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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìîäåëü PLSA

Ìîäåëü LDA

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Íàïîìèíàíèå. Çàäà÷à òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

Äàíî: êîëëåêöèÿ òåêñòîâûõ äîêóìåíòîâ

ndw � ÷àñòîòû òåðìîâ â äîêóìåíòàõ, p̂(w |d) = ndw
nd

Íàéòè: ïàðàìåòðû òåìàòè÷åñêîé ìîäåëè p(w |d) =
∑

t∈T

φwtθtd

φwt=p(w |t) � âåðîÿòíîñòè òåðìîâ w â êàæäîé òåìå t

θtd =p(t|d) � âåðîÿòíîñòè òåì t â êàæäîì äîêóìåíòå d

Ýòî çàäà÷à ñòîõàñòè÷åñêîãî ìàòðè÷íîãî ðàçëîæåíèÿ:
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìîäåëü PLSA

Ìîäåëü LDA

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Íàïîìèíàíèå. PLSA (Probabilisti Latent Semanti Analysis)

Çàäà÷à ìàêñèìèçàöèè ëîãàðè�ìà ïðàâäîïîäîáèÿ:

L (Φ,Θ) =
∑

d,w

ndw ln
∑

t

φwtθtd → max
Φ,Θ

EM-àëãîðèòì: ìåòîä ïðîñòîé èòåðàöèè äëÿ ñèñòåìû óðàâíåíèé

E-øàã:

M-øàã:







ptdw = norm
t∈T

(
φwtθtd

)

φwt = norm
w∈W

(
∑

d∈D

ndwptdw

)

θtd = norm
t∈T

(
∑

w∈d

ndwptdw

)

ãäå norm
t∈T

(xt) =
max{xt ,0}∑

s∈T

max{xs ,0}
� îïåðàöèÿ íîðìèðîâêè âåêòîðà.
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìîäåëü PLSA

Ìîäåëü LDA

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Íåäîñòàòêè PLSA (è íåîáõîäèìîñòü åãî ðåãóëÿðèçàöèè)

1

Áîëüøàÿ ðàçìåðíîñòü ïðîñòðàíñòâà ïàðàìåòðîâ

2

ßêîáû èç-çà ýòîãî ñèëüíîå ïåðåîáó÷åíèå

3

ßêîáû íåâîçìîæíîñòü ìîäåëèðîâàíèÿ íîâûõ äîêóìåíòîâ

4

Íååäèíñòâåííîñòü è íåóñòîé÷èâîñòü ðåøåíèÿ:

åñëè ΦΘ � ðåøåíèå, òî (ΦS)(S−1Θ) � òîæå ðåøåíèå

5

Íåò óïðàâëåíèÿ ðàçðåæåííîñòüþ Φ è Θ, ò.ê.
(â íà÷àëå φwt = 0) ⇔ (â �èíàëå φwt = 0),
(â íà÷àëå θtd = 0) ⇔ (â �èíàëå θtd = 0)

6

Òåìû íå âñåãäà èíòåðïðåòèðóåìû

7

Íåò âûäåëåíèÿ íåòåìàòè÷åñêèõ (�îíîâûõ) ñëîâ

8

Íå ÿñíî, êàê ó÷èòûâàòü äîïîëíèòåëüíóþ èí�îðìàöèþ

Blei D., Ng A., Jordan M. Latent Dirihlet Alloation. JMLR, 2003.
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìîäåëü PLSA

Ìîäåëü LDA

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

�èïîòåçà îá àïðèîðíûõ ðàñïðåäåëåíèÿõ Äèðèõëå

�èïîòåçà: âåêòîð-ñòîëáöû φt = (φwt)w∈W è θd = (θtd )t∈T
ïîðîæäàþòñÿ ðàñïðåäåëåíèÿìè Äèðèõëå, α ∈ R

|T |
, β ∈ R

|W |
:

Dir(φt |β) =
Γ(β0)

∏

w

Γ(βw )

∏

w

φ
βw−1
wt , φwt > 0; β0 =

∑

w

βw , βw > 0;

Dir(θd |α) =
Γ(α0)

∏

t

Γ(αt)

∏

t

θαt−1
td , θtd > 0; α0 =

∑

t

αt , αt > 0;

Ïðèìåð:

Dir(θ|α),
|T | = 3,
θ, α ∈ R

3
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìîäåëü PLSA

Ìîäåëü LDA

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

�àñïðåäåëåíèå Dir(θd |α) ïðè αt ≡ 100, 10 òåì, 15 äîêóìåíòîâ
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìîäåëü PLSA

Ìîäåëü LDA

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

�àñïðåäåëåíèå Dir(θd |α) ïðè αt ≡ 10, 10 òåì, 15 äîêóìåíòîâ
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìîäåëü PLSA

