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1 Bseaenne

Jlannast paboTa MOCBsIIEeHA U3y YCHUIO CBOMCTBA k-CUHTYISIPHOCTH KOHEYHOM CUCTEMBI
TOYeK, BliepBble BBe¢HHOrO B crarbe A.I'. [IpsakonoBa [2|. Cucrema ¢ OnapHO pasIimaHbIX
TOUYeK mpocTpancTBa R Ha3biBaeTcs k-CHHTYJISIPHOM, €CIM Pa3sMEepPHOCTb MPOCTPAHCTBA
3HAYCHHUI TOJIMHOMOB CTEIIEHU He BBINIE k ¢ TO3JIEMEHTHBIM YMHOXKEHHEM OT CTOJIOIOB
MaTPHILLI TONAPHBIX [1-PACCTOSHUN MeHbIIe ¢. ZlcHO, UTO U3 k-CHUHIYJISIPHOCTH CJIeLyeT
BBIPOZKIEHHOCTH MATPHUIL IMOTAPHBIX PACCTOSTHUI, a M3 BBIPOKIEHHOCTH MATPHIILI IOIap-
HBIX PACCTOSHUIN CJie/lyeT 1-CUHTYJIAPHOCTD.

OTMeTnM BaXKHBIN KpurTepuil u3 crarbi [2|, KOTOpbIH CBs3biBaerT moHsTHE k-
CHUHTYJIAPHOCTH ¥ TEOPHUIO0 MHTEPIOJISINN (PYHKIU, 38 JaHHBIX Ha KOHETHOM MHOYKECTBE
touek. Crucrema TOUEK He sIBIAETCs k-CHHTY/ISIPHO TOT/Ia W TOJBKO TOTJIa, KOTIa JIo0ast
GYHKIMS Ha 9TOW CUCTEME TOUEK MOXKET OBITh IpeJICTaB/IeHa B BUJIE CYMMBI (DYHKITUN OT
k mepeMeHHBIX.

CBoitcTBO k-CHUHTYISIPHOCTH BO3HUKAET U IIPU U3YUEHUH MOJIETU AJITOPUTMOB BBIYUNC-
neuns oreok (ABO) [5] [6]. Bosbinyio poss npu n3ydenun JaHHON MOJIEIN UTPAeT TIOHSI-
THE KOPPEKTHOCTU CeMefCTBa, TO €CTh BO3MOXKHOCTHU IOJIYIUTH ITPOU3BOIBLHYIO MATPHUILY
OIEHOK, &, CJIEJIOBATEJIBHO, IIPOM3BOJIBHYTO Kiraccudukamnmio o0bekToB. B cratwe [3| moka-
3aHO, YTO MOYKHO IIOCTPOUTDH CUCTEMY TOYEK, JIMHEWHbIe KOMOUHAIIUN CTOJIOIOB MaTPHUITHI
[1-paccTosgHIiT KOTOPO# MOJHOCTBIO OIKICHIBAIOT MATPHUIILI OIEHOK JIMHEHHBIX KOMOMHAIIHIT
moziesin ABO. Takum ob6pazoM, KOPPEKTHOCTh MHOXKECTBA, IIOJIMHOMOB CTEIIEHH HE BBIIIE
k wazx momesbio ABO (win asrebpamdeckoro 3aMbIKaHUs CTEIEHN k) CBOIUTCS K HUCCTIe-
JIOBAHUIO Kk-CHUHTYJIIPHOCTH COOTBETCTBYIOIIEH CHCTEMBI TOYEK.

B crarbe [2] AT. JIbsiKOHOB JlOKa3a7 METpUYECKUH Kpurepuil l-cunryssipaocru: 1-
CHHTYJISIDHOCTH 9KBUBAJIEHTHA JIMHEHHON 3aBHCHUMOCTH cucTeMbl byHKImi p(§,§;), r1e
BMECTO BTOPOT'O apryMeHTa IOJICTABIAIOTCH TOYKU CHUCTEMBI, a p— METPUKA XSIMMUHTA
win [j-merpuka. 3arem I1.A. Kaprosuu B crarhe |7| 0606mmn kpurepuii Ha cirydai k-
cunrynsproctu. OKasblBaeTcs, B 9TOM Cilydae Hy»KHO 6paTh cuctemy dbynxnumit pF (3, §;).

BosHukaer Bompoc, BepeH Jin KpUTepuii k-CHUHIYJISPHOCTU JJIst JIPYTUX METPHUK, Ha-
MIpUMEP, JIJIT CYMMBI [{-METPpUKH U MeTpuKu X3MMunra. Llegab nanHoil paboThl — nuccie-

JOBaHNE€ BO3SMO2KHOCTU O606H_IGHI/IH YIIOMAHYTOI'O pE3YyJIbTaTa Ha JPyIrue METPUKMU.



