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Ñëîæíîñòü ìîäåëè: çà÷åì?

0.0 0.1 0.2 0.3 0.4 0.5
 

0.0

0.2

0.4

0.6

0.8

1.0

 

 
 60%

Óñòîé÷èâîñòü ìîäåëåé ïðè âîçìóùåíèè

âûáîðêè

0 20 40 60 80 100
  

0.0

0.2

0.4

0.6

0.8

1.0

 

Êà÷åñòâî êëàññèôèêàöèè ïðè óäàëåíèè

ïàðàìåòðîâ

Áàõòååâ Îëåã (ÌÔÒÈ) Ñëîæíîñòü ìîäåëè 02.11.2016 3 / 27



Ïðèíöèï ìèíèìàëüíîé äëèíû îïèñàíèÿ

MDL(f,X) = L(f) + L(X|f),

ãäå f � ìîäåëü, X � âûáîðêà, L � äëèíà îïèñàíèÿ â áèòàõ.

MDL(f,X) ∼ L(f) + L(w∗|f) + L(X|w∗, f),

w∗ � îïòèìàëüíûå ïàðàìåòðû ìîäåëè.
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MDL è Êîëìîãîðîâñêàÿ ñëîæíîñòü

Êîëìîãîðîâñêàÿ ñëîæíîñòü � äëèíà ìèíèìàëüíîãî êîäà äëÿ âûáîðêè íà ïðåäâàðèòåëüíî
çàäàííîì ÿçûêå.
Òåîðåìà èíâàðèàíòíîñòè
Äëÿ äâóõ ñâîäèìûõ ïî Òüþðèíãó ÿçûêîâ êîëìîãîðîâñêàÿ ñëîæíîñòü îòëè÷àåòñÿ íå áîëåå ÷åì íà
êîíñòàíòó, íå çàâèñÿþùóþ îò ìîùíîñòè âûáîðêè.
Îòëè÷èÿ îò MDL:

Êîëìîãîðîâñêàÿ ñëîæíîñòü íåâû÷èñëèìà.

Äëèíà êîäà ìîæåò çàâèñåòü îò âûáðàííîãî ÿçûêà. Äëÿ íåáîëüøèõ âûáîðîê òåîðåìà
èíâàðèàíòíîñòè íå äàåò àäåêâàòíûõ ðåçóëüòàòîâ.
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Îïòèìàëüíàÿ óíèâåðñàëüíàÿ ìîäåëü MDL
Ïóñòü âûáîðêà X ëåæèò â íåêîòîðîì êîíå÷íîì ìíîæåñòâå X : X ⊂ X.

MDL(f,X) = L(X|w∗(X), f) + COMP(f),

L(X|w∗, f) = −logp(X|w∗(X), f), COMP = log
∑
X′∈X

P(X′|w∗(X′), f).

Â ñëó÷àå, åñëè ðàñïðåäåëåíèå p(X|w) ïðèíàäëåæèò ýêñïîíåíöèàëüíîìó ñåìåéñòâó, îöåíêà MDL
ñîâïàäàåò ñ òî÷íîñòüþ äî o(1) ñ áàéåñîâñêîé îöåíêîé ïðàâäîïîäîáèÿ (�Evidence�):

p(X|f) =

∫
w

p(X|w)p(w)dw,

ãäå p(w) � àïðèîðíîå ðàñïðåäåëåíèå ñïåöèàíëüíîãî âèäà:

p(w) =

√
|J(w)|∫

w′

√
|J(w′)|dw′

,

J(w) � èíôîðìàöèÿ Ôèøåðà.
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Áàéåñîâûé ïîäõîä ê ñëîæíîñòè
Ïðàâäîïîäîáèå ìîäåëè (�Evidence�):

p(X|f) =

∫
w

p(X|w)p(w|f)dw.

  X

p(
X
|f)
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Ïðèìåð: ïîëèíîìû

Áàõòååâ Îëåã (ÌÔÒÈ) Ñëîæíîñòü ìîäåëè 02.11.2016 7 / 27



Evidence vs MDL

Evidence MDL

Ðåãóëÿðèçàöèÿ ïðèçíàêîâ íà îñíîâå àïðèîðíûõ çíàíèé -

Îñíîâûâàåòñÿ íà ãèïîòåçå î ïîðîæäåíèè
âûáîðêè Ìèíèìèçèðóåò äëèíó îïèñàíèÿ âûáîðêè

âíå çàâèñèìîñòè îò èõ ïðèðîäû
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Evidence vs Êðîññ-âàëèäàöèÿ

Îöåíêà Evidece:

log p(X|f) = log p(x1|f) + log p(x2|x1, f) + · · ·+ log p(xn|x1, . . . , xn−1, f).

