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Îïðåäåëåíèÿ

F ,G - äâà ðàñïðåäåëåíèÿ.

QMF (quantile matching function):

q = G−1(F ),

ò.å.

G (q(x)) = F (x).

Shift function:

∆(x) = q(x)− x .
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Ñðàâíåíèå íåçàâèñèìûõ âûáîðîê

Doksum & Sievers (1976) ïðåäëîæèëè îöåíêè äëÿ ïîñòðîåíèÿ

äîâåðèòåëüíîé ëåíòû äëÿ ôóíêöèè ñäâèãà.

Îíè îïèðàëèñü íà ñòàòèñòèêó Ñìèðíîâà-Êîëìîãîðîâà:

K = max |F̂ (Zi )− Ĝ (Zi )|,

ãäå Zi (i = 1, . . . , n + m) � îáúåäèí¼ííàÿ âûáîðêà èç

Xj ∼ F ,Yk ∼ G .
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Êîïóëà

(Xi ,Yi ) ∼ H � ñîâìåñòíîå ðàñïðåäåëåíèå F ,G .

Êîïóëà ðàñïðåäåëåíèÿ H:

C (u, u′) = H(F−1(u),G−1(u′))

� çàäà¼ò ðàñïðåäåëåíèå (U,U ′),U,U ′ ∼ Unif [0, 1],

(F ,G ) ∼ (F−1(U),G−1(U ′))
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Ñòàòèñòèêà Ñìèðíîâà-Êîëìîãîðîâà

Kq = (
n

2
)1/2max |F̂ (Zi )− Ĝ (q(Zi ))|

Å¼ ðàñïðåäåëåíèå â óñëîâèÿõ èñòèííîñòè ãèïîòåçû F = G

çàâèñèò ëèøü îò C .

Ïðè F = G :

K = supu|B̂(u)|,

B̂(u) = (
n

2
)1/2(F̂ (F−1(ui ))− Ĝ (F−1(ui )))
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Ðàñïðåäåëåíèå ñòàòèñòèêè Ñìèðíîâà-Êîëìîãîðîâà

Îêàçûâàåòñÿ, B̂ ñõîäèòñÿ ê ãàóññîâñêîìó ïðîöåññó, äëÿ êîòîðîãî

Cov(B̂(u), B̂(u′)) = min(u, u′)− C(u,u′)+C(u′,u)
2 .

Òîãäà

P(K ≥ a) ≈ PC (sup|B̂(u)| ≥ a) ≈ P
Ĉ

(sup|B̂(u)| ≥ a) ≈
≈(Aldous,1989)

1
n

∑
fi × ψa(

j−f1−...−fj
n

).

Çäåñü ψy (x) = (2πx3)−1/2y exp(−y
2

2x ),
fj � ÷àñòîòà âñòðå÷àåìîñòè j ñðåäè max(rank(Xi ), rank(Yi )).
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Ãðàíèöû äîâåðèòåëüíîé ëåíòû

Óðàâíåíèå
1

n

∑
fi × ψa(

j − f1 − . . .− fj

n
) = α

ðàçðåøàþò îòíîñèòåëüíî a àëãîðèòìîì, îïèñàííûì ó Nelder &

Mead (1965),

÷òî ïîçâîëÿåò íàéòè êâàíòèëè k̂α ðàñïðåäåëåíèÿ ñòàòèñòèêè

Ñìèðíîâà-Êîëìîãîðîâà.
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Ïåðåñòàíîâî÷íûé ìåòîä

Åñëè C (u, u′) = C (u′, u), ìîæíî ðàññìîòðåòü îðáèòó âûáîðêè

(X1, . . . ,Xn,Y1, . . . ,Yn) ïîä äåéñòâèåì ãðóïïû ïåðåñòàíîâîê

G = 〈s1, . . . , sn〉, si : (Xi ,Yi ) 7→ (Yi ,Xi ).

Pperm(K ≤ a) = 2−n
∑
s∈G

[Ks ≤ a]
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Ïðîâåðêà ñèììåòðè÷íîñòè êîïóëû

T1 = 2
n−1

∑
k<l (Ĉ (k

n
, l
n

)− Ĉ ( l
n
, k
n

))2

T2 = (n2 )1/2maxk<l |Ĉ (k
n
, l
n

)− Ĉ ( l
n
, k
n

)|
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Äîâåðèòåëüíàÿ ëåíòà

Ïóñòü k̂α îïðåäåëåíî.

{q : Kq ≤ k̂α} � äîâåðèòåëüíîå ìíîæåñòâî äëÿ QMF.

Y(j−[(2n)1/2k̂α]) ≤ q(X(j)) ≤ Y(j+[(2n)1/2k̂α])

X(j−[(2n)1/2k̂α]) ≤ q−1(Y(j)) ≤ X(j+[(2n)1/2k̂α])

Èíâàðèàíòíà îòíîñèòåëüíî îáìåíà (X ,Y ) 7→ (Y ,X )!
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Ðåàëèçàöèÿ â R

lband(x,y:NA,alpha:0.05,plotit:T,sm:T,

ylab="delta",xlab="x (�rst group)")
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Èññëåäîâàíèå àáðàçèâíûõ ñâîéñòâ óãëÿ
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Îöåíêà êîïóëû
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Ìåòîä Harrell'à è Davis'à

U ∼ B(a, b) = Dirichlet(a, b), a = (n + 1)q, b = (n + 1)(1− q).

pU(u) =
Γ(a + b)

Γ(a)Γ(b)
ua−1(1− u)b−1.

Wi = P( i−1
n
≤ U ≤ i

n
)

Îöåíêà q−êâàíòèëè:

θ̂q =
n∑

i=1

WiX(i).
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M-ìåòîä

H0 : θqX = θqY

d∗qj = θ̂∗qX − θ̂∗qY , j = 1, . . . ,B ,

θ̂∗qX , θ̂
∗
qY � Harrell-Davis-îöåíêè êâàíòèëåé ïî

áóòñòðåï-ðåïëèêàöèè èç ìíîæåñòâà ïàð (Xi ,Yi ).

Äîâåðèòåëüíûé èíòåðâàë äëÿ θqX − θqY :

(d∗(l+1), d
∗
(B−l)),

ãäå l = round(αB2 ).
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Ðåàëèçàöèÿ â R

shiftdhd(x,y,nboot=200,plotit=TRUE)

d̄q = 1
B

B∑
j=1

d∗qj

Äîâåðèòåëüíûé èíòåðâàë äëÿ θqX − θqY :

(d̄q − cσ̂dq, d̄q + cσ̂dq),

ãäå c = 37
n1.4

+ 2.75, σ̂2dq = 1
B−1

B∑
j=1

(d∗qj − d̄q)2.
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D-Ìåòîä

Di = Xi − Yi , δq � q-êâàíòèëü ðàñïðåäåëåíèÿ D.

H0 : δq + δ1−q = 0

∆∗j = δ∗q + δ∗1−q, j = 1, . . . ,B ,
δ∗q � Harrell-Davis-îöåíêà êâàíòèëè ïî áóòñòðåï-ðåïëèêàöèè èç

âûáîðêè Di .

Äîâåðèòåëüíûé èíòåðâàë äëÿ δq + δ1−q:

(d∗(l+1), d
∗
(B−l)),

ãäå l = round(αB2 ).
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Ñðàâíåíèå
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