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Âîññòàíîâëåíèå çàâèñèìîñòè ïî ýìïèðè÷åñêèì äàííûì

Çàäà÷à âîññòàíîâëåíèÿ çàâèñèìîñòè y = f (x)
ïî òî÷êàì îáó÷àþùåé âûáîðêè (xi , yi ), i = 1, . . . , ℓ.

Äàíî: âåêòîðû xi = (x1i , . . . , x
n
i ) � îáúåêòû îáó÷àþùåé âûáîðêè,

yi = f (xi ) � ïðàâèëüíûå îòâåòû, i = 1, . . . , ℓ:




x11 . . . xn1
. . . . . . . . . . .

x1ℓ . . . xnℓ




f

−→





y1
. . .

yℓ





Íàéòè: �óíêöèþ a(x), ñïîñîáíóþ äàâàòü ïðàâèëüíûå îòâåòû

íà òåñòîâûõ îáúåêòàõ x̃i = (x̃1i , . . . , x̃
n
i ), i = 1, . . . , k :





x̃11 . . . x̃n1
. . . . . . . . . . .

x̃1k . . . x̃nk




a?
−→





a(x̃1)
. . .

a(x̃k)




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Òèïû ïðèçíàêîâ è òèïû çàäà÷

Òèïû ïðèçíàêîâ, x
j
i ∈ Dj , â çàâèñèìîñòè îò ìíîæåñòâà Dj :

Dj = {0, 1} � áèíàðíûé ïðèçíàê;

|Dj | < ∞ � íîìèíàëüíûé ïðèçíàê;

Dj óïîðÿäî÷åíî � ïîðÿäêîâûé ïðèçíàê;

Dj = R � êîëè÷åñòâåííûé ïðèçíàê.

Òèïû çàäà÷, yi ∈ Y , â çàâèñèìîñòè îò ìíîæåñòâà Y :

Y = {0, 1} èëè Y = {−1,+1} � êëàññè�èêàöèÿ íà 2 êëàññà;

Y = {1, . . . ,M} � íà M íåïåðåñåêàþùèõñÿ êëàññîâ;

Y = {0, 1}M � íà M êëàññîâ, êîòîðûå ìîãóò ïåðåñåêàòüñÿ;

Y = R � çàäà÷à âîññòàíîâëåíèÿ ðåãðåññèè;

Y óïîðÿäî÷åíî � çàäà÷à ðàíæèðîâàíèÿ (learning to rank).
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Ïðèìåð. Çàäà÷à êëàññè�èêàöèè öâåòêîâ èðèñà [Ôèøåð, 1936℄

n = 4 ïðèçíàêà, |Y | = 3 êëàññà, äëèíà âûáîðêè ℓ = 150.

длина чашелистика
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7
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Ëèíåéíûå ìîäåëè êëàññè�èêàöèè è ðåãðåññèè

Ïî÷åìó ìû òàê ëþáèì ëèíåéíûå ìîäåëè?

Êàê îáó÷àòü ïàðàìåòðû ëèíåéíûõ ìîäåëåé?

Êàê ïðîâåðÿòü êà÷åñòâî ïðåäñêàçàòåëüíîé ìîäåëè?
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Âîññòàíîâëåíèå ðåãðåññèè � ýòî îïòèìèçàöèÿ

Çàäà÷à âîññòàíîâëåíèÿ ðåãðåññèîííîé çàâèñèìîñòè, yi ∈ R

1

Âûáèðàåì ìîäåëü ðåãðåññèè, íàïðèìåð, ëèíåéíóþ:

a(x ,w) = 〈x ,w〉 =
n∑

j=1
x jwj , x ,w ∈ R

n

2

Âûáèðàåì �óíêöèþ ïîòåðü, íàïðèìåð, êâàäðàòè÷íóþ:

L (a, y) = (a − y)2

3

Ìèíèìèçèðóåì ïîòåðè ìåòîäîì íàèìåíüøèõ êâàäðàòîâ:

Q(w) =
1

ℓ

ℓ∑

i=1

(
a(xi ,w)− yi

)2
→ min

w

4

Ïðîâåðÿåì ïðîãíîñòè÷åñêóþ (îáîáùàþùóþ) ñïîñîáíîñòü:

Q̃(w) =
1

k

k∑

i=1

(
a(x̃i ,w)− ỹi

)2
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Îáó÷åíèå êëàññè�èêàöèè � òîæå îïòèìèçàöèÿ

