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Motivation?
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What are the underlying hidden factors in these two datasets?

1Slide credit: G. Hinton, CSC2515, «Continuous Latent Variable Models.
1/29



Problem scenario

<« 0 Xx — observed variables
z — continuous latent variables
6 — model parameters
p(x,z|0) = p(x|z,0)p(z|6)
N

» Goal: fast approximate posterior inference for the latent
variables in the “real-world” scenario.

 Specifically when

non-conjugate distributions are involved,

so the evidence and posterior for latent variables are both
intractable.

Mean-field VB is not applicable because the integrals
required are intractable as well.
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What are the options?

e MCMC

* slow for large-scale problems,

« diagnosing convergence is an issue.
 MAP

* easy to overfit the data,

* especially in the case of high-dimensional z.
* VB

* mean-field cannot be applied directly,

 but still a good idea,
* maybe.
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The plan

Ul

tl;dr reduce inference problem to stochastic optimization.

. Approximate the posterior with a neural net g(z|x, ¢), where
¢ — variational parameters.

. Lower bound the evidence using g(z|x, ¢).

. Construct an estimator of the ELBO which can be optimized
jointly w.rt. ¢ and 6.

. Use stochastic gradient ascent to optimize the estimator.
. Profit.
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ELBO

Having q(z|x, ¢) we can deconstruct the evidence into

log p(x|6)) = log / p(x,2|0)dz = log / q(z|x, ¢>)5 E;;'Z)) dz

= Dy [9(z]x, ¢) || p(2lx, 0)] + L(0, ¢;X)
> L(0, ¢;x)

where the lower bound is given by

ﬁ(ea ¢;X> = Eq(l\x,(j)) [[Og p(X7Z|0) — log q(Z‘X, (b)]
= Egx,0) [L0g p(x|2,0)] — Die [q(2]x, ¢) || p(2]0)]
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Optimizing the ELBO

* Want to optimize the lower bound w.r.t both 6 and ¢.
* Just-do-it approach:
VoL(0, ¢;X) = VoEq(z1x ) [log p(x, 2|0) — log q(z|x, ¢)]
= Eq(z|)<,<1>) [VG log p(X, 2‘9)]
=
ok Z Vo log p(x,2)10)

s=1

V4 L(0, ;%) = VyEq(zix,¢) [L0g p(x, 2|0) — log q(z|x, ¢)]

* How to deal with gradients of the form VEy(,4) [f(2)]?
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Naive MCMC estimator of V4K, 4) [f(2)]

Vi ) = Vs [ a0 @z = [ 21 satelorez
~ [ s@at@1)7 s loga(zlo)az
where the last line is due to the log derivative trick 2
Vd)q(z’Xv ¢)
Vslogq(z|x,¢p) = ———
sl09q(zlx, 0) = =272
Proceeding further we obtain

VoEqie) f (2)] = Eqzix,) f(2) Vg log g(2]¢)]

S
~ % > f(@*)V,logq(z®]g) — :(
s=1

2http ://blog.shakirm.com/2015/11/
machine-learning-trick-of-the-day-5-log-derivative-trick
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http://blog.shakirm.com/2015/11/machine-learning-trick-of-the-day-5-log-derivative-trick
http://blog.shakirm.com/2015/11/machine-learning-trick-of-the-day-5-log-derivative-trick

Reparametrization trick?

* Introduce an auxilary noise variable e independent of ¢.

» Express z as a determinisitic transformation of e
differentiable w.r.t. ¢

z=g(e,x;0)  e~p(e)
« Example: let g(z|¢) = N (z|u,0?) and ¢ = (i, 0?) then

VoBqzig) F(2)] = Eneon) [Vof (1 + o€)]

where z =+ oeand e ~ (0, 1).

3http://bLog.shakirm.com/Z@lS/l@/

machine-learning-trick-of-the-day-4-reparameterisation-tricks
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http://blog.shakirm.com/2015/10/machine-learning-trick-of-the-day-4-reparameterisation-tricks
http://blog.shakirm.com/2015/10/machine-learning-trick-of-the-day-4-reparameterisation-tricks

SGVB estimator

* In general

( Qb, ) - Z|X ?) [lng(X7Z|6) - |.Og q<Z|X, ¢)]
~ < Z_; log p(x,29|0) — log q(z'¥ |x, ¢)

2 L0, ¢;x,2)

where z(5) = g(e®), x; ¢) and € ~ p(e).
o If Dk [g(z|x, @) || p(2|0)] is tractable

L(0,¢;x) = q(z|x¢>) [log p(x|z,0)] — D [q(z]x, ¢) || p(2]6)]

