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♥ Êîíñòàíòà π

B Date Completed: October 16, 2011

B Who: Shigeru Kondo and Alexander Yee

B Decimal Digits: 10,000,000,000,050

B Compute Time: Compute: 371 days. Verify: 45 hours

B Comments: World Record Size Computation

B Computer: 2 x Intel Xeon X5680 @ 3.33 GHz

B 96 GB DDR3 @ 1066 MHz 24 x 2 TB

! Note: December 28, 2013: The record has been improved
to 12 trillion digits
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♥♥ Êîíñòàíòà e.

B Date Completed: July 5, 2010

B Who: Shigeru Kondo

B Decimal Digits: 1,000,000,000,000

B Compute Time: Compute: 224 hours (9.3 days). Verify:
219 hours (9.1 days).

B Comments: World Record Size Computation

B Computer: Intel Core i7 980X @ 3.33 GHz
12 GB DDR3
2 TB (Boot + Output)
8 x 1 TB (Computation)
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♥♥♥ Êîíñòàíòà Êàòàëàíà

B Date Completed: April 16, 2009

B Who: Alexander Yee and Raymond Chan

B Decimal Digits: 31,026,000,000

B Compute Time: Compute: Compute: 178 hours (7.4
days). Verify: 221 hours (9.2 days)

B Comments: World Record Size Computation

B Computer: �Nagisa�; Processors: Dual 3.2 GHz Intel
Quad-core Xeon X5482 Harpertown
Memory: 64 GB DDR2 FB-DIMM @ 800 MHz (quad
channel)
Motherboard: Tyan Tempest S5397
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♥♥♥♥ Êîíñòàíòà Ýéëåðà γ.

B Date Completed: December 22, 2013

B Who: Alexander Yee

B Decimal Digits: 119,377,958,182

B Compute Time: Compute: 50 days. Verify: 39 days

B Comments: World Record Size Computation

B Computer: �Nagisa�; Hard Drives: 750 GB SATA II
Seagate (Boot drive);
4 x 1 TB SATA II Seagate (No raiding)
Operating System: 64-bit Windows Vista Ultimate SP1
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Îïð. 1. Çàïèñü çíàêîâ 0, 1, ïëþñ, ìèíóñ, ñêîáêà;
ñëîæåíèå, âû÷èòàíèå è óìíîæåíèå äâóõ áèòîâ íàçîâ¼ì
îäíîé ýëåìåíòàðíîé èëè áèòîâîé îïåðàöèåé.

Ïóñòü y = f(x) âåùåñòâåííàÿ ôóíêöèÿ âåùåñòâåííîãî
ïåðåìåííîãî x, a ≤ x ≤ b, è ïóñòü f(x) óäîâëåòâîðÿåò
íà (a, b) óñëîâèþ Ëèïøèöà ïîðÿäêà α, 0 < α < 1, òàê
÷òî äëÿ x1, x2 ∈ (a, b) : |f(x1)− f(x2)| ≤ |x1 − x2|α.
n � íàòóðàëüíîå ÷èñëî, �îñíîâíîé ïàðàìåòð�, n→ +∞.

Îïð. 2. Âû÷èñëèòü ôóíêöèþ y = f(x) â òî÷êå
x = x0 ∈ (a, b) ñ òî÷íîñòüþ äî n çíàêîâ, çíà÷èò íàéòè
òàêîå ÷èñëî A, ÷òî |f(x0)−A| ≤ 2−n.
Îïð. 3. Êîëè÷åñòâî áèòîâûõ îïåðàöèé, äîñòàòî÷íîå
äëÿ âû÷èñëåíèÿ ôóíêöèè f(x) â òî÷êå x = x0 ñ
òî÷íîñòüþ äî n çíàêîâ ïîñðåäñòâîì äàííîãî
àëãîðèòìà, íàçûâàåòñÿ ñëîæíîñòüþ âû÷èñëåíèÿ f(x) â
òî÷êå x = x0.
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Áûñòðîå óìíîæåíèå.

M(n) = O
(
nlog2 3

)
.

M(n) = O (n log n log logn) .

sf (n) = O (M(n) logc n) ,

ãäå c = const.

n < sf (n) < c1n logc+1 n log log n < n1+ε ,

äëÿ ëþáîãî ε > 0 è n > n1(ε).
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Âû÷èñëåíèå n!

Øàã 1.

a1(1) = n(n−1), a2(1) = (n−2)(n−3), . . . , an
2
(1) = 2∗1;

Øàã 2.

a1(2) = a1(1)a2(1), a2(2) = a3(1)a4(1), . . . ,

an
4
(2) = an

2
(1)an

2
−1(1);

È.ò.ä. . . .
Øàã k, ïîñëåäíèé.

a1(k) = a1(k − 1)a2(k − 1).

Ðåçóëüòàò: n!
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O
(n

2
M(log n) +

n

4
M(2 log n) +

n

8
M(4 log n)+

+ · · ·+M(n log n)) = O
(
n log3 n log log n

)
.
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Âû÷èñëåíèå êîíñòàíòû e.

m = 2k, k ≥ 1,

e = 1 +
1
1!