Çàäà÷à êëàññè�èêàöèè, yi ∈ {−1,+1}

1

Âûáèðàåì ìîäåëü êëàññè�èêàöèè, íàïðèìåð, ëèíåéíóþ:

a(x ,w) = sign〈x ,w〉

2

Âûáèðàåì �óíêöèþ ïîòåðü, íàïðèìåð, áèíàðíóþ:

L (a, y) =
[
a(xi ,w)yi < 0

]

3

Ìèíèìèçèðóåì ÷àñòîòó îøèáîê íà îáó÷àþùåé âûáîðêå:

Q(w) =
1

ℓ

ℓ∑

i=1

[
a(xi ,w)yi < 0

]
→ min

w

4

Ïðîâåðÿåì ïðîãíîñòè÷åñêóþ (îáîáùàþùóþ) ñïîñîáíîñòü:

Q̃(w) =
1

k

k∑

i=1

[
a(x̃i ,w)ỹi < 0

]
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Îáó÷åíèå êëàññè�èêàöèè � ñãëàæèâàíèå �óíêöèè ïîòåðü

Çàäà÷à êëàññè�èêàöèè, yi ∈ {−1,+1}

1

Âûáèðàåì ìîäåëü êëàññè�èêàöèè, íàïðèìåð, ëèíåéíóþ:

a(x ,w) = sign〈x ,w〉

2

Ìàæîðèðóåì ïîðîãîâóþ �óíêöèþ ïîòåðü íåïðåðûâíîé:

[
Mi < 0

]
6 L

(
Mi

)
, Mi = 〈xi ,w〉yi � îòñòóï (margin)

3

Ìèíèìèçèðóåì ñãëàæåííóþ ÷àñòîòó îøèáîê:

Q(w) =
1

ℓ

ℓ∑

i=1
L

(
〈xi ,w〉yi

)
→ min

w

4

Ïðîâåðÿåì ïðîãíîñòè÷åñêóþ (îáîáùàþùóþ) ñïîñîáíîñòü:

Q̃(w) =
1

k

k∑

i=1

[
〈x̃i ,w〉ỹi < 0

]
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�åîìåòðè÷åñêèé ñìûñë îòñòóïîâ îáúåêòîâ

w � íîðìàëü (íàïðàâëÿþùèé âåêòîð) ðàçäåëÿþùåé

ãèïåðïëîñêîñòè, íàïðàâëåíà â ñòîðîíó êëàññà +1
〈xi ,w〉 � ïðîåêöèÿ âåêòîðà xi íà âåêòîð íîðìàëè w

〈xi ,w〉yi = Mi � ïðîåêöèÿ íà íîðìàëü â ñòîðîíó êëàññà yi

w

� îáúåêòû êëàññà +1
� îáúåêòû êëàññà −1
� íåò îøèáêè, Mi > 0
� îøèáêà, Mi < 0
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Íåïðåðûâíûå àïïðîêñèìàöèè ïîðîãîâîé �óíêöèè ïîòåðü

×àñòî èñïîëüçóåìûå íåïðåðûâíûå �óíêöèè ïîòåðü L (M):

-5 -4 -3 -2 -1 0 1 2 3 4 5

0

1

2

3

4

5

S

L
V    

E          

        Q

H             

M
V (M) = (1−M)+ � êóñî÷íî-ëèíåéíàÿ (SVM)

H(M) = (−M)+ � êóñî÷íî-ëèíåéíàÿ (Hebb's rule)

L(M) = log2(1 + e−M) � ëîãàðè�ìè÷åñêàÿ (LR, Logisti
 Regression)

Q(M) = (1−M)2 � êâàäðàòè÷íàÿ (Fisher's Linear Dis
riminant)

S(M) = 2(1 + eM)−1
� ñèãìîèäíàÿ (ANN, Arti�
ial Neural Network)

E(M) = e−M
� ýêñïîíåíöèàëüíàÿ (AdaBoost)

[M < 0] � ïîðîãîâàÿ �óíêöèÿ ïîòåðü.
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Îáùèå ïîäõîäû ê ðåøåíèþ îïòèìèçàöèîííûõ çàäà÷

Àíàëèòè÷åñêèé ïîäõîä (íàïð. ìåòîä íàèìåíüøèõ êâàäðàòîâ):

Åñëè w � òî÷êà ìèíèìóìà ãëàäêîé �óíêöèè Q(w), òî

∂Q(w)

∂wj
= 0, j = 1, . . . , n.