Ìîäåëü LDA

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

�àñïðåäåëåíèå Dir(θd |α) ïðè αt ≡ 1, 10 òåì, 15 äîêóìåíòîâ
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìîäåëü PLSA

Ìîäåëü LDA

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

�àñïðåäåëåíèå Dir(θd |α) ïðè αt ≡ 0.1, 10 òåì, 15 äîêóìåíòîâ
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìîäåëü PLSA

Ìîäåëü LDA

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

�àñïðåäåëåíèå Dir(θd |α) ïðè αt ≡ 0.01, 10 òåì, 15 äîêóìåíòîâ
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìîäåëü PLSA

Ìîäåëü LDA

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Âåðîÿòíîñòíàÿ ìîäåëü ïîðîæäåíèÿ òåêñòà

Òåìàòè÷åñêàÿ ìîäåëü LDA (Latent Dirihlet Alloation):

p(w |d) =
∑

t∈T

φwtθtd , φt ∼ Dir(φ|β), θd ∼ Dir(θ|α).

Ïðîöåññ ïîðîæäåíèÿ äîêóìåíòîâ d = {w1 . . .wnd} êîëëåêöèè D:

Âõîä: âåêòîðû ãèïåðïàðàìåòðîâ β, α;

Âûõîä: êîëëåêöèÿ äîêóìåíòîâ;

âûáðàòü âåêòîð φt èç Dir(φ|β) äëÿ êàæäîé òåìû t ∈ T ;

âûáðàòü âåêòîð θd èç Dir(θ|α) äëÿ êàæäîãî äîêóìåíòà d ∈ D;

äëÿ âñåõ äîêóìåíòîâ d ∈ D

äëÿ âñåõ ïîçèöèé òåðìîâ i = 1, . . . , nd â äîêóìåíòå d

âûáðàòü òåìó ti èç p(t|d) ≡ θtd ;

âûáðàòü òåðì wi èç p(w |ti) ≡ φwti ;
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìîäåëü PLSA

Ìîäåëü LDA

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Ïî÷åìó èìåííî ðàñïðåäåëåíèå Äèðèõëå?

îíî ñïîñîáíî ïîðîæäàòü ðàçðåæåííûå âåêòîðû

èìååò ïàðàìåòðû, óïðàâëÿþùèå ñòåïåíüþ ðàçðåæåííîñòè

îïèñûâàåò êëàñòåðíûå ñòðóêòóðû íà ñèìïëåêñå (ñì. ðèñ.)

ÿâëÿåòñÿ ñîïðÿæ¼ííûì ñ ìóëüòèíîìèàëüíûì ðàñïðåäåëåíèåì,

÷òî ñèëüíî óïðîùàåò áàéåñîâñêèé âûâîä (ñì. äàëåå)

�àñïðåäåëåíèå Dir(φ|α) ïîðîæäàåò âåêòîðû òåì φt = p(w |t),
êîòîðûå ïîðîæäàþò ìóëüòèíîìèàëüíûå ðàñïðåäåëåíèÿ p̂(w |t, d).
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìîäåëü PLSA

Ìîäåëü LDA

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Ôîðìóëà Áàéåñà äëÿ àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ

Ââåä¼ì áîëåå îáùèå îáîçíà÷åíèÿ:

X = (di ,wi )
n
i=1 � èñõîäíûå äàííûå, íàáëþäàåìûå ïåðåìåííûå

Ω = (Φ,Θ) � ïàðàìåòðû ïîðîæäàþùåé ìîäåëè p(X |Ω)
γ = (β, α) � ãèïåðïàðàìåòðû àïðèîðíîãî ðàñïðåäåëåíèÿ p(Ω|γ)

Çàäà÷à: ïî X íàéòè Ω.

Ôîðìóëà Áàéåñà äà¼ò àïîñòåðèîðíîå ðàñïðåäåëåíèå p(Ω|X , γ),
ãäå ñèìâîë ∝ îçíà÷àåò ¾ðàâíî ñ òî÷íîñòüþ äî íîðìèðîâêè¿:

p(Ω|X , γ) =
p(Ω,X |γ)

p(X |γ)
∝ p(Ω,X |γ) ∝ p(X |Ω) p(Ω|γ)

Äàëåå åñòü äâà ïóòè:

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ: Ω = argmaxΩ ln p(Ω|X , γ)

Áàéåñîâñêèé âûâîä: âû÷èñëåíèå ðàñïðåäåëåíèÿ p(Ω|X , γ)
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìîäåëü PLSA