+
1
2!

+ · · ·+ 1
(m− 1)!

+Rm,

m = 2k, k ≥ 1.

Âûáèðàåì m, òàê ÷òî Rm ≤ 2−n−1. Íàïðèìåð, ïðè
m ≥ 4n

logn . Ò.å. áåð¼ì m = 2k òàê ÷òî äëÿ k

2k ≥ 4n
log n

> 2k−1.

Âû÷èñëÿåì ñóììó

S = 1 +
1
1!

+
1
2!

+ · · ·+ 1
(m− 1)!

=
m−1∑
j=0

1
(m− 1− j)!

çà k øàãîâ.
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Øàã 1.

S =
(

1
(m− 1)!

+
1

(m− 2)!

)
+
(

1
(m− 3)!

+
1

(m− 4)!

)
+. . .

=
1

(m− 1)!
(1 +m− 1) +

1
(m− 3)!

(1 +m− 3) + . . . ,

m,m− 2,m− 4, . . . .

S = S(1) =
m1−1∑
j=0

1
(m− 1− 2j)!

αm1−j(1),

αm1−j(1) = m− 2j, j = 0, 1, . . . ,m1 − 1.

m1 = m
2 ,m = 2k, k ≥ 1.
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Øàã i+ 1 (i+ 1 ≤ k).

S = S(i+ 1) =
mi+1−1∑
j=0

1
(m− 1− 2i+1j)!

αmi+1−j(i+ 1) ,

mi+1 = mi
2 = m

2i+1 ,

αmi+1−j(i+1) = αmi−2j(i)+αmi−(2j+1)(i)
(m− 1− 2i+1j)!

(m− 1− 2i − 2i+1j)!
,

j = 0, 1, . . . ,mi+1 − 1,m = 2k, k ≥ i+ 1.

Çäåñü (m−1−2i+1j)!
(m−1−2i−2i+1j)!

�ïðîèçâåäåíèå 2i öåëûõ.
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È ò.ä. . . .

Øàã k, ïîñëåäíèé.
α1(k), (m− 1)!, îäíî äåëåíèå α1(k) íà (m− 1)!, ñ
òî÷íîñòüþ äî n çíàêîâ.

Ñëîæíîñòü

O
(
M(m) log2m

)
= O (M(n) log n) .
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Âû÷èñëåíèå ñóìì ðÿäîâ ñïåöèàëüíîãî âèäà.

f1 = f1(z) =
∞∑
j=0

a(j)
b(j)

zj ,

f2 = f2(z) =
∞∑
j=0

a(j)
b(j)

zj

j!
,

a(j), b(j) öåëûå è |a(j)|+ |b(j)| ≤ (Cj)K ; |z| < 1;
K=const, C=const, è z �àëãåáðàè÷åñêîå ÷èñëî.

sf1(n) = O
(
M(n) log2 n

)
,

sf2(n) = O (M(n) log n) .
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Âû÷èñëåíèå êîíñòàíòû π.

π

4
= arctan

1
2

+ arctan
1
3
,

arctan
1
2

=
1

1 ∗ 2
− 1

3 ∗ 23
+ · · ·+ (−1)r−1

(2r − 1)22r−1
+R1,

arctan
1
3

=
1

1 ∗ 3
− 1

3 ∗ 33
+ · · ·+ (−1)r−1

(2r − 1)32r−1
+R2,

sπ = O(M(n) log2 n).

Âû÷èñëåíèå êîíñòàíòû ζ(3).

ζ(3) =
5
2

∞∑
m=1

(−1)m−1

m3

(m!)2

(2m!)
.

sζ(3) = O(M(n) log2 n).
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Âû÷èñëåíèå êîíñòàíòû Êàòàëàíà.

G =
∞∑
n=1

(−1)n−1

(2n− 1)2
= 1− 1

32
+

1
52
− 1

72
+ . . . .

G =
1
4

∞∑
n=1

8n−1((n− 1)!)3

(2n− 1)!!

(
6n− 3

((4n− 3)!!!!)2
− 6n− 1

((4n− 1)!!!!)2

)
.

sG(n) = O
(
M(n) log2 n

)
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Âû÷èñëåíèå äçåòà-êîíñòàíò

Äëÿ ëþáîãî öåëîãî k, k ≥ 1, ñïðàâåäëèâû ñîîòíîøåíèÿ

ζ(2k + 2) = 1 +
1

22k+2
+

1
32k+2

+ · · ·+ 1
k2k+2

+

+2
∞∑

n=k+1

(−1)n−1(
2n
n

)
n2

 1
n2k

+
k∑

m=1

(−1)mAm
n2(k−m)

m∏
q=1

n−q∑
jq=jq+1+1
jm+1=0

1
(n− jq)2

 ,

ãäå Am = 1, åñëè m = 1, 2, . . . , k − 1; è

Ak = 1 +
1
4
·
1 + 1

2n

1− 1
2n

.
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ζ(2k + 3) = 1 +
1

22k+3
+

1
32k+3

+ · · ·+ 1
k2k+3

+

+2
∞∑

n=k+1

(−1)n−1(
2n
n

)
n3

 1
n2k

+
k∑

m=1

(−1)mαm
n2(k−m)

m∏
q=1

n−q∑
jq=jq+1+1
jm+1=0

1
(n− jq)2

 ,

ãäå αm = 1, åñëè m = 1, 2, . . . , k − 1; è

αk =
5
4
.