Îöåíêà leave-one-out:
LOU = Elog p(xn|x1, . . . , xn−1, f).

Êðîññ-âàëèäàöèÿ îöåíèâàåò ñëîæíîñòü îïèñàíèÿ îäíîé ÷àñòè âûáîðêè ïðè óñëîâèè äðóãîé ÷àñòè
âûáîðêè.
Evidence îöåíèâàåò ïîëíóþ ñëîæíîñòü îïèñàíèÿ çàäàííîé âûáîðêè.
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Ìåòîäû ïîëó÷åíèÿ îöåíîê Evidence
Àïïðîêñèìàöèÿ ìåòîäîì Ëàïëàñà

p(X|f) =

∫
w

p(X|w)p(w|f) =

∫
w

exp(−S(w)) ∼ expS(ŵ)

∫
w

exp(−1
2

∆wT∇∇S(ŵ)∆w).

Ìåòîäû Ìîíòå-Êàðëî

p(X|f) ∼ 1

K

∑
w∈W

p(X|w, f)p(w|f),

W � ìíîæåñòâî âåêòîðîâ ïàðàìåòðîâ ìîùíîñòüþ K .
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Âàðèàöèîííàÿ îöåíêà
Âàðèàöèîííàÿ îöåíêà Evidence � ìåòîä íàõîæäåíèÿ ïðèáëèæåííîãî çíà÷åíèÿ àíàëèòè÷åñêè
íåâû÷èñëèìîãî ðàñïðåäåëåíèÿ p(w|X, f) ðàñïðåäåëåíèåì q(w) ∈ Q. Ïîëó÷åíèå âàðèàöèîííîé
íèæíåé îöåíêè îáû÷íî ñâîäèòñÿ ê çàäà÷å ìèíèìèçàöèè

KL(q(w)||p(w|X)) = −
∫
w

q(w)log
p(w|X)

q(w)
dw.

Àïïðîêñèìàöèÿ íåèçâåñòíîãî

ðàñïðåäåëåíèÿ íîðìàëüíûì

Àïðîêñèìàöèÿ Ëàïëàñà è âàðèàöèîííàÿ

îöåíêà
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Ïîëó÷åíèå âàðèàöîííîé íèæíåé îöåíêè

log p(X|f) =

∫
w

q(w)log
p(X,w|f)
q(w)

dw + DKL(q(w)||p(w|X, f)) ≥

≥
∫
w

q(w)log
p(X,w|f)
q(w)

dw =

= −DKL(q(w)||p(w|f)) +

∫
w

q(w)log p(X|w, f)dw,

ãäå

DKL(q(w)||p(w|f)) = −
∫
w

q(w)log
p(w|f)
q(w)

dw.
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DKL

Ìàêñèìèçàöèÿ âàðèàöèîííîé íèæíåé îöåíêè∫
w

q(w)log
p(X,w|f)
q(w)

dw

ýêâèâàëåíòíà ìèíèìèçàöèè äèâåðãåíöèè ìåæäó ðàñïðåäåëåíèåì ðàñïðåäåëåíèåì q(w) ∈ Q è
àïîñòåðèîðíûì ðàñïðåäåëåíèåì ïàðàìåòðîâ p(w|X, f):

q = argmaxq∈Q

∫
w

q(w)log
p(X,w|f)
q(w)

dw⇔ q = argminq∈QDKL(q(w)||p(w|X, f)),

ò.ê.

log p(X|f) =

∫
w

q(w)log
p(X,w|f)
q(w)

dw + DKL(q(w)||p(w|X, f)) = const.
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Ïðèìåð: àïïðîêñèìàöèÿ ìóëüòèìîäàëüíîãî ðàñïðåäåëåíèÿ
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Èñïîëüçîâàíèå âàðèàöèîííîé íèæíåé îöåíêè

Äëÿ ÷åãî èñïîëüçóþò variational inference?

ïîëó÷åíèå îöåíîê Evidence;

ïîëó÷åíèå îöåíîê ðàñïðåäåëåíèé ìîäåëåé ñî ñêðûòûìè ïåðåìåííûìè (òåìàòè÷åñêîå
ìîäåëèðîâàíèå, ñíèæåíèå ðàçìåðíîñòè).

Çà÷åì èñïîëüçóþò variational inference?