Ìîäåëü LDA

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ ìîäåëè LDA

Ìàêñèìèçàöèÿ ñîâìåñòíîãî ïðàâäîïîäîáèÿ äàííûõ è ìîäåëè,

íàçûâàåòñÿ òàêæå maximum a posteriori probability (MAP):

ln p(X |Ω) p(Ω|γ) = ln
n∏

i=1

p(di ,wi |Φ,Θ) p(Φ|β) p(Θ|α) =

= ln
∏

d∈D

∏

w∈d

p(d ,w |Φ,Θ)ndw
∏

t∈T

Dir(φt |β)
∏

d∈D

Dir(θd |α) → max
Φ,Θ

Ýòî çàäà÷à ìàêñèìèçàöèè ðåãóëÿðèçîâàííîãî log-ïðàâäîïîäîáèÿ:

∑

d,w

ndw ln
∑

t

φwtθtd +
∑

t,w

lnφβw−1
wt +

∑

d,t

ln θαt−1
td → max

Φ,Θ
,

ïðè îãðàíè÷åíèÿõ íåîòðèöàòåëüíîñòè è íîðìèðîâêè

φwt > 0;
∑

w∈W

φwt = 1; θtd > 0;
∑

t∈T

θtd = 1.
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìîäåëü PLSA

Ìîäåëü LDA

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

�åãóëÿðèçîâàííûé EM-àëãîðèòì äëÿ ìîäåëè LDA â ARTM

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè ýêâèâàëåíòíà

ðåãóëÿðèçàòîðó ëîãàðè�ìà àïðèîðíîãî ðàñïðåäåëåíèÿ:

∑

d,w

ndw ln
∑

t

φwtθtd

︸ ︷︷ ︸

ln ïðàâäîïîäîáèÿ L (Φ,Θ)

+
∑

t,w

(βw−1) lnφwt +
∑

d,t

(αt−1) ln θtd

︸ ︷︷ ︸

ðåãóëÿðèçàòîð R(Φ,Θ)= ln p(Φ,Θ|α,β)

→ max
Φ,Θ

EM-àëãîðèòì: ìåòîä ïðîñòîé èòåðàöèè äëÿ ñèñòåìû óðàâíåíèé

E-øàã:

M-øàã:







ptdw = norm
t∈T

(
φwtθtd

)

φwt = norm
w∈W

(
∑

d∈D

ndwptdw + βw − 1
)

θtd = norm
t∈T

(
∑

w∈d

ndwptdw + αt − 1
)
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìîäåëü PLSA

Ìîäåëü LDA

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Ïðîìåæóòî÷íîå ðåçþìå

LDA ïðîùå ââîäèòü ÷åðåç KL-äèâåðãåíöèþ,

êàê ðåãóëÿðèçàòîð ñãëàæèâàíèÿ/ðàçðåæèâàíèÿ

Çàîäíî ñíèìàþòñÿ îãðàíè÷åíèÿ βw > 0, αt > 0

�àñïðåäåëåíèå Äèðèõëå èãðàåò îñîáóþ ðîëü

â áàéåñîâñêèõ ìåòîäàõ òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

ARTM � ýòî áîëåå ïðîñòàÿ àëüòåðíàòèâà áàéåñîâñêèì

ìåòîäàì, íî â ñòàòüÿõ ïî òåìàòè÷åñêîìó ìîäåëèðîâàíèþ

îíè ïðåîáëàäàþò, ïîýòîìó â íèõ íàäî óìåòü ðàçáèðàòüñÿ

Ìû ðàññìîòðèì áàéåñîâñêèå ìåòîäû â ñëåäóþùåé ëåêöèè,

à ñåé÷àñ ââåä¼ì íåñêîëüêî ïîëåçíûõ äëÿ íèõ òåõíèê
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Áàéåñîâñêèé âûâîä ñî ñêðûòûìè ïåðåìåííûìè

Ñêðûòûå ïåðåìåííûå èçâåñòíû, ðàâíîìåðíûé ïðàåð

Ñêðûòûå ïåðåìåííûå èçâåñòíû, ïðàåð Äèðèõëå

Ïîñòàíîâêà çàäà÷è ñî ñêðûòûìè ïåðåìåííûìè

Âåðí¼ìñÿ ê íàøèì îáùèì îáîçíà÷åíèÿì:

X = (di ,wi )
n
i=1 � èñõîäíûå äàííûå, íàáëþäàåìûå ïåðåìåííûå

Z = (ti )
n
i=1 � ñêðûòûå ïåðåìåííûå

Ω = (Φ,Θ) � ïàðàìåòðû ïîðîæäàþùåé ìîäåëè p(X |Ω)
γ = (β, α) � ãèïåðïàðàìåòðû àïðèîðíîãî ðàñïðåäåëåíèÿ p(Ω|γ)

Çàäà÷à: ïî X íàéòè íå Ω, à åãî ðàñïðåäåëåíèå p(Ω|X , γ).