Áûñòðûå

àëãîðèòìû.

Ïðåäñòàâëåíèå

ïðîåêòà.

Åêàòåðèíà

Êàðàöóáà

Ââåäåíèå

Îïðåäåëåíèå.
Ïîñòàíîâêà
çàäà÷è.

Áûñòðûå
àëãîðèòìû.

Ìåòîä ÁÂÅ.

ÁÂÅ-
àëãîðèòìû
âû÷èñëåíèÿ
êëàññè÷åñêèõ
êîíñòàíò.

Áûñòðîå

âû÷èñëåíèå

êîíñòàíòû

Êàòàëàíà.

Áûñòðîå

âû÷èñëåíèå

äçåòà-êîíñòàíò

Ïðåäñòàâëåíèå

ïðîåêòà

Ëèòåðàòóðà

ζ(2) =
∞∑
n=1

(−1)n−1(
2n
n

)
n2

10n− 3
4n− 2

=

=
∞∑
n=1

(−1)n−1(
2n
n

)
n2

(
5
2

+
1

2n− 1

)
= 2

∞∑
n=1

(−1)n−1(
2n
n

)
n2

(
1 +

1
4
· 2n+ 1
2n− 1

)
.

ζ(2) =
∞∑
n=1

(−1)n−1B
(
n, 1

2

)
n22n

(
5
2

+
1

2n− 1

)
,

ïðè n ≥ 2: B
(
n, 1

2

)
<
√
π < 2, ïðè n = 1: B

(
1, 1

2

)
= 2.
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ζ(n) =
(−1)n

(n− 1)!

n∑
i=1

(−1)i−1(i− 1)!Gi,

ãäå

Gi =
∑

k1+k2+···+kn=i
k1+2k2+···+nkn=n

n!
k1!k2! . . . kn!

n∏
j=1

(
Jj
j!

)kj

,

Jj =
∫ ∞

0
e−t logj tdt.

Ïðè ýòîì, ïðè r ≥ 4N , N ≥ 2n log 2n, n ≥ 2, 1 ≤ j ≤ n,

Jj = Sj + θ2−N , |θ| ≤ 1,

ãäå

Sj =
r∑
i=0

(−1)iN i+1

(i+ 1)!

j∑
m=0

(−1)m

(i+ 1)m
j!

(j −m)!
logj−mN.
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Ïðåäñòàâëåíèå ïðîåêòà

? Îïèñàíèå âñåõ ñóùåñòâóþùèõ áûñòðûõ àëãîðèòìîâ.

? ? Ñðàâíåíèå ñóùåñòâóþùèõ áûñòðûõ àëãîðèòìîâ äëÿ
îòäåëüíîãî âû÷èñëåíèÿ, ïóò¼ì òåñòèðîâàíèÿ
îñíîâàííûõ íà ýòèõ àëãîðèòìàõ ïðîãðàìì. Ïî
ðåçóëüòàòàì ðàáîòû ñîçäàíèå åäèíîãî ñïðàâî÷íèêà
ýôôåêòèâíîñòè ðàáîòû âñåõ áûñòðûõ àëãîðèòìîâ.

? ? ? Óñîâåðøåíñòâîâàíèå ïðîãðàìì, îñíîâàííûõ íà
áûñòðûõ àëãîðèòìàõ, ñ öåëüþ ðàñøèðåíèÿ ïðåäåëîâ
ïðèìåíèìîñòè áûñòðûõ àëãîðèòìîâ, â òîì ÷èñëå,
óìåíüøåíèÿ íèæíåé ãðàíèöû òî÷íîñòè, ïðè êîòîðîé
áûñòðûé àëãîðèòì ñòàíîâèòñÿ áîëåå ýôôåêòèâíûì,
÷åì îáû÷íûå ìåòîäû âû÷èñëåíèÿ.
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? ? ? ? Óâåëè÷åíèå ýôôåêòèâíîñòè ðàáîòû
ñóùåñòâóþùèõ áûñòðûõ àëãîðèòìîâ, â òîì ÷èñëå
ïóò¼ì èõ ðàñïàðàëëåëèâàíèÿ è âíåäðåíèÿ â
ñîîòâåòñòâóþùèå ïðîãðàììû äëÿ ïðèìåíåíèÿ íà
ìíîãîïðîöåññîðíûõ ïàðàëëåëüíûõ ìàøèíàõ.
Ïîëó÷åíèå íîâûõ ðåêîðäîâ â âû÷èñëåíèÿõ.

? ? ? ? ? Ïîñòðîåíèå íîâûõ áûñòðûõ àëãîðèòìîâ
âû÷èñëåíèé øèðîêîãî êëàññà.
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