Ýòî ñèñòåìà n óðàâíåíèé ñ n íåèçâåñòíûìè.

×èñëåííûé ìåòîä � ãðàäèåíòíûé ñïóñê:

1 íà÷àëüíîå ïðèáëèæåíèå w0
, t := 0;

2 ïîâòîðÿòü

3 w t+1
j := w t

j − ht · ∂Q(w t )
∂wj

, j = 1, . . . , n;

4 t := t + 1;

5 ïîêà ïðîöåññ íå ñîéä¼òñÿ;
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Îòêóäà ïîøëî íàçâàíèå ¾ðåãðåññèÿ¿ (�àëüòîí, 1886)

Èññëåäîâàíèå íàñëåäñòâåííîñòè ðîñòà.

îòêëîíåíèå ðîñòà îò ñðåäíåãî â ïîïóëÿöèè:

∆xi � îòêëîíåíèå ðîñòà îòöà

∆yi � îòêëîíåíèå ðîñòà âçðîñëîãî ñûíà

-25 -20 -15 -10 -5 0 5 10 15 20 25
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∆xi

∆yi

Ôðýíñèñ �àëüòîí

(1822�1911)

Regression to medio
rity � âîçâðàùåíèå ê ïîñðåäñòâåííîñòè
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Èçìåðåíèå êà÷åñòâà êëàññè�èêàöèè

Îïòèìèçàöèîííûå ïîñòàíîâêè çàäà÷ îáó÷åíèÿ
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Ñêðûòûé ñìûñë: ¾ðåãðåññèÿ¿ � ñíà÷àëà äàííûå, ïîòîì ìîäåëü

Galton F. Regression Towards Medio
rity in Hereditary Stature. 1886.
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�ðàäèåíòíûå ìåòîäû îïòèìèçàöèè

Èçìåðåíèå êà÷åñòâà êëàññè�èêàöèè

Îïòèìèçàöèîííûå ïîñòàíîâêè çàäà÷ îáó÷åíèÿ

Ìåòîäû îïòèìèçàöèè

Ëèíåéíàÿ ðåãðåññèÿ

Çàäà÷à ïðîâåäåíèÿ ïðÿìîé ÷åðåç çàäàííûå òî÷êè

Äàíî: xi , yi ∈ R, i = 1, . . . , ℓ
Íàéòè: ïàðàìåòðû w = (α, β) ëèíåéíîé ìîäåëè y = αx + β

Êðèòåðèé: Q(α, β) =
ℓ∑

i=1
(αxi + β − yi )

2 → min

Àíàëèòè÷åñêèé ìåòîä ðåøåíèÿ:

∂Q
∂α

= 0 ⇒ α
ℓ∑

i=1
x2i + β

ℓ∑

i=1
xi −

ℓ∑

i=1
xiyi = 0

∂Q
∂β

= 0 ⇒ α
ℓ∑

i=1
xi + β

ℓ∑

i=1
1−

ℓ∑

i=1
yi = 0

Ýòî ñèñòåìà ëèíåéíûõ óðàâíåíèé 2× 2:
{

αSxx + βSx = Sxy

αSx + βS1 = Sy
⇒

{
α =

SxyS1−SxSy
SxxS1−SxSx

β =
SxxSy−SxySx
SxxS1−SxSx
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Îáó÷åíèå êàê îïòèìèçàöèÿ

�ðàäèåíòíûå ìåòîäû îïòèìèçàöèè

Èçìåðåíèå êà÷åñòâà êëàññè�èêàöèè

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà

Ý��åêò ïåðåîáó÷åíèå

�åãóëÿðèçàöèÿ ëèíåéíûõ ìîäåëåé

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà (SG, Sto
hasti
 Gradient)

Çàäà÷à êëàññè�èêàöèè: yi ∈ {−1,+1}, a(x ,w) = sign〈w , x〉.
Ìèíèìèçàöèÿ ñãëàæåííîé ÷àñòîòû îøèáîê:

Q(w) =

ℓ∑

i=1

L
(
〈w , xi 〉yi

)
→ min

w
.

Îäèí øàã ãðàäèåíòíîãî ñïóñêà:

w t+1 := w t − ht
ℓ∑

i=1

L
′
(
〈w t , xi〉yi

)
xi yi .