Áàéåñîâñêèé âûâîä àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ:

p(Ω|X , γ) ∝ p(X |Ω) p(Ω|γ) =
∑

Z

p(X ,Z |Ω) p(Ω|γ)

Äàëüíåéøèé ïëàí � ïîýòàïíî óñëîæíÿòü ïîñòàíîâêó çàäà÷è:

1 Z � íàáëþäàåìûå ïåðåìåííûå (âðåìåííîå óïðîùåíèå)

2 Z � ñêðûòûå ïåðåìåííûå

3 Z ,Φ,Θ � ñêðûòûå ïåðåìåííûå (â ñëåäóþùåé ëåêöèè)
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Áàéåñîâñêèé âûâîä ñî ñêðûòûìè ïåðåìåííûìè

Ñêðûòûå ïåðåìåííûå èçâåñòíû, ðàâíîìåðíûé ïðàåð

Ñêðûòûå ïåðåìåííûå èçâåñòíû, ïðàåð Äèðèõëå

Ôóíêöèÿ ñîâìåñòíîãî ïðàâäîïîäîáèÿ X è Z

Äîïóñòèì (âðåìåííî), ÷òî ñêðûòûå ïåðåìåííûå Z èçâåñòíû.

Òîãäà èçâåñòíû è âñå ÷àñòîòû, ñâÿçàííûå ñ òåìàìè:

ndwt =

n∑

i=1

[di =d ] [wi =w ] [ti = t], nwt =
∑

d

ndwt , ntd =
∑

w

ndwt .

Âîñïîëüçóåìñÿ íåçàâèñèìîñòüþ ýëåìåíòîâ âûáîðêè (di ,wi , ti):

p(X ,Z |Ω) =

n∏

i=1

p(di ,wi ,ti |Ω) =
∏

d,w ,t

p(d ,w ,t|Ω)ndwt =

=
∏

d,w ,t

(
p(w |t,Φ) p(t|d ,Θ) p(d)

)ndwt =

=
∏

d,w ,t

(
φwtθtdpd

)ndwt =
∏

d

p
nd
d

∏

w ,t

φnwt
wt

∏

d,t

θ
ntd
td .

Â äàëüíåéøåì ýòà �óíêöèÿ íàì íåîäíîêðàòíî ïîíàäîáèòñÿ
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Áàéåñîâñêèé âûâîä ñî ñêðûòûìè ïåðåìåííûìè

Ñêðûòûå ïåðåìåííûå èçâåñòíû, ðàâíîìåðíûé ïðàåð

Ñêðûòûå ïåðåìåííûå èçâåñòíû, ïðàåð Äèðèõëå

Ñëó÷àé èçâåñòíûõ Z è ðàâíîìåðíîãî àïðèîðíîãî ðàñïðåäåëåíèÿ

Äîïóñòèì (âðåìåííî), ÷òî àïðèîðíîå ðàñïðåäåëåíèå ðàâíîìåðíî.

Ìàêñèìèçàöèÿ ëîãàðè�ìà ïðàâäîïîäîáèÿ

ln p(X ,Z |Φ,Θ) =
∑

w ,t

nwt lnφwt +
∑

d,t

ntd ln θtd → max
Φ,Θ

ïðè îãðàíè÷åíèÿõ íîðìèðîâêè è íåîòðèöàòåëüíîñòè

φwt > 0;
∑

w

φwt = 1; θtd > 0;
∑

t

θtd = 1

�åøåíèå � ÷àñòîòíûå îöåíêè óñëîâíûõ âåðîÿòíîñòåé:

φwt =
nwt
nt

= norm
w∈W

(nwt), nt =
∑

w

nwt ;

θtd = ntd
nd

= norm
t∈T

(ntd ), nd =
∑

t

ntd .
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Áàéåñîâñêèé âûâîä ñî ñêðûòûìè ïåðåìåííûìè

Ñêðûòûå ïåðåìåííûå èçâåñòíû, ðàâíîìåðíûé ïðàåð

Ñêðûòûå ïåðåìåííûå èçâåñòíû, ïðàåð Äèðèõëå

Íàïîìèíàíèÿ. Óñëîâèÿ Êàðóøà�Êóíà�Òàêêåðà

Çàäà÷à ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ:







f (x) → min
x
;

gi (x) 6 0, i = 1, . . . ,m;

hj(x) = 0, j = 1, . . . , k .

Íåîáõîäèìûå óñëîâèÿ. Åñëè x � òî÷êà ëîêàëüíîãî ìèíèìóìà,

òî ñóùåñòâóþò ìíîæèòåëè µi , i = 1, . . . ,m, λj , j = 1, . . . , k :






∂L

∂x
= 0, L (x ;µ, λ) = f (x) +

m∑

i=1
µigi (x) +

k∑

j=1
λjhj(x);

gi (x) 6 0; hj(x) = 0; (èñõîäíûå îãðàíè÷åíèÿ)

µi > 0; (äâîéñòâåííûå îãðàíè÷åíèÿ)