ñâîäèò çàäà÷ó íàõîæäåíèÿ àïîñòåðèîðíîé âåðîÿòíîñòè ê ìåòîäàì îïòèìèçàöèè;

ïðîùå ìàñøòàáèðóåòñÿ, ÷åì àïïðîêñèìàöèÿ Ëàïëàñà;

ïðîùå â èñïîëüçîâàíèè, ÷åì ñýìïëèðóþùèå ìåòîäû.

Variational Inference ìîæåò äàâàòü ñèëüíî çàíèæåííóþ îöåíêó.
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Ïðèìåð: àâòîêîäèðîâùèê
Àâòîêîäèðîâùèê � ìîäåëü ñíèæåíèÿ ðàçìåðíîñòè:

H = σ(WeX),

||σ(WdH)− X||2
2
→ min .
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Âàðèàöèîííûé àâòîêîäèðîâùèê

Ïóñòü îáúåêòû âûáîðêè X ïîðîæäåíû ïðè óñëîâèè ñêðûòîé
ïåðåìåííîé h ∼ N (0, I):

x ∼ p(x|h,w).

p(h|x,w) � íåèçâåñòíî.
Áóäåì ìàêñèìèçèðîâàòü âàðèàöèîííóþ îöåíêó ïðàâäîïîäîáèÿ
âûáîðêè:

logp(x|w) ≥ Eqφ(h|x)log p(x|h,w)− DKL(qφ(h|x)||p(h))→ max .

Ðàñïðåäåëåíèÿ qφ(h|x) è p(x|h,w) ìîäåëèðóþòñÿ íåéðîñåòüþ:

qφ(h|x) ∼ N (µφ(x),σ2φ(x)),

p(x|h,w) ∼ N (µw (h),σ2w (h)),

ãäå ôóíêöèè µ,σ � âûõîäû íåéðîñåòè.
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Âàðèàöèîííûé àâòîêîäèðîâùèê: evidence

Îöåíêà evidence ïîëó÷àåòñÿ äâîéíûì ïðèìåíåíèåì âàðèàöèîííîé òåõíèêè:

log p(X|f) ≥ Eqw logp̂(x|w) + log p(w|f)− log q(w),

ãäå qw � ðàñïðåäåëåíèå, àïïðîêñèìèðóþùåå p(w|x, f), logp̂(x|w) � âàðèàöèîííàÿ îöåíêà
ïðàâäîïîäîáèÿ âûáîðêè.
Äëÿ îïòèìèçàöèè âàðèàöèîííûõ ïàðàìåòîâ ïðèìåíÿåòñÿ ñëåäóþùàÿ ïàðàìåòðèçàöèÿ:

ŵ = µw + σw � ε1, ĥ = µh + σh(h)� ε2,

ε1, ε2 ∼ N (0, I).
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Ðàçäåëÿþùèå ìîäåëè: ïðàâäîïîäîáèå

Ïóñòü q ∼ N (µq,Aq).
Òîãäà âàðèàöèîííàÿ îöåíêà èìååò âèä:∫

w

q(w)log p(Y|X,w, f)dw + DKL
(
q(w)||p(w|f)

)
'

m∑
i=1

log p(yi |xi ,wi ) + DKL
(
q(w)||p(w|f)

)
→ max

Aq ,µq

,

Â ñëó÷àå, åñëè àïðèîðíîå ðàñïðåäåëåíèå ïàðàìåòðîâ p(w|f) ÿâëÿåòñÿ íîðìàëüíûì:

p(w|f) ∼ N (µ,A),

äèâåðãåíöèÿ DKL
(
q(w)||p(w|f) âû÷èñëÿåòñÿ àíàëèòè÷åñêè:

DKL
(
q(w||p(w|f)

)
=

1

2

(
tr(A−1Aq) + (µ− µq)TA−1(µ− µq)− n + ln |A| − ln |Aq|

)
.
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Ðàçäåëÿþùèå ìîäåëè: ïðàâäîïîäîáèå

Ôîðìóëó âàðèàöèîííîé îöåíêè ìîæíî ïåðåïèñàòü ñ èñïîëüçîâàíèåì ýíòðîïèè:

log p(X|f) ≥
∫
w

q(w)log
p(X,w|f)
q(w)

dw =

Eq(w)[log p(X,w|f)]− S(q(w)),

ãäå S(q(w)) � ýíòðîïèÿ:

S(q(w)) = −
∫
w

q(w)log q(w)dw.
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Ãðàäèåíòíûé ñïóñê äëÿ îöåíêè ïðàâäîïîäîáèÿ

Ïðîâåäåì îïòèìèçàöèþ íåéðîñåòè â ðåæèìå ìóëüòèñòàðòà èç r ðàçëè÷íûõ íà÷àëüíûõ
ïðèáëèæåíèé w1, . . . ,wr ñ èñïîëüçîâàíèåì ãðàäèåíòíîãî ñïóñêà:

w′ = w − α∇
∑
x∈X

log p(x,w|f) =
∑
x∈X

log p(x|w, f)p(w|f).