Cuagajia OyjieT NIPUBEIEHO ABTOPCKOE JOKA3ATEIbCTBO KPUTEPHUs k-CUHTYISPHOCTH
JUT METpUKN X3MMuHTa 1 [1-MeTpukn. C UCIOIb30BaHIEM MTPEJIOKEeHHON MeTOUKN Oy-
JIET PACCMOTPEH CJIydail, Korja p — MeTpuka XIMMUHTa WK [1-MeTpUKa, B KOTOPBIX 3Ha-
YeHus OJIM30CTH 10 PAa3INYHBIM KOOPJIUHATAM OIEHUBAIOTCA ¢ pa3HbiM BecoM. Mbl Oyjiem
Ha3bIBATH TaKhe MeTpUKH 0000meéHabiMu. Kpome Toro, Oyjier paccMorpeHa cymMmma 00600-
MEHHON MeTpUKH XIMMUHTA U OOOOIIEHHOH [1-MeTPUKHU. 3aTeM MbI IepeijieM K Hccie-
JIOBAHUIO KOHYyca paspes3ubix nogymerpuk CUT? [1]. Tloxymerpuka npunamiexxkur CUT?
TOTJIa ¥ TOJILKO TOTJIa, KOr/Jla OHA N30METPUIHO BJIOKHMA B 1. B KoHIle paboTh! 1IpuBe/ie-
HBI WCCJIEJIOBaHNS, CBA3aHHbIE C YCTPAHEHHEM HETOYHOCTEH B JOKA3aTeIbCTBE OJIHON U3

TeopeM B cTaThe [2].

1.1 Omnpenenennsa u 0003HAYEHUS

Byznewm cienoBats B ob6o3nadenusx pabore [2|. [Ipuseném s yaobersa s1i 0603Hate-
Hud. Pa3aMepHOCTh BEKTOPOB U MATPUIL OY/IyT SICHBI U3 KOHTEKCTA.

Yepes N obozHa"aeTcss MHOXKECTBO HATYPAJIbHBIX YHCEIT, 9epe3 Z — MHOZKECTBO TEJTbIX
quces1, yepe3 R — MHOXKeCTBO BEIECTBEHHBIX YHCEI.

Haicrpounoit Trib0it 0003HAYAI0TCsST BEKTOP-CTOJIOIBI. Y BeKTOpa T OyaeM obo3Ha-
9aTh Yepe3 (I); ero i-10 KOOPMHATY.

Bsesiém ynobHBIE 06003HATEHUSA:

e 1=(1,..., 1)T — BEKTOpP, COCTOAINNI U3 €IIMHNII,
e 0=(0,...,0)T — BexToOp, cocTosmuit U3 HyIell;
e ¢ = (0,...,0,1,0,...,0)" — Gunapueiit BeKTOp, -9 KOOp/MHATa KOTOPOTO paBHa

eauHunIe, oCTaJlbHble KOOpAUHATBI paBHbI HYJIIO.

Onpepesenne 1. Jluneiinbiv 3ambikanneM L(X ) MHOKeCTBa BEKTOPOB OJIMHAKOBO# pas3-
MepHOCTH X Ha3bIBAETCSI MHOXKECTBO BCEBO3MOXKHBIX JIMHEHHBIX KOMOMHAIINN TUX BEK-

TOPOB:

n

L(X) = {Zc@ﬂch...,an]R, xl,...,anX,neN}

i=1
[TpocrpancTBo, oproronaibHoe K mpocrpanctBy L(X), Gynem o6o3HadaTh depes

LH(X).



Onpegenenune 2. AjnaMapoBbIM Ipou3BeeHneM a © b BeKTOpoB a,b € R™ HasbBaeTcs

IIO3JIEMEHTHOE IIPpONU3BeAeHNE BEKTOPOB:

Omepanuio «o» OyeM Ha3bIBATH aIaMApPOBBIM YMHOYKEHIEM.

Omnpenesienne 3. Anrebpanieckum 3ambikanneM k-it crenenu UF(X) MHoxecTBa BeKTO-
POB OJIMHAKOBOI pasMepHOCTH X HA3BIBAETCHA MHOMKECTBO IIOJHHOMOB CTEIEHHU He BBIIIe
k HaJ MHOXKECTBOM BEKTOPOB C HYJIEBBIM CBOOOJIHBIM WIEHOM OTHOCHTEIBLHO OLEPAIliN

aJlaMapoBa YMHOXKEHUSI:
UNX)=L({F 10 0&|&1,...,7, € X,5 < k})
Bameuanne. Ouesuno, uro U'(H) = L(H)

ManHHbI 0003HAYAIOTCA 3arJIaBHBIMU JIATUHCKIMU 6yKBaMI/I. O6o3HaYNM qgepe3 FE

MaTPUILy, COCTOSAIILYO U3 €JIUHUIL.

Omnpenenenne 4. [lycre H € R™*™ H = [ﬁl, ce ﬁm], 10 ecTb Ay, . .., Ry — N-MepHBIE

BEKTOP-CTOJIONBI MaTpuilbl. O603HATIM

LH) = L({h1,..., hn}),
UNH) = U ({h, ..., hm}).

Bsesiém obo3HaveHME, TO3BOJISIONIEE KOMIIAKTHO 3aIMChIBATH JIOTUIECKUE YCJIOBH.

Ounpenesienne 5. Uupukaroproii (xapakTepucTuieckoii) pyHKImeil npejukaTa T Ha3bl-

BaeTcd (PYHKIUA

1, x = ucruna,
0, x = JIOXKb.