µigi (x) = 0; (óñëîâèå äîïîëíÿþùåé íåæ¼ñòêîñòè)
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Áàéåñîâñêèé âûâîä ñî ñêðûòûìè ïåðåìåííûìè

Ñêðûòûå ïåðåìåííûå èçâåñòíû, ðàâíîìåðíûé ïðàåð

Ñêðûòûå ïåðåìåííûå èçâåñòíû, ïðàåð Äèðèõëå

Äîêàçàòåëüñòâî

×òîáû ïðèìåíèòü óñëîâèÿ ÊÊÒ, âûïèñûâàåì ëàãðàíæèàí:

L (Φ,Θ) =
∑

w ,t

nwt lnφwt −
∑

t

λt

(∑

w

φwt − 1
)

+

+
∑

d,t

ndt ln θtd −
∑

d

µd

(∑

t

θtd − 1
)

Óñëîâèÿ ÊÊÒ äëÿ ñòàöèîíàðíîé òî÷êè ëàãðàíæèàíà:

∂L

∂φwt
= nwt

1
φwt

− λt = 0

nwt = λtφwt

nt = λt

φwt =
nwt
nt

∂L

∂θtd
= ntd

1
θtd

− µd = 0

ntd = µdθtd

nd = µd

θtd = ntd
nd
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Áàéåñîâñêèé âûâîä ñî ñêðûòûìè ïåðåìåííûìè

Ñêðûòûå ïåðåìåííûå èçâåñòíû, ðàâíîìåðíûé ïðàåð

Ñêðûòûå ïåðåìåííûå èçâåñòíû, ïðàåð Äèðèõëå

Ñîïðÿæåííûå ðàñïðåäåëåíèÿ

Ïóñòü òåïåðü àïðèîðíîå ðàñïðåäåëåíèå p(Ω|γ) � Äèðèõëå.

�àñïðåäåëåíèå Äèðèõëå � ñîïðÿæ¼ííîå ê ìóëüòèíîìèàëüíîìó.

Ýòî çíà÷èò, ÷òî àïîñòåðèîðíîå p(Ω|X ,Z , γ) � òîæå Äèðèõëå:

p(Ω|X ,Z , γ) ∝ p(X ,Z |Ω) p(Ω|γ) = p(X ,Z |Φ,Θ) p(Φ,Θ|β, α) =

=
∏

d

p
nd
d

∏

w ,t

φnwt
wt

∏

d,t

θ
ntd
td

∏

t

Dir(φt |β)
∏

d

Dir(θd |α) ∝

∝
∏

w ,t

φnwt
wt

∏

d,t

θ
ntd
td

∏

w ,t

φ
βw−1
wt

∏

d,t

θαt−1
td ∝

∝
∏

w ,t

φ
nwt+βw−1
wt

∏

d,t

θ
ntd+αt−1
td =

=
∏

t

Dir(φt |β̃t)
∏

d

Dir(θd |α̃d ),

ãäå β̃wt = nwt + βw − 1, α̃td = ntd + αt − 1.

Ê.Â. Âîðîíöîâ (vokov�foresys.ru) Âåðîÿòíîñòíûå òåìàòè÷åñêèå ìîäåëè 23 / 34



Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Áàéåñîâñêèé âûâîä ñî ñêðûòûìè ïåðåìåííûìè

Ñêðûòûå ïåðåìåííûå èçâåñòíû, ðàâíîìåðíûé ïðàåð

Ñêðûòûå ïåðåìåííûå èçâåñòíû, ïðàåð Äèðèõëå

Ñëó÷àé èçâåñòíûõ Z è àïðèîðíîãî ðàñïðåäåëåíèÿ Äèðèõëå

Ïóñòü àïðèîðíîå ðàñïðåäåëåíèå p(Ω|γ) � Äèðèõëå.

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ:

ln p(X ,Z |Φ,Θ) p(Φ,Θ|β, α) =

=
∑

w ,t

(nwt + βw − 1) lnφwt +
∑

d,t

(ntd + αt − 1) ln θtd → max
Φ,Θ

ïðè îãðàíè÷åíèÿõ íîðìèðîâêè è íåîòðèöàòåëüíîñòè

φwt > 0;
∑

w

φwt = 1; θtd > 0;
∑

t

θtd = 1

�åøåíèå � ñãëàæåííûå îöåíêè óñëîâíûõ âåðîÿòíîñòåé:

φwt = norm
w∈W

(nwt + βw − 1), nt =
∑

w

nwt ;

θtd = norm
t∈T

(ntd + αt − 1), nd =
∑

t

ntd .
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Áàéåñîâñêèé âûâîä ñî ñêðûòûìè ïåðåìåííûìè

