1a91i 0e3yCJI0BHON OIITHMUBAIIN

fo(x) — min
JIOCTATOYHO HANTH BCE PEIeHUs] yPaBHEHMsI
Vf() (fL’) = O,

U BBIOPATH TO, B KOTOPOM JIOCTUTaeTCd HAaWMeHbIlee 3HavdeHue. s perenns ycJaoBHBIX
3aJ1a49 ONTUMUBAINU TpedyeTcs DOoJiee CJ0XKHBII MOIX0/I, KOTOPBI MbI ceifuac U paccMOT-
puM.

§2.1 Jlarpan>kuaH

Bajaua ycsoBHoit onrumusanuu (2.1) SKBUBAJEHTHA CJIeLyIONel 6e3yc/IoBHOM 3a-
Jade:

I«@:{Q 2 <0

oo, x>0,

0, =0
Iolw) = 00, x#0



Takasg nepedopMyIMpPOBKA, OJIHAKO, HE YIPOIIAeT 3aJiady — WHJIMKATOPHbIE (DYHKIIAN
SBJIAIOTCS KYCOYHO-ITOCTOAHHBIMU U MOTYT OBITH ONTHMU3UPOBAHBI JIUIITH ITyTEM MOJTHOTO
repebopa perreHwuii.

SaMeHNM Telnepb WHIUKATOPHbIE (DYHKIIUN HA UX JIMHEHHDBIE AIIITPOKCUMAIIAN:

L(z, A\, v) = fo(x) + Z Aifi(x) + Z vihi(z),

riae \; > 0. [onyuennast byHKIMsT HA3BIBACTCH Adzpanocuarom 3amaan (2.1). Hucra
U V; HA3BIBAIOTCS MHOACUMENAMUY Jlazparotca M 080T CMEEHHLLMU NEPEMEHHDLMU.

Koneuno, jmHeitHbIe alllIPOKCUMAIIN ABJIAIOTCHA KpaiiHe IpyObIME, OJTHAKO UX OKa-
3bIBAETCS JIOCTATOYHO, YTOOBI IOJIYIUTh HEOOXOIMMBIE YCJIOBHUS Ha pENIeHne HCXOJHO
3a0a491.

§2.2 [BoiicTBeHHast pyHKLUSA

Jlsoticmeennot ynkyued as 3amaan (2.1) HaspiBaeTcsa GYHKINS, MOTY IaI0IIAsICS
UPU B3ATUM MUHUMYMA, JIArPAHKUAHA 110 I

g(\,v) =inf L(z, A\, v).

MOKHO IIOKa3aTh, 4TO JaHHas (DYHKIMS BCErJa sBJISeTCS BOCHYTOIA.

Bauem HyzKHa jBoiicTBenHas dynkima’ OKas3bplBaeTcs, OHA JAaeT HUKHIOI OLEHKY
Ha MUHHMYM B HCXOJIHO omrTuMmusanuoHHOi 3agade. O6o3HaunM perienue 3agadn (2.1)
qepes z,. [lycts 2’ — donycmumasn touka, re. fi(z') < 0, hi(2') = 0. [Iycrs Takxe A; > 0.
Torma

L(l‘l, )\, I/) = fo(l'/) + Z )\zfz(x/) + Z I/Z'hi(l'/) < fo(l‘l).

Ecim B3aTL B J1€BOiI YacTu MHHHUMYM IIO BCEM JOIIYCTUMBIM I, TO HEPaBEHCTBO OCTaHET-
Cd BE€PHBIM; OHO OCTaHETCdA BEPHbBIM M B CJ/Iy4dae, €C/JIM Mbl BO3bMEM MUMHHMYM IIO BCEM
BO3MOXKHBIM T:

inf L(z,\,v) < inf L(z,\v) < L(2',\,v).

T — JIOMYCT.

Nrak, nmomydaem
inf L(xz, A\, v) < fo(2).

[TockoJibKy pelrieHne 3ajiaun T, TaKKe SBJIAETCd JIONYCTUMON TOYKOM, MOJIydaeM, 9TO
npu A > 0 jaBoiicTBeHHad (DYHKIINSA JIa€T HUZKHIOIO OIEHKY HA MUHUMYM:

g\ v) < fola).