OmpeiesinM KJIFOUeBble JIJIs JIAHHOM paboThl MeTpukH, cM. [1].

Onpepenenune 6. Mempukoti Xommunrea nazsiBaercd dynknusa p : R x R — R:



3ameuanune. Popmysia 3amnncaHa B HEMHOINO HEOOBITHOM BHJE. DTO HY?KHO It 0000IIe-

Hud METPUKU B ,ZLaHbHefIHleM.

Onpenenenue 7. [;-mempuroti nazpiBaerca gyukius p: R x R — R:

B nannoit pabore MBI OyJieM pacCMaTpPUBATL CUCTEMY IIOIMApPHO PA3JIUIHBIX TOYEK
S = {5;}]_, npocrpancrea R™, ¢ > 2. Byjem cuurarh, 9r0 JjId KazKJI0H KOOPMHATHI
CYIIECTBYET JIBE TOUKHU C PA3JIUIHLIMU 3HAYEHUAMUI STOH KoopauHaThl. Ecin 910 He Tax,
TO OTOPOCKM COOTBETCTBYIOIILYIO KOOPJAMHATY W MOHU3UM m. Tak:ke OyaeM Ipemnoiararh,

YTO MHOZKECTBO S yIOPs0UeHO (TOPAIOK He UMeeT 3HAYCHMUS).

O6osznaunm 1epes {a, g,y ,atyp(t)} YIOPSAJI0UEHHOE MHOYKECTBO 3HaYeHHUil t-ii Ko-
OpJINHATHI:
{(Si)t’ 1€ {L 2,... 7Q}} = {at,07 ag1s - - - 7at,p(t)}7 ago < a1 < -0 < Qg pt)-

B custy oroBopennoro Boitie, p(t) > 1, t € {1,2,...,m}.

Iycts T = 60,5l gx (p(t)+1) — Ounapuas marpuria, B KOTOpoii

0, =1(8:) =arj1],1€{1,2,...,q},7 € {1,2,...,p(t) + 1}.
3/1echb OBLIO MCIIOJIB30BAHO OIPee/IeHIe 5 UHINKATOPHOW (DYHKIINN.
Omnpenenenne 8. Ts = [T ... T™] (konkarenamus 110 ropuzontayu Marpui Tt ... T™).
Beeném obosnauenne: UF[S] = UF(Ty).

Onpenenenue 9. Crosbipl MaTpunibl 1s Ha3bIBAIOTCH XapaKTEPUCTUICCKUMEI BEKTOPa-

MU CUCTEMBI TOYEK S.

Onpenenenne 10 (Reid, Sun [8]). Xapakrepucruieckoit marpuriieit Hg cHCTEMbI TOYEK

S HasbIBaETCS MaTPUIIA
_ T
Hs =T Ty,
YMHOYKEHIE MAaTPUYIHOE.

Onpegenenne 11. Py — MaTpuiia MOIAPHBIX PACCTOSHIANM X3IMMUHIA CUCTEMBI TOYEK S.



Onpepnenenne 12. P; — marpuria HOIAPHBIX [1-PACCTOAHUN CUCTEMBL TOUEK S.
Beeném kirroueBoe i1t JaHHO#M PabOThI OIIpe IesIeHIE:

Onpepnenenne 13 (Ipskonos [2]). Cucrema Touek S HasbiBaeTCsd k-CHHIYIISIPHOI, ecim

pasmeprocTh poctpanctsa UF[S] mMenbime q.

1-CHHTYJIIPHOCTD CHUCTEMBI TOYEK COOTBETCTBYET BBIPOXKJIEHHOCTH MATPUIIHI ITONAP-
HBIX [1-paccTosdgnmii. k-CUHTYIIPHOCTb (POPMAIU3YET <IOJHOTY» ITPOCTPAHCTBA, TOJIMHO-
MOB CTEIeHH He BBIIIe k HaJ[ CTOJOIAMI MaTPUIIBI TONAPHBIX [1-PACCTOSHUIA: CUCTEMA U3
¢ TOYEK Ha3bIBAETCs k-CHHIYISPHOM, €C/In Pa3MePHOCTb TPOCTPAHCTBA TAKUX MOJMHOMOB

MEHBbIIIE .

1.2 O0630p JuTEpaTyphl

[TpuBeném 0630p pe3yIbTaToOB, MOJIYYEHHBIX 110 JaHHOI TeMe paHee B pabore (2.
Jlokazana mpocras JieMMa, CBA3BIBAIOIIAsA XapaKTEPUCTUICCKYIO MATPUILY U MATPHUILY

HONAPHBIX PACCTOSIHUN XIMMUHTA:
Jlemma 1 (/Ipsikonos [2|). Ps = mE — Hg.