Èäåÿ óñêîðåíèÿ ñõîäèìîñòè: áðàòü (xi , yi ) ïî îäíîìó

â ñëó÷àéíîì ïîðÿäêå è ñðàçó îáíîâëÿòü âåêòîð âåñîâ,

w t+1 := w t − htL ′
(
〈w t , xi 〉yi

)
xi yi .
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Îáó÷åíèå êàê îïòèìèçàöèÿ

�ðàäèåíòíûå ìåòîäû îïòèìèçàöèè

Èçìåðåíèå êà÷åñòâà êëàññè�èêàöèè

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà

Ý��åêò ïåðåîáó÷åíèå

�åãóëÿðèçàöèÿ ëèíåéíûõ ìîäåëåé

Àëãîðèòì SG (Sto
hasti
 Gradient)

Âõîä: âûáîðêà (xi , yi )
ℓ
i=1;

Âûõîä: âåñà w1, . . . ,wn;

1 èíèöèàëèçèðîâàòü âåñà wj , j = 1, . . . , n;
2 ïîâòîðÿòü

3 âûáðàòü ñëó÷àéíûé îáúåêò (xi , yi ) èç îáó÷àþùåé âûáîðêè;

4 âûáðàòü âåëè÷èíó ãðàäèåíòíîãî øàãà h;

5 âûïîëíèòü ãðàäèåíòíûé øàã:

wj := wj − hL ′
(
〈w , xi 〉yi

)
x
j
i yi äëÿ âñåõ j = 1, . . . , n;

6 ïîêà ïðîöåññ íå ñîéä¼òñÿ êóäà-íèáóäü;

Ïðåèìóùåñòâà è íåäîñòàòêè:

⊕⊕⊕ ìîæíî áðàòü êàêèå óãîäíî ìîäåëè è �óíêöèè ïîòåðü L

⊕⊕⊕ õîðîøî ðàáîòàåò íà áîëüøèõ âûáîðêàõ

⊖⊖⊖ âîçìîæíî çàñòðåâàíèå â ëîêàëüíûõ ýêñòðåìóìàõ
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Îáó÷åíèå êàê îïòèìèçàöèÿ

�ðàäèåíòíûå ìåòîäû îïòèìèçàöèè

Èçìåðåíèå êà÷åñòâà êëàññè�èêàöèè

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà

Ý��åêò ïåðåîáó÷åíèå

�åãóëÿðèçàöèÿ ëèíåéíûõ ìîäåëåé

Ýâðèñòèêè

Âûáîð íà÷àëüíîãî ïðèáëèæåíèÿ, íàïðèìåð, òàê:

w0
j :=

〈y , fj 〉

〈fj , fj〉
(èç îäíîìåðíîé ëèíåéíîé ðåãðåññèè)

fj = (x ji )
ℓ
i=1 � âåêòîð çíà÷åíèé j-ãî ïðèçíàêà,

y = (yi )
ℓ
i=1 � âåêòîð îòâåòîâ.

Âûáîð òåìïà îáó÷åíèÿ (ãðàäèåíòíîãî øàãà) ht :

ñõîäèìîñòü ãàðàíòèðóåòñÿ äëÿ âûïóêëûõ Q(w) ïðè

ht → 0,
∞∑

t=1
ht = ∞,

∞∑

t=1
(ht)2 < ∞,

â ÷àñòíîñòè ìîæíî ïîëîæèòü ht = 1
t
;

Âûáîð ïîðÿäêà ïðåäúÿâëåíèÿ îáúåêòîâ:

� ñëó÷àéíî, íî ïîïåðåìåííî èç ðàçíûõ êëàññîâ;

� ÷àùå áðàòü ïîãðàíè÷íûå îáúåêòû ñ ìàëûì |Mi |;
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Îáó÷åíèå êàê îïòèìèçàöèÿ

�ðàäèåíòíûå ìåòîäû îïòèìèçàöèè

Èçìåðåíèå êà÷åñòâà êëàññè�èêàöèè

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà

Ý��åêò ïåðåîáó÷åíèå

�åãóëÿðèçàöèÿ ëèíåéíûõ ìîäåëåé

Ïðèìåð. Ïåðåîáó÷åíèå â çàäà÷å ìåäèöèíñêîé äèàãíîñòèêè

Çàäà÷à ïðåäñêàçàíèÿ îòäàë¼ííîãî ðåçóëüòàòà õèðóðãè÷åñêîãî

ëå÷åíèÿ àòåðîñêëåðîçà. Òî÷êè � ðàçëè÷íûå àëãîðèòìû.