§2.3 [BoiicTBeHHasi 3apaya

Wrak, npoiicTBenHas dbyHKIUA i Jii00oil mapel (A, ) ¢ A > 0 1aer HUXKHIO0
OIIEHKY HAa MUHUMYM B OIITUMHU3AIIMOHHO# 3a1ade. [Tonpobyem Terneph HAWTU HAWTY YTy IO
HUZKHIOIO OIIEHKY:

g(\,v) — max
A (2.2)
N>=0, i=1,...,m.

Hannas 3a1aua HasbiBaeTcst dsoticmeennoti K 3ajgade (2.1). 3amerum, aro dyHKIMOHAI
B JIBOMCTBEHHOU 3a/1at€e BCerJia SIBJISIETCS BOTHYTHIM.

Bamaua 2.1. IlocrpoiiTe ABOHCTBEHHYIO K ONTUMH3AIHOHHON 3a/a46:
2 .
||z]|* — min
X
Ax =b.

Ormernm, ITO 9TO 3a/1a19a IIOUCKA PEIeHUsT CACTeMbI JTHHEHHBIX YPABHEHUIH ¢ HAMMEHBIIICH
HOPMOH.

Pemnenne. 3amnmiem jarpanzKuaH:
L(z,v) = ||z||* + v"(Az - b).
Haiinem rpajment:
V.L(z,v) =2z +v"A=22+ ATv.

[IpupaBHSB IrpaJreHT HYJIIO, HaiigeM MUHUMYM JIarPaH:KuaHa [IPHU JTaHHOM V:
1
x=—=ATv.
2

SuaguT, ABOICTBeHHASA (DYHKIINS PABHA

1 1
g(v) =1L <—§ATV, I/) = —ZI/TAATV — by,

[TockoJibKy OorpaHmYeHUi-HEPABEHCTB B UCXOHOM 3aja4e HeT, B JTBONCTBEHHO 3aja4e He
Oyaer orpanudenuii. [Tomydaem JBOMCTBEHHYIO 38241y

1
—ZI/TAATI/ —b"y — max.

v

Bapaua 2.2. [locrpoiite ABOHCTBEHHYIO K 3ajade JITHEHHOTO IPOTPAMMHPOBAHUS B
CTaHJapTHOM BHJIE:

(c, ) — min

Ax =b,
x> 0.



Pemnenne. 3anmiem jarpanzKuan:
L(z,\,v) = (c,x) — N'a + vT (Az —b).

OTrmeTnM, ITO OrpaHUIeHUs-HEPABEHCTBA BOIILIA ¢ MUHYCOM, MbI IIPUBEJTH X K CTAHIAPT-
nomy Bujy —r < 0. Hemuoro nmpeobpa3syem JiarpanzKuam:

Lz, \v) = =b'v+ (c+ ATv — Nz
JIBoiicTBennas (OyHKINS UMeeT BU/I

g\ v) = =b"v +inf(c+ ATv — Nz,

Bamerum, uro Beipaxkenne (¢ + ATv — \)Tz juneiino mo x u He orpanmueno, eciu ¢ +
+ ATy — X\ # 0. Takum obpasom, yeiosue ¢ + ATy — X = 0 aBasgerca orpanmdcHEEM B
JIBOMCTBEHHAs 3aJa4e.

[Tosryuaem, 9To JABOWCTBEHHAS 3ajada UMEET BHU/I

—b'y — max

c+ ATy —X=0,
A= 0.

Orpanndenust MOKHO OObeJIMHUTD, N30ABUBIINACH OT A:

— 'y — max

v

c+ ATv > 0.

§2.4 CwunbHasa n cnabasi 4BOWCTBEHHOCTb

[Tycrb (A", v*) — perrieHne JBOICTBEHHO 3a/1a49u. 3HaUEHIE IBONCTBEHHOI (DYHKIMN
B 9TOIl BCerjia He MPEBOCXO/IUT YCJIOBHBIIT MUHUMYM HMCXO/IHOH 3a/1a9u:

g(\* V") < folw.).