Jlokazana jieMMa, U3 KOTOPO#l CJIe/IyeT, YTO MaTPHUIIa ITOMAPHBIX PACCTOAHIH XIMMUHTA

BBIpOZK/I€Ha TOI/Ia 1 TOJILKO TOI'/ZIa, KOI'/Ia BbIPO2K/IeHa MaTpHulla IIOIIapHbIX ll—paCCTOHHHﬁS

Jlemma 2 (/Ibsikonos [2]). Jlas dynryud
Lk
Fy(x) = i [[@—i+1), Gu(z) =2*
=1

u cucmemv, nonapho padsusnor movwek S = {5;}_; CR™ ¢ > 2, npu k < m cnpasediu-

6bl Pa6EHCTEA

U"(Ps) = L(Fy(Hs)) = U*(Ts) = L(Gi(Hg)) = U*(F§).

Jlokazana TeopeMa, OKa3bIBAIOIIAs, YTO 10 CUCTEME TOYEK CTPOUTCSA HOBas CUCTEMA,

KOTOpad 1—CI/IHFyJIHpHa TOIr'Ja 1 TOJIbBKO TOI'la, KOI'1a ]C—CHHFyJIHpHa HNCXOAHasd:



Teopema 1 (/bsixonos [2]). IIycmv k < m u z — 6uekmuenoe omobpasicenue MHONHCE-
cmea {1,2,...,CE Y} na mmoorceemeo {{iy, ... ix} | 1 < iy < -+ < i < m}. Cucmema
mouex S = {5;}}_, asasemea k-cuneyaaprot 0 ) 0
= {5}, yAapHot mozda u moavko mozda, K020a AGAAEMNCA
o 't k
1-cuneyasproti cucmema movex D = {d;}*_, npocmpancmea R makas, wmo dan ecex

te{1,2,...,Ck} cnpasedauso
(di)e = (dy)e & Vr € 2(1)(5:)r = (5))r-

[Tonyuen kputepuit k-CHHIYJISIPHOCTH, CBA3BIBAIOIIUI k-CHHIYJISPHOCTD C IIPEJICTaBH-
MOCTBIO (DYHKIIMM MHOI'UX IIepPeMEeHHBIX, 3aJJaHHOI Ha KOHEIHOM MHOXKecTBe Touek R, B

BUJIE CYMMBI (DYHKIIHI & TTepeMEHHBIX:

Teopema 2 (/Ipsaxonos [2]). Cucmema mouer S ne asasemca k-cunzyaapnot npu k < m
mozda u moavko mozda, koz2da amobas Gyrkyus f(r1, T, ..., Ty) Ha MOYKAT cucmemos S
Motcem. Obimb NPeICMasiena 6 ude KonewHotl cymmol Gyrkuut, Karcoas u3 KoOmopul

sasucum om k NEPEMEHHDHLT.

Taxke 1oJTyvueH reoOMeTpUIecKuil KpuTepuil k-CUHTYJIAPHOCTU: CUCTEMa TOYEK He sSIB-
JsieTcs k-CHHTYJIAPHON TOrJa M TOJBLKO TOT/a, KOTJa Mpu JI0O0M eé pa3dbueHnn Ha IBe
HelepeceKarolmecd IOJCUCTEMbl OHU Pa3/Ie/IMMbI IPU IIOMOIU MIIEPILIOCKOCTU C IIPEI-
BapUTEJILHBIM JIEHICTBUEM 3JIEMEHTa HEKOTOPOl IPYIIILI IPeoOpa30BaHUl TPOCTPAHCTBA.

Jlokazan MeTpuveckuii Kputepuii 1-CuHryJIapHOCTH:

Teopema 3 (psxonos [2]). Cucmema mouex S = {8}, npocmpancmea R™ sensn-
emes 1-cuneyasprotc moeda u moavko mozda, K020a CYWECTNEYEM HEHYACE0T GeKmOop

(c1,...,¢,) makot, wmo das ecex § € R™ cnpasedauso paserncmeo

q
> cip(,5) =0, (1)
=1
2de p — mempura Xommuraa ury ly-mempura.

Taxzke 1oJIyveH OCHOBHOU KpPUTEPHUil k-CUHTYISIPHOCTH: CHCTEMa TOUYEK k-CUHTYJIsIPHA
TOIJIA ¥ TOJIBKO TOTJIA, KOTJIA COJIEPYKUT HEITyCTON HOCUTEIb CYyMMbBI PA3MEUYEHHBIX TapaJi-
JeJienumnes o (3To 0600IIeH e TOHATHS «Pa3MEeYeHHBIH IPIMOYTOTBHUK ).

B pabore |7] I1.A. Kaprosuu 06061mu1 METpUYECKUH KPUTEPHil 1-CUHTYIAPHOCTH Ha,

caydait k-cunrynsgproctr. OKa3blBaeTCsl, 9TO I 9TOrO JOCTATOYHO 3aMEHUTDH yCJIOBHE



(1) na

q
> e (5) =0
=1

2 Pe3yabTaThl

2.1 Metpuvecknii Kputepuii k-CUHTYJIAPHOCTA

B mamnOM pazjiesie IpHUBEIEHO aBTOPCKOE JI0KA3aTEIHCTBO METPUYECKOIO KPHUTEPHS

k-cunrynsiproctu, Briepsbie nostydertoro I1.A. Kaprnosudewm B [7].