Ñêðûòûå ïåðåìåííûå èçâåñòíû, ðàâíîìåðíûé ïðàåð

Ñêðûòûå ïåðåìåííûå èçâåñòíû, ïðàåð Äèðèõëå

Ïðîìåæóòî÷íîå ðåçþìå: ÷åãî ìû äîáèëèñü

�àçîáðàëè ïðîñòîé íî íåïðàêòè÷íûé ÷àñòíûé ñëó÷àé,

êîãäà ñêðûòûå ïåðåìåííûå Z èçâåñòíû

Âûâåëè �îðìóëó äëÿ ïðàâäîïîäîáèÿ p(X ,Z |Φ,Θ)

Íàøëè ìàêñèìóì ïðàâäîïîäîáèÿ ïðè èçâåñòíûõ Z ,

ïîëó÷èëè ÷àñòîòíûå îöåíêè óñëîâíûõ âåðîÿòíîñòåé,

ñîâïàäàþùèå ñ �îðìóëàìè M-øàãà, ñîîòâåòñòâåííî:

� PLSA ïðè ðàâíîìåðíîì àïðèîðíîì ðàñïðåäåëåíèè

� LDA ïðè àïðèîðíîì ðàñïðåäåëåíèè Äèðèõëå

Äàëåå: êàê âû÷èñëÿòü nwt è ntd ïðè íåèçâåñòíûõ Z?
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìàêñèìèçàöèÿ íåïîëíîãî ïðàâäîïîäîáèÿ

�åãóëÿðèçîâàííûé EM-àëãîðèòì

Àëüòåðíàòèâíûé âûâîä �îðìóë ARTM

Ìàêñèìèçàöèÿ íåïîëíîãî ïðàâäîïîäîáèÿ

Ïðîáëåìà � âîçíèêàåò ñóììà ïîä ëîãàðè�ìîì:

ln p(X |Ω) = ln
∑

Z

p(X ,Z |Ω) → max
Ω

Ôîðìóëà óñëîâíîé âåðîÿòíîñòè:

p(X ,Z |Ω) = p(Z |X ,Ω)p(X |Ω) ⇒ p(X |Ω) = p(X ,Z |Ω)
p(Z |X ,Ω)

Äëÿ ïðîèçâîëüíîãî ðàñïðåäåëåíèÿ q(Z )

ln p(X |Ω) =
∑

Z

q(Z ) ln p(X |Ω) =
∑

Z

q(Z ) ln p(X ,Z |Ω)
p(Z |X ,Ω) =

=
∑

Z

q(Z ) ln p(X ,Z |Ω)−
∑

Z

q(Z ) ln q(Z )

︸ ︷︷ ︸

L(q,Ω) � íèæíÿÿ îöåíêà ln p(X |Ω)

+
∑

Z

q(Z ) ln q(Z)
p(Z |X ,Ω)

︸ ︷︷ ︸

KL
(
q(Z)

∥
∥p(Z |X ,Ω)

)
>0
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìàêñèìèçàöèÿ íåïîëíîãî ïðàâäîïîäîáèÿ

�åãóëÿðèçîâàííûé EM-àëãîðèòì

Àëüòåðíàòèâíûé âûâîä �îðìóë ARTM

Îñíîâíàÿ èäåÿ ÅÌ-àëãîðèòìà. Çàäà÷à Å-øàãà

Ìàêñèìèçèðîâàòü íèæíþþ îöåíêó L(q,Ω) òî ïî q, òî ïî Ω:

E-øàã: L(q,Ω) → max
q

M-øàã: L(q,Ω) → max
Ω

Çàäà÷à Å-øàãà.

Ïîäñòàâèì p(X ,Z |Ω) = p(Z |X ,Ω)p(X |Ω) â �îðìóëó L(q,Ω):

∑

Z

q(Z ) ln p(Z |X ,Ω) +
∑

Z q(Z )
︸ ︷︷ ︸

=1

ln p(X |Ω)
︸ ︷︷ ︸

const ïî q

−
∑

Z

q(Z ) ln q(Z ) → max
q

KL
(
q(Z )

∥
∥ p(Z |X ,Ω)

)
→ min

q

Óòâ. 1. q(Z ) = p(Z |X ,Ω) � òî÷íîå ðåøåíèå çàäà÷è Å-øàãà.

Óòâ. 2. L(q,Ω) � äîñòèãàåìàÿ íèæíÿÿ îöåíêà ln p(X |Ω).
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA

Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìàêñèìèçàöèÿ íåïîëíîãî ïðàâäîïîäîáèÿ

�åãóëÿðèçîâàííûé EM-àëãîðèòì

Àëüòåðíàòèâíûé âûâîä �îðìóë ARTM

EM-àëãîðèòì. Îáîñíîâàíèå ñõîäèìîñòè

Ìû âûâåëè EM-àëãîðèòì äëÿ Z è Ω îáùåãî âèäà:

E-øàã: q(Z ) = p(Z |X ,Ω)

M-øàã:

∑

Z

q(Z ) ln p(X ,Z |Ω) → max
Ω

è äîêàçàëè åãî ñõîäèìîñòü â ñëàáîì ñìûñëå:

íà êàæäîì øàãå ïðàâäîïîäîáèå ln p(X |Ω) óâåëè÷èâàåòñÿ;

íå ãàðàíòèðóåòñÿ äîñòèæåíèå max ñ çàäàííîé òî÷íîñòüþ;

íå ãàðàíòèðóåòñÿ ãëîáàëüíàÿ ñõîäèìîñòü, òàê êàê

çàäà÷à â îáùåì ñëó÷àå ìíîãîýêñòðåìàëüíàÿ

(íà ïðàêòèêå âàæåí âûáîð íà÷àëüíîãî ïðèáëèæåíèÿ).