D70 CBOMCTBO HA3BIBAECTCA CAabol dsolicmeentocmoio. Pasnocts fo(x,) — g(A*, v*) nasnl-
BAETCS 30430POM MEXKJLy DEIICHUsMU IPSIMOfi 1 JBOICTBEHHOM 3a/1ax.
Ecm mmeer MeCcTO paBeHCTBO

g()‘*> V*) = fO(x*)>

TO TOBOPSAT O CuAbHOU dsoticmeennocmu. CyiecTByeT MHOTO JOCTATOYHBIX YCJIOBUM CHITh-
HOI ,ZLBOI7ICTB€HHOCTI/I. OILHHM N3 TaKUX yCJIOBI/IfI JJId BBIITYKJIBIX 3a/ia4 ABJIAETCA yCJIOBUE
Cuneitrepa. Buwnyx.aot 3agadeil ONTUMA3AINNA HA3BIBAETCA 3aa4a
fo(x) — min
x€R4
filz) <0, i=1,...,m,
Az =b.



e yukmun fo, f1,..., fm gBiagoTes BeInyKIbME. YcioBue Crefitepa Tpedyer, IToObI
CyIIIeCTBOBAJIA TaKasl JOIYCTUMas TOYKa ', B KOTOPOil OrpaHNYeHNUsI-HEPABEHCTBA BBIIIOJI-
HEHBI CTPOrO:

fz(.%'><0, 1=1,...,m,
Az =b.

YesoBue CﬂeﬁTepa MOYKHO OCJIAOUTD: JO0CTaTO4YHO, YTOOBI OI'paHUYEHUA-HEPDABEHCTBaA
ObLIn CTpOTruMHU TOJIBKO B TOM CJIy4dae€, €CJIM OHU He ABJIAIOTCA JIMHENHBIMHI (T.e. HE NMEIOT

By Ax — b).
BenomuanM, HAIIpUMeEp, JIBOMCTBEHHYIO 3384y JUHEHHOTO ITPOrpaMMUPOBAHUS:
— by — max
14

c+ ATv > 0.

S,ZLQCID MaKCUMU3UPyEMad (bYHKHI/IH 1 OI'PaHUYICHUA ABJIAIOTCA JIHHefIHbIMH, 1 II0 0CJIab-
JICHHBIM YCJIOBUAM CﬂeﬁTepa JJIA CIJIbHOI ,ZLBOﬁCTBGHHOCTH JO0CTaTOIHO HOTpe6OBaTb,
YTOOBI CyHieCTBOBaJla JOIIyCTUMad TOYIKaA.

8§2.5 VYcnoBusa KyHa-Takkepa

[Iycrb 2z, w (A", V") — pertennst IpgMOil U JBOWCTBEHHON 3ajad. Bymem caurars,
9TO UMEET MEeCTO CUJIbHAas JIBOMCTBEHHOCTh. Tora:

Jolw.) = g\, v")

= inf { fole) + Y N filw) + D vihi(a)
=1 =1

< folw) + D Nifilw) + Y vihi(x.)
i=1 i=1

< fo(zs)

[osy4uaem, 4TO BCe HEpABEHCTBA B ITON IIENIOYKE BBINOJHEHbI KaK paBeHcTBa. Orciosa
MOZKHO C/IeJIaTh HECKOJIbKO BBIBOJIOB.

Bo-niepBbix, ecim TOJACTABUTHL B JIAarpAHXKHUAH peIleHne JIBONCTBEHHON 3aja-
qu (A, V), To ero MEHUMYM GyJIeT JOCTUTAThCS HA DEIreHun MpaMoil 3aj1a4du . VIHb-
MU CJIOBaMH, PeIeHe NCXOHON 3a1a49u (2.1) SKBUBAJEHTHO MUHUMU3AIINY JIaTrDaHKIa-
Ha L(z, \*, ") ¢ mojcTaBI€HHBIM pellleHreM JBOICTBEHHOI 3a/1a9u.