Jlemma 3. Jlas cucmemvr nonapro pazauunwx mouex S = {5}_, C R™ q > 2, npu

k < m cnpasedaruso. pasencmea
U*[S]) = U*(Ps) = U*(FPg).

HoxkazarenbcrBo. [Ipu k < m nannas jgemma sBisiercs cieacTBueM JjeMMbl 2. [lpn
k > m yrBep:xaeHue o4eBuHO, MOCKOJIbKY U™[S| = U™(Ps) = U™(P) = R™ (Bce

TOYKU B cHCTEME S TOMAPHO PA3JINIHBI). 0

Jlemma 4. Jlas cucmemovr nonapro pazauunwix movex S = {5}_, C R™ q > 2, npu

k < m cnpasedauso. pasencmea
UIS] = L({ty 0 -+ o tylti € T*V, 2(i) # 2(j) npu i # j}). (2)

HoxkazarenncTso. [lo onpenenenmio, UF[S] = L({t, o --- o t,|t; € Ts,n < k}), mostomy
BJIOXKeHIE O B (2) 0YeBUIHO.

Hoxazen siozkenne C. Iyers 0 # & € UF[S], To ectb t =ty 0---ot,,t; € T*D n < k.
Ecm z(i) = 2(j),i # j, 10 t; = t;, mockonbKy t # ( 10 TPeIONOAKEHNIO, a pa3III-
npie cTost6mpr T COOTBETCTBYIOT PA3/IMYHBIM KJIACCAM 3KBHBATEHTHOCTH, TO €CTh MX
[IPOM3BECHIE PABHO HYJIEBOMY BEKTODPY. Takum oOpa3oM, MOXKHO HOTPEOOBATH, UTOOLI
2(i) # z(j) npu i # j.

Iycts n < k. TlockombKy cymma cTosbros smoboit mogmarpurst 10 pasHa 1, Vi €

R™ Vi€ {1,...,m} & =3 p.p @ ot Obosmamm smementsr Muozkectsa {{1,2,...,k}\



{#(1),...,2(n)}}, 3amymepoBamnnsle B oboM mopsaxe, depes z'(1),..., 2 (k —n). Iomry-

YHM:

7= Z Z Z #ofho--woft_ofjo---of,

#herMW fher'@  §  er(k-n)

DTa cyMMa IPUHAJJICIKAT JIMHEHHOMY 3aMbIKAHIIO U3 IIpaBoii yactu (2).

Ounpenesnienne 14. Oyukius f(T) naspiBaercs nojmuomoM crenenn n = 0,1,2, ..., ecin
oHa mpejcTaBuMa B Buge f(Z) = Y ., a; - &', npuuém a, # 0. Ouepauus Bo3BeJeHus B

CTEIICHDb ITO3JIEMCHTHAA.

Jlemma 5. [Tyemo f(Z) — noaurnom cmenenu n > 1, § # 0 — 6unaprwis sexmop. Toeda

f(@—9)— f(&)=7g0g(T), 2de g(T) ecmv noaurnom cmenernu (n — 1).

JlokazareabcTBO.

n i1 )
; —

= z:; a; (é(—l)i—j (;) o gi—j) ® (5 Gunapusii BexTop) =
Ee e () s o))
=g og(Z)

O6osznauenne (*) OyeT NCIOIB30BAHO IIPH JIOKA3ATEILCTBE JIEMMBI 7.

g(Z) — nomanom crenenu (n — 1), mockosbKy Koaddunuent npu I~ pasen

an(—l)"_(”_l)( " ) = —na, # 0.

n—1



Teopema 4 (merpuueckuii Kpurepuii k-cunryngpuocrn). Cucmema mowex S = {§;}1_;
npocmpancmea R™ aeasemca k-cunzyaaproti mozda u moavko mozda, xo02da cyuiecmesy-

em Henyaesot eexmop (ci,. .., ¢,) maxod, wmo das ecex 5§ € R™ cnpasedauso pasencmeo

q
=1
2de L — MEMPUKQ Xommunrea uau ll-Mempu%a.

HokazareabcTBo. BBejiéMm Bcriomorareibable 0003HAYEHUA:

p~k(§’ S) = (pk(§7 51),- - 7pk(§7 gq))Tv

RY[S] = L({p"(5,9)|5 € R™}).

Heobxomumocts. Mempura Xommunea. Ilycrs S k-cunrynsapna, e dé =
(c1,...,¢cq) # 0: ¢ € LHU*[S]). Pacemorpum § € S. p(3,5) ectb cronbern Ps, mosto-
My *(3,9) € UR(Ps). B cuny snemmnt 3, UF(Pg) C U*[S]. Cnenosarensno, LH(U*[S]) C
L+(U*(Ps)). Takum o6pasom, Bbinoneno (3).

[ycts Tenmeps § ¢ S. Oueumno, uro (cq,...,c,,0) € LHU*S U {5}]) C
LH(U*(Psugsy)). Catesoparebiio, Bomonmeno pasencrso (ci, ..., ¢, 0)PE ;= 0. Pac-
cMaTpuBas yMHOMKEHHE CTPOKH Ha CTOJIOEI, COOTBETCTBYIOMuil §, mosydaeM tpebyemoe
YTBEPKICHHE.

ly-mempuxa. JlokasbiBaeTcsd aHAJOIMYHO CJIyYal0 METPUKU XSMMUHIA IIPH 3aMeHe
matpuisl Ps na Pg.