3 4 5 6 7 8 9 10 11 12

3
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5

6

7

8
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15

Частота ошибок на обучении, %

Частота ошибок на контроле, %
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Îáó÷åíèå êàê îïòèìèçàöèÿ

�ðàäèåíòíûå ìåòîäû îïòèìèçàöèè

Èçìåðåíèå êà÷åñòâà êëàññè�èêàöèè

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà

Ý��åêò ïåðåîáó÷åíèå

�åãóëÿðèçàöèÿ ëèíåéíûõ ìîäåëåé

Ïðèìåð: ïåðåîáó÷åíèå ïîëèíîìèàëüíîé ðåãðåññèè

Çàâèñèìîñòü y(x) =
1

1 + 25x2
íà îòðåçêå x ∈ [−2, 2].

Ïðèçíàêîâîå îïèñàíèå x 7→ (1, x1, x2, . . . , xn).

Ìîäåëü ïîëèíîìèàëüíîé ðåãðåññèè

a(x , θ) = θ0 + θ1x + · · ·+ θnx
n

� ïîëèíîì ñòåïåíè n.

Îáó÷åíèå ìåòîäîì íàèìåíüøèõ êâàäðàòîâ:

Q(a,X ℓ) =

ℓ∑

i=1

(θ0 + θ1xi + · · · + θnx
n
i − yi)

2 → min
θ0,...,θn

.

Îáó÷àþùàÿ âûáîðêà: X ℓ =
{
xi = 4 i−1

ℓ−1 − 2
∣
∣ i = 1, . . . , ℓ

}
.

Êîíòðîëüíàÿ âûáîðêà: X k =
{
xi = 4 i−0.5

ℓ−1 − 2
∣
∣ i = 1, . . . , ℓ− 1

}
.

×òî ïðîèñõîäèò ñ Q
(
a,X ℓ

)
è Q

(
a,X k

)
ïðè óâåëè÷åíèè n?
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Îáó÷åíèå êàê îïòèìèçàöèÿ

�ðàäèåíòíûå ìåòîäû îïòèìèçàöèè

Èçìåðåíèå êà÷åñòâà êëàññè�èêàöèè

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà

Ý��åêò ïåðåîáó÷åíèå

�åãóëÿðèçàöèÿ ëèíåéíûõ ìîäåëåé

Ïðèìåð ïåðåîáó÷åíèÿ: ýêñïåðèìåíò ïðè ℓ = 50, n = 38

y(x) =
1

1 + 25x2
; a(x) � ïîëèíîì ñòåïåíè n = 38

y(x), обучающая выборка y(x), контрольная выборка a(x)

-0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0
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0.2

0.3
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0.5
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x

y(x), a(x)
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Îáó÷åíèå êàê îïòèìèçàöèÿ

�ðàäèåíòíûå ìåòîäû îïòèìèçàöèè

Èçìåðåíèå êà÷åñòâà êëàññè�èêàöèè

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà

Ý��åêò ïåðåîáó÷åíèå

�åãóëÿðèçàöèÿ ëèíåéíûõ ìîäåëåé

Ïðèìåð ïåðåîáó÷åíèÿ: ýêñïåðèìåíò ïðè ℓ = 50, n = 1, . . . , 31

Ïåðåîáó÷åíèå � ýòî êîãäà Q
(
µ(X ℓ),X k

)
≫ Q

(
µ(X ℓ),X ℓ

)
:

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

-0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

n

Q

������ �� ���	
��� ������ �� ������

 ������� �
�������
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Îáó÷åíèå êàê îïòèìèçàöèÿ

�ðàäèåíòíûå ìåòîäû îïòèìèçàöèè

Èçìåðåíèå êà÷åñòâà êëàññè�èêàöèè

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà

Ý��åêò ïåðåîáó÷åíèå

�åãóëÿðèçàöèÿ ëèíåéíûõ ìîäåëåé

Ýìïèðè÷åñêèå îöåíêè îáîáùàþùåé ñïîñîáíîñòè

Ìåòîä îáó÷åíèÿ µ ïî âûáîðêå (xi , yi )
ℓ
i=1 ñòðîèò àëãîðèòì a.