Bo-BTOpbIX, U3 MOC/IE/IHEr0 HEPABEHCTBA MOJIydaeM, YTO

m
*
i=1
Kazkiplil 1IeH HEeroIoKuTe IeH, IT09TOMY
* .
A filx) =0, i=1,...,m.

Shvis YCJ10BHA Ha3bIBAIOTCA YCAOBUAMU ()OTLO/LH.H?OZLQ@’& neatcecmrocmu. OHI roBOpAT, 9TO
MHOXKHUTEJIb HarpaHH{a npu -M OrpaHUMYeHUN MOZKET ObITH He PaB€H HYJIIO JIMIIb B TOM



cilydae, e/ OrpaHNYeHre BBIIOJHEHO ¢ PABEHCTBOM (B 9TOM CJIydae TOBODSAT, 9TO OHO
SIBJISIETCST AKIMUBHBLM ).

Wrak, MBI MOKeM 3allucaTb CJIeyIOLIUe yCJIOBUsA, KOTOPbIe BBIIOJIHEHBI /I Pelle-
HUIl TIPAMON U JIBOWCTBEHHON 3a/1a4 T, 1 (A*, *):

p

V fo(x +ZA*VfZ +Zu*Vh

)\: >0, 1=1,...m

\

Hanuble ycjioBust HasbiBaloTcs ycaosusmu Kyna-Taxkepa (B 3apybexkHOli Jinreparype
UX NPUHATO HasbiBaTh ycsioBusivu Kapyma-Kyna-Takkepa) u siBIAOTCS HEOOXOAUMbBIMU
yCJIOBUSIMU SKCTpeMyMa. VX MOKHO chopMyInpoBaTh HECKOJIHKO MHAYE:

Teopema 2.1. Ilycrp x, — pemrenne 3amaun (2.1). Torma Haigyrcs Takme BEKTOPHI \*
u v*, aro spimosHersr yeaopusa (KKT).

Ecan 3amaga (2.1) siBisiercst BBITYKJIOH U yjoBieTBopsier yciaosuto Creiirepa, TO
yesousi Kyna-Takkepa cTraHOBITCS HeOOLOOUMbBLMU U DOCTNATOYH LML

Bamava 2.3. Perure caegayonyio 3ajady yCJA0BHOH ONTHMU3AIIIH:

(r —4)* + (y — 4)? — min
zy

r+y <4,
r+ 3y <9.

Pemenune. Boimmuiem jrarpanKuan:
L(z,y, A, ) = (. —4)° + (y — 4 + M(z +y — 4) + Moz + 3y — 9).
Venosusa Kyna—Takkepa 3anumiyrcst B BUJIE:

2 —4) + M+ X =0,
20y —4) + M +3X =0,
r+y<4, M =20, Mz+y—4)=0,
r+3y <9, Ay >0, Ao(z+3y—9) =0.

Pemas nx, paccmorpum 4 ciydasd:

e x+y=4 x+3y=9, \y >0, Ay > 0.
[Ba stn ypasHenus gaor (r = %, Y = %) [Tocsie ojicTAaHOBKY B II€pBBIE JIBa ypaB-
Henns ycyosuit Kyna—Takkepa, mosydaem

2(%_4)4—)\1—'—)\220;
2(%—4)4—)\1—'—3)\2:0,

OTKY/Ia Ay = —1, 9TO MPOTUBOPEYUT MPUHATHIM YCJIOBUSIM.



e rx+y=4 r+3y<9, \y >0, \a =0.
[ToncranoBka Ao = 0 B mepsble jaBa ypaBHenus ycjosuit Kyma—Takkepa BmecTe
c ypaBHeHueM = + y = 4 mator pemenne (r = 2,y = 2, A\ = 4, s = 0). D1
pellleHns yJI0BJIETBOPSAIOT BeeM yesaousm Kyna—Takkepa.

e /IBa ocraBIuxcs caydasi, KaK U MEPBBIil, BEJIyT K NPOTUBOPEIUIM.

[TockobKy 3a/1a1a BBITyKJIasi U Y0BJIETBOPsieT ocaabaeHHbIM yeaousaM Creiitepa,
HallJIeHHas TOYKa ABJISETCA PEIeHUEM.
|
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