Hocrarounoctb. Hyxuo jnokazars, uro L (RF[S]) C LE(U*[S]). dokazxem sKkpuBa-
snenTHoe yrepxaenne: UF[S] € RF[S]. Ilycts k < m u 0 # @ = Wy 0-- -0y, € UF[S], rue
w; € T*D 2(i) # 2(j) mpw i # j. B cmry memMbr 4 1ocTaTowHO IOKazaTh, 9to W € RF[S).

Hockombky @ # 0, Beiomeno w; # 0,4 = 1,..., k u 3oz (W1)e #0,. .., (Wg)a # 0.
D710 03HAYAET, YTO BEKTOP W NPEJCTABUM B BUJE IIPOM3BEeHUs CTOJIONOB Tg, COOTBET-
CTBYIOIIUX k KOODJMHATAM TOUKH S .

Mempuxa Xommunza. Ilycrs § = 5,,58 = 5 4 €€,(1), Ipuué™m € BO3bMEM TaKHM, 4TO
(=00 € {(3i):li € {1,...,m}}.

BamMerum, 9To

Vi € R™ ﬁ’“(a,S):(Zm:(i— i))k:<m.i—zm:£i)k, (4)

=1

13
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rjie t; — COOTBETCTBYONIHIT cTosber MaTpuibl 17, et KoopuHaTa (1); BCTpedaeTcs cpe-
i i-X KoopymHaT Touek S, unate 0. ITO BLIPayKeHne ecTh MOJTHHOM cTerernn k oT Y o t;

glcno, UTO B BBEEHHDLIX 0003HAYCHUAX y § 1 §' Gy/IyT COBIAJIATL BCE BEKTOPHI {;, KPOME
z(1)-oro, koroperit y § Gyaer nynesbiM. [Ipumennm jemmy 5 ipu & = 2111 ti, g = fz(l) =
wy, f(7) = (ml — 2)*. Tomyunwm, uto §(3,9) — p*(8',9) = Wy o h(z) € RF[S], tiie h(F) —
nosimaoM crerern (k — 1).

Ha ciemyrommem mare BosbMéM § = Wy o h(T), s =35+ €€(2), € BbIOEPEM aHAJIOIUYHO.
[pumensis jemmy 5, ojtyqum, 4to Wy owqeoh(Z) € RF[S], rae h(F) ectb nojmuom crenenu
(k—2).

[Mosropum nporienypy (k —2) pa3 st Ws, . . ., Wy. [osyanm, aro Wy o- - - 0w o h(ZT) €
RF[S], rne h(Z) —nomunom 0 crenenu, To eCcTh HeHyJeBasg KOHCTaHTa (CM. olpe/ie/ieHue
14). 3raunt, w € R*[S)].

[ -mempuxa. OdeBUIHO, ITO

k
Vi e R™ jF(a, S) = (ZZ| i — coord(f)] - 5), (5)
i=1 e
rae coord(t) — 3Hadenme KoOpAMHATHI, KOTOPOH COOTBETCTBYeT crojbern ¢ marpurbr 1.

Taxum obpazom, p¥ (i, S) uMeeT TPOU3BOIHYIO JIIOOOTO HOPS/IKA Be3 e, KPOMe KOHEeTHOTO

YucJia TOYEK, I'/ie BbIpazKCHHE 1101 OJHNM M3 MO,HYHGP’I MeHdeT 3HaK.

Pacrnmmiem npousBojiayto k nopsjka 1o koopaunatam z(1),. .., z(k) B Touke mudde-
PEHIUPYEMOCTH:
> = k! H Z sgn(( — coord(t)) -t
O (1) Oz (2) - . .8uz( prir =(0)
Paccmorpum k-MepHbIii OysieB KyO 1 COIOCTABUM KaKJIOi ero TouKe Ty, Ta, . . . , T TOU-

Ky npoctpancTBa R™

Su1a oy, = Sa + (—1) €€ ) + (=1)"e ) + - + (=1) el ),

e € > (0 — MaJjioe 4Mcio, TaKoe, 9TO BHYTPH «KyOa» HAXOJUTCs JIUIIb TOYKA S, U BO
BCEX TOUKAX Sy .. 2, DyHKIMaA §F(1, S) uddepenmupyema. O603HaUUM MPOU3BOIHYIO

p* (@, S) B TOUKe T, X9, . .., T} depes p(Ty, T, ..., Tp).

11



JokaxeM, uto p(Ty,Ts,...,15) € RF[S]. Jlna storo BosbMém map A gocraTod-
HO MAJIOTO PaJMyca, COJEPIKAIMIA TOUKY' Sy 4, . W He COAepzKaluil Jpyrue TOUKH
cucrembl S. B cuny menpepbiBHOCTH oTobOpaxkenus p(u,S), obpas mapa A mpu Bos-
JICHCTBUN 3TUM OTOOPasKEHHEM €CTh 3aMKHYTOe MHOXKECTBO. Ero jmHeiliHoe 3aMblKanue
L = L({p*(@,S) | @ € A}) Takxke GyJer 3aMKHYyTbIM MHO:KecTBOM. Ho npoussojuas
p(x1, g, ..., x) ecTb npejesbHas Touka L. OcTajoch BCIOMHUTD, YTO MO OIPEJIEJIeHUTO
p*(a,S) € R*[S], cnenosarenvuo, L C RF[S].