Zlogp x|2'9),0) — D [a(z|x, ¢) || p(2]0)]

V\\H

éZ( 7¢;X,Z)
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AEVB algorithm [Kingma and Welling, 2013]

« < set learning rate

0, ¢ < initialize parameters

repeat
X < random datapoint or minibatch
€ « random samples from p(e)

Z+gle,x;0) _
90,96 < Vo L(0,0;x,2)
0 — 0+ agy
¢ < ¢+ agy
until convergence

return 6, ¢
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Variational auto-encoder

P - -|-» <]
| p(2|6) = N'(2[0.T)
p(x|z,0) = N (x|u(2), o*(2)T)
q(zlx, ¢) = N(z|M(x), S*(x)T)
N

+ The parameters M(x) and S?(x) are computed by a neural
net, which assigns each value of x a distribution over z.

* The parameters 1(z) and o2(z) are computed by a different
neural net, mapping z to a distribution over x.
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VAE illustrated

p(x|z,0) aka decoder

(>

injected ! q(z|x, ) aka encoder

noise @

L(0, ¢;x) = Eqzix,) [l0g p(x|2, 0)] — Dy [9(2]x, ¢) || p(2]0)]

~
negative reconstruction error regularizer

12/29



Experiments: Frey faces
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(a) Learned data manifold (b) Random samples
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MNIST

Experiments
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What is wrong with VAE?



Normalizing flows

We want to specify a complex joint distribution over z.

z — random variable with distribution g(z)
f — invertible parametric function

Transformation of random variables: z = f(z), f~1(z) =z

L] oo

det

q(2) =a(f'(2))
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Normalizing flows

Chaining together a sequence: zx = fx (fx-1(- - - f2(f1(20)))

Of

det —
€ 82/(

K
log gk (2) = log go(20)- ) _ log
k=1

Law of the unconscious statistician:

Eqy [9(zx)] = Eq, [g(fk fk-1(- - - 2(f1(20)))]
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Planar flow

Family of transformations: f(z) =z + uh (w'z + b)

det 81(; ‘ = ‘1 +uTy(z )‘ where o (z) = W (W'z + b)w

K
log gk (z) = log go(z0)~ ) _ log ‘1 + uTvﬁ(Z)‘
k=1

Chaining transformations gives us a rich family of densities.

B

K=10
-~ v
ol‘

Uniform

\-!
-t~
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Radial flow

Family of transformations: f(z) =z + Sh(a,r)(z — zp)
r=1z—2z, h(a,r)= QLH

‘det 9| = 1+ Bh(a, r))@D(1 + Bh(a, r) + W (o, r)r]

Chaining transformations gives us a rich family of densities.

K-1D

K=2
. n -

Uniform
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Representative power of normalizing flows

 Choose a non-trivial density p(z) « exp[—U(z2)].
e Example:

U(z) = % (22 —021(Z)> wi(z) = sin 21z,

* Approximate the density with a flow by optimizing

d

Die [g(zk) || p(2) /qZK l09

Eq(z) [log q(ZK) (—U(2) + const(z))]

s
Z log q(zx) + U(z)) + const(zk)
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Representative power of planar flows
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VAE and normalizing flows

O
()
(O

injected

|
. |
noise @

p(x|zk,0) aka decoder

normalizing flow

q(zo|x, ¢) aka encoder
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ELBO with planar normalizing flow

L(0,6,x) = Eqx.4) [log p(x,2|0) — log q(z|x, ¢)]
= Eg,(z/0) [log p(x, zx|0) — log q(zk|®)]

E40(20|X,<b) [log p(x, zk|6) — log go(zo|x, ¢)

+Zlog }
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NFVB algorithm [Rezende and Mohamed, 2015]

« <+ set learning rate
0, ¢ < initialize parameters
repeat
X < random datapoint or minibatch
e < random samples from p(e)
zo < g(€,x; 9)
zg < f(fk-1(-- - fi(20)))
99,96 < VoL(0,0;x, 2)
0 < 0+ agy
O O+ agy
until convergence
return 6, ¢
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Experiments: Frey faces (K = 2)
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Experiments: Frey faces (K = 8)
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Experiments: Frey faces (K = 16)
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Experiments: Frey faces

Model ELBO

VAE 519.72
NF(K=2) 331.27
NF (K =8) 410.03
NF (K = 16) 415.49
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Experiments: MNIST (K = 2)
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Future directions

* Investigate the effect of latent variable prior p(z) and
approximate posterior g(zx|x, ¢) on model performance.

» Try more complex prior distributions for the case when
domain-specific knowledge is available, e.g. the data is
multimodal.

* Apply normalizing flows to the problem of semi-supervised
learning with generative models.
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