N.B. Åñëè ñêðûòàÿ ïåðåìåííàÿ Z íå äèñêðåòíà, à íåïðåðûâíà,

òî ñóììèðîâàíèå

∑

Z çàìåíÿåòñÿ èíòåãðèðîâàíèåì

∫

Z
.
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Íà÷àëà áàéåñîâñêîãî ïîäõîäà

Îáùèé EM-àëãîðèòì

Ìàêñèìèçàöèÿ íåïîëíîãî ïðàâäîïîäîáèÿ

�åãóëÿðèçîâàííûé EM-àëãîðèòì

Àëüòåðíàòèâíûé âûâîä �îðìóë ARTM

Ìàêñèìèçàöèÿ ðåãóëÿðèçîâàííîãî ïðàâäîïîäîáèÿ

Ïóñòü p(Ω) � àïðèîðíîå ðàñïðåäåëåíèå ïàðàìåòðîâ ìîäåëè

Ïðèíöèï ìàêñèìóìà àïîñòåðèîðíîé âåðîÿòíîñòè:

ln p(X ,Ω) = ln p(X |Ω) + ln p(Ω)
︸ ︷︷ ︸

R(Ω)

→ max
Ω

�åãóëÿðèçàòîð R(Ω) ìîæåò äàæå è íå èìåòü âåðîÿòíîñòíîé

èíòåðïðåòàöèè, òåì íå ìåíåå, âñå âûêëàäêè îñòàþòñÿ â ñèëå!

E-øàã: q(Z ) = p(Z |X ,Ω)

M-øàã:

∑

Z

q(Z ) ln p(X ,Z |Ω) + R(Ω) → max
Ω

�åãóëÿðèçàòîðû èñïîëüçóþòñÿ äëÿ �îðìàëèçàöèè

äîïîëíèòåëüíûõ òðåáîâàíèé ê âåðîÿòíîñòíîé ìîäåëè.
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Ìàêñèìèçàöèÿ íåïîëíîãî ïðàâäîïîäîáèÿ

�åãóëÿðèçîâàííûé EM-àëãîðèòì

Àëüòåðíàòèâíûé âûâîä �îðìóë ARTM

�åãóëÿðèçîâàííûé ÅÌ-àëãîðèòì äëÿ òåìàòè÷åñêîé ìîäåëè

Íàïîìèíàíèå: Ω = (Φ,Θ), X = (di ,wi )
n
i=1, Z = (ti )

n
i=1.

E-øàã: â ñèëó íåçàâèñèìîñòè ýëåìåíòîâ âûáîðêè

q(Z ) = p(Z |X ,Ω) =
n∏

i=1

p(ti |di ,wi ) =
n∏

i=1

norm
ti

(
φwi ti θtidi

)

M-øàã:

∑

Z∈T n

q(Z ) ln p(X ,Z |Ω) + R(Ω) → max
Ω

∑

(t1,...,tn)∈T n

n∏

k=1

p(tk |dk ,wk)
n∑

i=1
ln p(di ,wi ,ti |Ω) + R(Ω) → max

Ω

n∑

i=1

∑

t1∈T

· · ·
∑

tn∈T

n∏

k=1

p(tk |dk ,wk) ln p(di ,wi ,ti |Ω) + R(Ω) → max
Ω

n∑

i=1

∑

t∈T

p(t|di ,wi ) ln p(di ,wi ,t|Ω) + R(Ω) → max
Ω
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�åãóëÿðèçîâàííûé EM-àëãîðèòì
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�åãóëÿðèçîâàííûé ÅÌ-àëãîðèòì äëÿ òåìàòè÷åñêîé ìîäåëè

... ïðîäîëæàåì âûâîä �îðìóëû Ì-øàãà:

n∑

i=1

∑

t∈T

p(t|di ,wi ) ln p(di ,wi ,t|Ω) + R(Ω) → max
Ω

∑

d∈D

∑

w∈W

∑

t∈T

ndwp(t|d ,w)
︸ ︷︷ ︸

îáîçíà÷èì ndwt

ln
(
φwtθtd

)
+ R(Φ,Θ) → max

Φ,Θ

∑

w ,t

nwt lnφwt +
∑

d,t

ntd ln θtd + R(Φ,Θ) → max
Φ,Θ

×òîáû ïðèìåíèòü óñëîâèÿ ÊÊÒ, âûïèñûâàåì ëàãðàíæèàí:

L (Φ,Θ) =
∑

w ,t

nwt lnφwt −
∑

t

λt

(
∑

w

φwt − 1
)

+

+
∑

d,t

ntd ln θtd −
∑

d

µd

(
∑

t

θtd − 1
)

+ R(Φ,Θ)
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�åãóëÿðèçîâàííûé EM-àëãîðèòì

Àëüòåðíàòèâíûé âûâîä �îðìóë ARTM

�åãóëÿðèçîâàííûé ÅÌ-àëãîðèòì äëÿ òåìàòè÷åñêîé ìîäåëè

Óñëîâèÿ ÊÊÒ äëÿ ñòàöèîíàðíîé òî÷êè ëàãðàíæèàíà:

∂L

∂φwt
= nwt

φwt
+ ∂R

∂φwt
− λt = 0

(
nwt + φwt

∂R
∂φwt

)

+
= λtφwt

φwt = norm
w∈W

(
nwt + φwt

∂R
∂φwt

)

∂L

∂θtd
= ntd

θtd
+ ∂R

∂θtd
− µd = 0

(
ntd + θtd

∂R
∂θtd

)

+
= µdθtd

θtd = norm
t∈T

(
ntd + θtd

∂R
∂θtd

)

Òî åñòü ìû âûâåëè �îðìóëû ARTM èç îáùåãî EM-àëãîðèòìà.

Ïðåèìóùåñòâî � åñòü äîêàçàòåëüñòâî (ñëàáîé) ñõîäèìîñòè.

×àñòíûå ñëó÷àè:

PLSA: R(Φ,Θ) = 0.

LDA: R(Φ,Θ) = ln
∏

t∈T

Dir(φt |β)
∏

d∈D

Dir(θd |α).
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�åãóëÿðèçîâàííûé EM-àëãîðèòì

Àëüòåðíàòèâíûé âûâîä �îðìóë ARTM

ARTM: àääèòèâíàÿ ðåãóëÿðèçàöèÿ òåìàòè÷åñêèõ ìîäåëåé

Ìàêñèìèçàöèÿ ëîãàðè�ìà ïðàâäîïîäîáèÿ ñ ðåãóëÿðèçàòîðîì:

ln
n∏

i=1
p(di ,wi |Φ,Θ)+R(Φ,Θ) → max

Φ,Θ
; R(Φ,Θ) =

∑

i

τiRi(Φ,Θ)

EM-àëãîðèòì: ìåòîä ïðîñòîé èòåðàöèè äëÿ ñèñòåìû óðàâíåíèé

E-øàã:

M-øàã:







ptdw ≡ p(t|d ,w) = norm
t∈T

(
φwtθtd

)

φwt = norm
w∈W

(

nwt + φwt
∂R
∂φwt

)

, nwt =
∑

d∈D

ndwptdw

θtd = norm
t∈T

(

ntd + θtd
∂R
∂θtd

)

, ntd =
∑

w∈d

ndwptdw

ãäå norm
t∈T

(xt) =
max{xt ,0}∑

s∈T

max{xs ,0}
� îïåðàöèÿ íîðìèðîâêè âåêòîðà.
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�åãóëÿðèçîâàííûé EM-àëãîðèòì

Àëüòåðíàòèâíûé âûâîä �îðìóë ARTM

Ïðîìåæóòî÷íûé èòîã

Îáùèé âàðèàíò EM-àëãîðèòìà

ñíàáæ¼í âîçìîæíîñòüþ ðåãóëÿðèçàöèè,

èìååò îáîñíîâàíèå ñëàáîé ñõîäèìîñòè,

èñïîëüçóåòñÿ â ìåòîäàõ áàéåñîâñêîãî âûâîäà.

Ñëåäóþùàÿ ëåêöèÿ � ïðî áàéåñîâñêèé âûâîä, êîòîðûé

äà¼ò àïîñòåðèîðíûå ðàñïðåäåëåíèÿ p(Ω|X ),
õîòÿ â ÂÒÌ èñïîëüçóþòñÿ òîëüêî òî÷å÷íûå îöåíêè Ω.

íàìíîãî áîëåå ãðîìîçäêèé ïî ñðàâíåíèþ ñ ARTM,

õîòÿ â ëèòåðàòóðå èìåííî îí â îñíîâíîì è èñïîëüçóåòñÿ.

ïðåòåíäóåò íà òî, ÷òîáû îöåíèâàòü ìåíüøå ïàðàìåòðîâ,

õîòÿ íà äåëå îöåíèâàåò òå æå Φ è Θ, ïëþñ ãèïåðïàðàìåòðû.
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