3amMeTnM Ternepsb, uTo Voo, . .., 1, € BF L

p(0, g, ... xx) —p(1,29,. .., 2) =

= k! Z (sgn ((éa)z(l) + €.y — coord(f)) — sgn ((§a)z(1) — e,y — coord(f)))) - to

teT=(1)

k
o H Z sg ((8a)-() + (—1)"eé.() — coord(t)) - € =
eT=(®)

i=2

k
= k! 2w o H Z sg ((8a)-() + (—1)"€é.() — coord(t)) -t =

i=2 fer=(9)
= pi(w2, ..., 2)
Urax, pi(x9,...,1;) 3a1ana Ha BF! npuuém eé snadeHus mpejicTaBUMbl B B W O
p1(za ... xg). Jlerko ybemurnest, aro py(0, 3, ..., xx) —p1(1, 23, ..., 2x) = po(x3, ..., 2%) =

Wy 0 Wy 0 Po(x3 ... x1). [IpojiosKas, MOSyIUM, ITO Wy © - - - 0 Wy, = W € R¥[S].

OrmuiieM Terephb MOCTPOEHNE, MTO3BOJIAIONIEE T0Ka3aTh TeopeMy Tpu k > m s o0enx
merpuk. Ilyers k > m,i € {1,...,m}. llokaxewm, uro & € RF[S]. [lna sroro BosbMéM
So = 8;. U3 cBoitcTB MaTpuiisl Ts 1 TOro, 9TO B CHCTEME TOYEK S HET ABYX TOYEK C OIH-
HaKOBBIMU KOOPJMHATAME, BEKTOP €; paBeH IIPOU3BEIEHUIO M CTOJOI0B MaTPUIlbl 1y, cO-
OTBETCTBYIONIUX ITOH TOUYKe. Vcrob3ys BBIMIEOMMCAHHYIO MIPOIELYPY, YOexK1aeMes, YTO

¢; € R¥[S]. Urak, é,...,é, € RF[S], crenosarensuo, R*[S] = R?. Orcrona w € R*[S].

O

B noxa3aTebCTBe U3 KYPCOBOH PabOTHI IAPOM HAKPHIBAJIKCH CPA3y BCe TOUKH. Ho 9TOT BapHAHT He
MTOJIXOIUT JIJIs CJIydasi CYMMbI METPUK XOMMUHTA U [1, TOCKOJIbKY TaKas METPUKA HE SIBJISETCsT BCIOIY

HENIPEPbIBHOM.

12



2.2 O000I1IeHIE MEeTPUIECKOT0 KPUTEPUs k-CUHIYJISPHOCTHU

[Tonpo6yem 06061UTL MeTprIecKuil Kputepnii k-cunryaspaoctu (Teopema 4) Ha GoJiee
obruit coryqait. MoTuBarueit K 3ToMy SIBJISIETCS TO, UTO METPUKA XIMMUHTA U [1-METPHUKA,
3aJIaHHbBIe HA ¢ TOYKaX, MpUHaexkarT paspesnomy kounycy CUT1 [1].

BBejiém cooTBETCTBYIOIINE ONPE/IC/IEHHSA.

Onpenenenne 15. [ycrs d € R™. Oynkimio

m

p(@,5) = Y _(d)l(@); # (§)i], (d); >0Vie{l,...,m}

i=1
HA30BEM 0006w,ernot nosymempuroti Xommunea. Ecin xke (CL) >0Vie{l,...,m}, 10

Oy/eM Ha3bIBATH €€ 000WEHHO0T Mempuroli Xammunaa.

B mpepiayIieM onpe/iesieHni UCTIOJb30BaIoCh onpeieierne 5 (HHIuKaTopHast QyHK-

st [x]).

Onpenenenne 16. Ilyctn d e R™. DyHKINIO

m

p(T,7) = Z(dl)ﬂ(f)i — (@)il, (d); >0Vie{l,...,m},

i=1
Ha30BEM 0606w énnoti 1 -noaymempurot. Ecmm xe (Jz) > 0Vie{l,...,m}, To Gynem

Ha3bIBATH €€ 000U EHHOU L1 -MeMPUKOT.

Matpuity norapHbIX paccTOAHUI 0000MEHHON MeTpuKr XoMMUHTa Oy/ieM 0003HadYaTh
Py j, 0000mEnHOI I1-MeTpukn — Pé’ Py

[TokazkeM, 9TO METPUIECKUI KPUTEPUil k-CHHTYJIIPHOCTH 0000IIaeTCs Ha Caydaii 9TUX
JIByX METPUK, a TaKxKe CJIydail UX CyMMBI.