Ñðåäíåå çíà÷åíèå ïîòåðü íà òåñòîâûõ äàííûõ (hold-out):

HO(µ,X ℓ,X k) = Q(µ(X ℓ),X k) → min

Ñêîëüçÿùèé êîíòðîëü (leave-one-out), L = ℓ+ 1:

LOO(µ,X L) =
1

L

L∑

i=1

L (µ(X L\{xi}), xi ) → min

Êðîññ-ïðîâåðêà (
ross-validation) ïî N ðàçáèåíèÿì,

X L = X ℓ
n ⊔ X k

n , L = ℓ+ k :

CV(µ,X L) =
1

N

N∑

n=1

Q(µ(X ℓ
n),X

k
n ) → min
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Îáó÷åíèå êàê îïòèìèçàöèÿ

�ðàäèåíòíûå ìåòîäû îïòèìèçàöèè

Èçìåðåíèå êà÷åñòâà êëàññè�èêàöèè

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà

Ý��åêò ïåðåîáó÷åíèå

�åãóëÿðèçàöèÿ ëèíåéíûõ ìîäåëåé

Ïðè÷èíû ïåðåîáó÷åíèÿ ëèíåéíûõ ìîäåëåé

1

ñëèøêîì ìàëî îáúåêòîâ; ñëèøêîì ìíîãî ïðèçíàêîâ;

2

ëèíåéíàÿ çàâèñèìîñòü (ìóëüòèêîëëèíåàðíîñòü) ïðèçíàêîâ:

ïóñòü ïîñòðîåí êëàññè�èêàòîð: a(x ,w) = sign〈x ,w〉;
ìóëüòèêîëëèíåàðíîñòü: ∃v ∈ R

n
: ∀x 〈x , v〉 ≈ 0;

òîãäà ∀γ ∈ R a(x ,w) ≈ sign〈x ,w + γv〉

Ïîñëåäñòâèÿ:

ðåøåíèå íååäèíñòâåííî è íåóñòîé÷èâî;

ïîÿâëÿþòñÿ ñëèøêîì áîëüøèå âåñà +wj èëè −wj ;

Q(w) íà îáó÷åíèè ìíîãî ìåíüøå, ÷åì íà êîíòðîëå;

Ñïàñàåò ðåãóëÿðèçàöèÿ � ââåäåíèå äîïîëíèòåëüíîãî êðèòåðèÿ:

‖w‖2 =
n∑

j=1
w2
j → min .
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Îáó÷åíèå êàê îïòèìèçàöèÿ

�ðàäèåíòíûå ìåòîäû îïòèìèçàöèè

Èçìåðåíèå êà÷åñòâà êëàññè�èêàöèè

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà

Ý��åêò ïåðåîáó÷åíèå

�åãóëÿðèçàöèÿ ëèíåéíûõ ìîäåëåé

Ìåòîä ñîêðàùåíèÿ âåñîâ (weight de
ay)

Øòðà� çà óâåëè÷åíèå íîðìû âåêòîðà âåñîâ:

Qτ (w) = Q(w) +
τ

2

n∑

j=1
w2
j → min

w
.

Êîìïîíåíòû âåêòîðà ãðàäèåíòà:

∂
∂wj

Qτ (w) = ∂
∂wj

Q(w) + τwj , j = 1, . . . , n.

Ìîäè�èêàöèÿ ãðàäèåíòíîãî øàãà:

w t+1
j := w t

j (1− htτ)− ht ∂
∂wj

Q(w t), j = 1, . . . , n.

Ïàðàìåòð ðåãóëÿðèçàöèè τ ïîäáèðàåòñÿ ýêñïåðèìåíòàëüíî,

ïî êà÷åñòâó íà êîíòðîëüíîé âûáîðêå.
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Îáó÷åíèå êàê îïòèìèçàöèÿ

�ðàäèåíòíûå ìåòîäû îïòèìèçàöèè

Èçìåðåíèå êà÷åñòâà êëàññè�èêàöèè

×óâñòâèòåëüíîñòü è ñïåöè�è÷íîñòü

ROC-êðèâàÿ è ïëîùàäü ïîä êðèâîé

ßâíàÿ ìàêñèìèçàöèÿ ñãëàæåííîãî AUC

Òåðìèíîëîãèÿ, ïðèøåäøàÿ èç ìåäèöèíñêîé äèàãíîñòèêè

Ïîëîæèòåëüíûé äèàãíîç � àëãîðèòì ïðåäñêàçûâàåò áîëåçíü

(õîòÿ, êàçàëîñü áû, ÷òî òóò ïîëîæèòåëüíîãî...)