Âåêòîðû ïàðàìåòðîâ w1, . . . ,wr ñîîòâåòñòâóþò íåêîòîðîìó ñêðûòîìó ðàñïðåäåëåíèþ q(w).
Äëÿ ïîëó÷åíèÿ âàðèàöèîííîé îöåíêè òðåáóåòñÿ îöåíêà ýíòðîïèè:

log p(X|f) ≥ Eq(w)[log p(X,w|f)]− S(q(w)).
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Ãðàäèåíòíûé ñïóñê äëÿ îöåíêè ïðàâäîïîäîáèÿ

Ïðè äîñòàòî÷íî ìàëîé äëèíå øàãà îïòèìèçàöèè α ðàçíîñòü ýíòðîïèè íà ðàçëè÷íûõ øàãàõ
îïòèìèçàöèè âû÷èñëÿåòñÿ êàê:

S(q′(w))− S(q(w)) ' 1

r

r∑
g=1

(
−αTr[H(w′g )]− α2Tr[H(w′g )H(w′g )]

)
.

Èòîãîâàÿ îöåíêà íà øàãå îïòèìèçàöèè τ :

log p̂(Y|X, f) ∼ 1

r

r∑
g=1

L(wg
τ ,X,Y) + S(q0(w)) +

1

r

τ∑
b=1

r∑
g=1

(
−αTr[H(wg

b )]− α2Tr[H(wg
b )H(wg

b )]
)
,

wg
b � âåêòîð ïàðàìåòðîâ ñòàðòà g íà øàãå b, S(q0(w)) � íà÷àëüíàÿ ýíòðîïèÿ.
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Ïåðåîáó÷åíèå
Ãðàäèåíòíûé ñïóñê íå ìèíèìèçèðóåò äèâåðãåíöèþ KL(q(w)||p(w|X)). Ïðè ïðèáëèæåíèè ê ìîäå
ðàñïðåäåëåíèÿ ñíèæàåòñÿ îöåíêà Evidence, ÷òî èíòåðïðåòèðóåòñÿ êàê ïåðåîóá÷åíèå ìîäåëè.
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Ñõîæäåíèå ðàñïðåäåëåíèÿ ê ìîäå Îöåíêà íà÷àëà ïåðåîáó÷åíèÿ
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Ñòîõàñòè÷åñêàÿ äèíàìèêà Ëàíæåâèíà

Ìîäèôèêàöèÿ ñòîõàñòè÷åñêîãî ãðàäèåíòíîãî ñïóñêà:

∆w = α∇(logp(w) +
m

m̂
logp(X̂|w))+ε, ε ∼ N (0,

α

2
)

ãäå m̂ � ðàçìåð ïîäâûáîðêè, X̂ ⊂ X � ïîäâûáîðêà, øàã îïòèìèçàöèè α èçìåíÿåòñÿ ñ
êîëè÷åñòâîì èòåðàöèé:

∞∑
τ=1

ατ =∞,
∞∑
τ=1

α2τ <∞.

Óòâåðæäåíèå [Welling, 2011]. Ðàñïðåäåëèíå qτ (w) ñõîäèòñÿ ê àïîñòåðèîðíîìó ðàñïðåäåëåíèþ
p(w|X, f).
Èçìåíåíèå ýíòðîïèè ñ ó÷åòîì äîáàâëåííîãî øóìà:

Ŝ
(
qτ (w)

)
≥ 1

2
|w|log

(
exp(

2S(qτ (w))

|w|
) + exp(

2S(ε)

|w|
)
)
.
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Ñòîõàñòè÷åñêàÿ äèíàìèêà Ëàíæåâèíà
Ðàñïðåäåëåíèÿ ïàðàìåòðîâ ïîñëå 2000 èòåðàöèé:
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Ïðèìåð: âûáîð êîíñòàíòû ðåãóëÿðèçàöèè

Âûáîðêà MNIST, 50 íåéðîíîâ íà ñêðûòîì ñëîå.

Êðîññ-âàëèäàöèÿ Îöåíêà Evidence
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