Äîëÿ áîëüíûõ ñ âåðíûì ïîëîæèòåëüíûì äèàãíîçîì:

÷óâñòâèòåëüíîñòü =

∑ℓ
i=1[yi = +1][a(xi ) = +1]

∑ℓ
i=1[yi = +1]

Äîëÿ çäîðîâûõ ñ âåðíûì îòðèöàòåëüíûì äèàãíîçîì:

ñïåöè�è÷íîñòü =

∑ℓ
i=1[yi = −1][a(xi ) = −1]

∑ℓ
i=1[yi = −1]

×óâñòâèòåëüíîñòü è ñïåöè�è÷íîñòü õîòèì ìàêñèìèçèðîâàòü.

⊕⊕⊕ Îíè íå çàâèñÿò îò ñîîòíîøåíèÿ ìîùíîñòåé êëàññîâ.

⊕⊕⊕ Õîðîøî ïîäõîäÿò äëÿ íåñáàëàíñèðîâàííûõ âûáîðîê.

Êîíñòàíòèí Âîðîíöîâ (voron�fore
sys.ru) Ìàøèííîå îáó÷åíèå 26 / 32



Îáó÷åíèå êàê îïòèìèçàöèÿ

�ðàäèåíòíûå ìåòîäû îïòèìèçàöèè

Èçìåðåíèå êà÷åñòâà êëàññè�èêàöèè

×óâñòâèòåëüíîñòü è ñïåöè�è÷íîñòü

ROC-êðèâàÿ è ïëîùàäü ïîä êðèâîé

ßâíàÿ ìàêñèìèçàöèÿ ñãëàæåííîãî AUC

Îïðåäåëåíèå ROC-êðèâîé

Ìîäåëü êëàññè�èêàöèè: a(x) = sign
(
〈x ,w〉 − w0

)

ïî îñè X: 1− ñïåöè�è÷íîñòü = FPR, false positive rate,

ïî îñè Y: ÷óâñòâèòåëüíîñòü = TPR, true positive rate

Êàæäàÿ òî÷êà ROC-êðèâîé ñîîòâåòñòâóåò çíà÷åíèþ ïîðîãà w0
(ROC � ¾re
eiver operating 
hara
teristi
¿),

AUC,  !"#$%&  "% ROC-'()*"+ ,$)-.%/$0 ROC-'()*$0 
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Îáó÷åíèå êàê îïòèìèçàöèÿ

�ðàäèåíòíûå ìåòîäû îïòèìèçàöèè

Èçìåðåíèå êà÷åñòâà êëàññè�èêàöèè

×óâñòâèòåëüíîñòü è ñïåöè�è÷íîñòü

ROC-êðèâàÿ è ïëîùàäü ïîä êðèâîé

ßâíàÿ ìàêñèìèçàöèÿ ñãëàæåííîãî AUC

AUC (area under 
urve) � ïëîùàäü ïîä ROC-êðèâîé

Ìîäåëü êëàññè�èêàöèè: a(x) = sign
(
〈x ,w〉 − w0

)

Äîëÿ ïðàâèëüíî óïîðÿäî÷åííûõ ïàð îáúåêòîâ (xi , xs)
èç ðàçíûõ êëàññîâ, yi = −1, yi = +1 (äîêàæèòå!):

AUC =

∑ℓ
i=1

∑ℓ
s=1

[
yi < ys

][
〈xi ,w〉 < 〈xs ,w〉

]

∑ℓ
i=1

∑ℓ
s=1

[
yi < ys

]

Ïðåèìóùåñòâà AUC:

⊕⊕⊕ íå çàâèñèò îò ïîðîãà w0, îöåíèâàåò òîëüêî êà÷åñòâî w ;

⊕⊕⊕ íå çàâèñèò îò ÷èñëåííîñòè êëàññîâ;

⊕⊕⊕ ýòî îáùåïðèíÿòàÿ ìåðà êà÷åñòâà êëàññè�èêàöèè;

×òîáû èçìåðèòü ïðåäñêàçàòåëüíóþ ñïîñîáíîñòüþ ìåòîäà

îáó÷åíèÿ µ, íàäî âû÷èñëÿòü AUC íà êîíòðîëüíîé âûáîðêå.
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Îáó÷åíèå êàê îïòèìèçàöèÿ

�ðàäèåíòíûå ìåòîäû îïòèìèçàöèè

Èçìåðåíèå êà÷åñòâà êëàññè�èêàöèè

×óâñòâèòåëüíîñòü è ñïåöè�è÷íîñòü

ROC-êðèâàÿ è ïëîùàäü ïîä êðèâîé

ßâíàÿ ìàêñèìèçàöèÿ ñãëàæåííîãî AUC

ßâíàÿ ìàêñèìèçàöèÿ ñãëàæåííîãî AUC

Ìàêñèìèçàöèÿ äîëè ïðàâèëüíî óïîðÿäî÷åííûõ ïàð (xi , xs):

AUC =
∑

i ,s : yi<ys

[
〈xi ,w〉 < 〈xs ,w〉

]
→ max

w

Ìàêñèìèçàöèÿ ñãëàæåííîãî AUC:

Q(w) =
∑

i ,s : yi<ys

L
(
〈xs ,w〉 − 〈xi ,w〉
︸ ︷︷ ︸

Mis

)
→ min

w

L (M) � ãëàäêàÿ óáûâàþùàÿ �óíêöèÿ îòñòóïà,

Mis � íîâîå ïîíÿòèå îòñòóïà, òåïåðü äëÿ ïàð îáúåêòîâ.

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà ïî ïàðàì (xi , xs): yi < ys

w t+1 := w t − htL ′
(
〈xs − xi ,w

t〉
)
(xs − xi )
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Îáó÷åíèå êàê îïòèìèçàöèÿ

�ðàäèåíòíûå ìåòîäû îïòèìèçàöèè

Èçìåðåíèå êà÷åñòâà êëàññè�èêàöèè

×óâñòâèòåëüíîñòü è ñïåöè�è÷íîñòü

ROC-êðèâàÿ è ïëîùàäü ïîä êðèâîé

ßâíàÿ ìàêñèìèçàöèÿ ñãëàæåííîãî AUC

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà äëÿ ìàêñèìèçàöèè AUC

Âõîä: âûáîðêà (xi , yi )
ℓ
i=1, yi ∈ {−1,+1}, ïàðàìåòðû h, τ ;

Âûõîä: âåñà w1, . . . ,wn;

1 èíèöèàëèçèðîâàòü âåñà wj =
〈y ,fj〉
〈fj ,fj〉

, j = 1, . . . , n;

2 ïîâòîðÿòü

3 âûáðàòü ñëó÷àéíóþ ïàðó îáó÷àþùèõ îáúåêòîâ xi , xs
èç ðàçíûõ êëàññîâ: yi = −1, ys = 1;

4 âûáðàòü âåëè÷èíó ãðàäèåíòíîãî øàãà h;

5 âûïîëíèòü ãðàäèåíòíûé øàã:

Mis := 〈xs − xi ,w〉;
äëÿ âñåõ j = 1, . . . , n

wj := wj(1− τh) + hL ′(Mis)
(
x
j
s − x

j
i

)
;

6 ïîêà ïðîöåññ íå ñîéä¼òñÿ êóäà-íèáóäü;
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Îáó÷åíèå êàê îïòèìèçàöèÿ

�ðàäèåíòíûå ìåòîäû îïòèìèçàöèè

Èçìåðåíèå êà÷åñòâà êëàññè�èêàöèè

�åçþìå

Îáó÷åíèå � ýòî îïòèìèçàöèè (ïî÷òè âî âñåõ ìåòîäàõ)

Ëó÷øèå ìåòîäû êëàññè�èêàöèè îñíîâàíû íà ñãëàæèâàíèè

ïîðîãîâîé �óíêöèè ïîòåðü

Ìåòîä íàèìåíüøèõ êâàäðàòîâ äëÿ ëèíåéíîé ðåãðåññèè

ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû ëèíåéíûõ óðàâíåíèé n× n

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà ïîçâîëÿåò åäèíîîáðàçíî

ðåøàòü ñàìûå ðàçíûå çàäà÷è, â òîì ÷èñëå äëÿ Big Data

�åãóëÿðèçàöèÿ ïîìîãàåò ïðîòèâ ïåðåîáó÷åíèÿ

Ìîæíî ìàêñèìèçèðîâàòü íåïîñðåäñòâåííî AUC
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