CuavaJja JIoKaykeM aHaJIor JIEMMBbI 3 JI/Isi OOOOIIEHHBIX TOJIYMETPUK XIMMUHTA U [y.

Jlemma 6. Jlas cucmemuve nonapro pasauunvz movex S = {8;}_, C R™ q > 2, npu
k < m, a maxoice npouseosviuir éexmopos d,d € R™, (CZ)z > 0, (Cz/)z >0Vie{l,...,m}

cnpaee(?/msu paseHcmea

U*(Ps,q) € U*[S] (6)

UNP, ;) € UKS) (7)
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HoxkazareabcTBo. PaccmorpuM ciydait 06001meénnoit MeTpukn XaMMmuHra. B nagasie pas-
nena 4 paborer [4] moxasamo, uro L(Pgg) = L(H), rne H — obobménnas xapaxTepu-
CTHYeCKag MATpHIA cucTeMbl Todek. g meé mssecrno, uro L(H) C U'[S], mockomn-
Ky H ecrb marpuna ['pama st matpuiisl T, CTOJIOIBI KOTOPOI OBLIN JOMHOYXKEHBI HA
HerosozKuTe bHbe Kodbdurmentsl (d); (ecim Bee KOMIOHEHTH d MOJOKHTEIBHB, TO
L(H) = U'[S]). U3 3Tux AByX PaBEHCTB CJIEYET IEPBOE YTBEPZKIEHHUE JIEMMBI.

Hyist cotyuast 06OOIIEHHON [1-METPUKHU [IPOBEJIEM CJIEJIyIOIIee paccyKienune. Pacemor-
pUM BMeCTe ¢ UCXOIHOI cucremoii Touek S = {§;}{_; Bcromoraresbhyto «orMacuTabupo-
BamHyI0» cucreMy Touex S = {d’ o 5}%_,. Y KOOpJMHAT, COOTBETCTBYIOIIIX HEHYIEBEIM
KoMIoHenTaM (d');, XapaKTepHCTIYECKHe BEKTOPbI He M3MEHIIACH. Y KOODIHHAT, COOT-
BETCTBYIONMX HYJICBLIM KOMIOHCHTAM XapaKTEPHCTHYCCKIE BEKTOPBI CTAIM PABHBIMHI 1,
10 ectb BhIpokaennsivi. Ho 1 € L(Ts) Kak cymMma KOMIOHEHT Jio6oro us 6ioxkos T7.
Orcroga L(Ts)) € L(Ts). Kpome Toro, marpuna Pg HONApHBIX l1-PacCTOAHUI CHCTEMBI
Todek S’ COBIAJAET ¢ MaTpHIeil Pé’j,. [Tosromy Uk(Pé,cZ') = Uk(PL,) = U*[S"] C U*[S],
OTKYJIa CJIeJIyeT BTOPOE yTBEPXKICHHE JIEMMbI. 0

Jlokaxkem Terepb 00OOIIEHUE JIEMMbBI D Ha CJIydail BEKTOPa %, KOMIIOHEHTHI KOTOPOIO

npuHuMaloT JBa 3uadenus: 0 u b > 0.

Jlemma 7. Iycmo f(Z) — noaurnom cmenenu n > 1, @ # 0 — 6unapnwitl 6exmop, § =

b-u,b>0. Toeda f(ZT —17y) — f(Z) =uog(T), 2de g(&) ecmv noaunom cmenenu (n — 1).

HokazarenabcTBo. Jloka3arejbeTBO MPOBOJUTCS AHAJOMMYIHO JIEMME D JI0 PaBEHCTBA,
o6ozradenuoro (*). HacTh jo0Ka3aTeIbCTBA MOCIE STOIO PABEHCTBA, 3AMEHSIETCS HA CIIEY-

oInee:

8 Z e WEETE

— o 2:; a; (;::(—b)i—j (;) fﬂ) -
= wo g(Z)

g(Z) — nomunowm crenenn (n — 1), nockosbKy Kosddunuent npu "1 pasen

an(—b)"_("_l)( " ) = —napb # 0.

n—1
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Jlemma 8. IIycmv A, B — mampuup 0dunakosozo pasmepa, maxue wmo L(A) = L(B).

Tozda L(A+ B) C L(A).
okazareabcTBo. /lokaxkeMm JiBa MPOCTHIX (aKTa.

1. L(A+B) C L(AUB). 910 ciie[iyer u3 TOro, IT0 IPOU3BOIbHbIT BekTOp U3 L(A+ B)

[IpeJICTaBUM B BHJIE JIMHEHHOM KoMOMHAIMK cTOJIONOB A u B.

2. L(A) = L(B) = L(AU B) = L(A). Bioxkenne L(AU B) O L(A) 04eBHIHO B CHITY
MOHOTOHHOCTH JIMHEHHOTO 3aMbIKaHusi. OOpaTHOE BJIOKEHUE BEPHO, TaK Kak JIHOOOI
BekTop Z u3 L(A U B) npezacraBum B Busie § + 2, rue § € L(A),Z € L(B), 1o 1o
upemmnosnoxennio L(A) = L(B), To ectb T = § + Z € L(A).

OO0beuHss 3TH yTBEPXKJIEHU, TI0JIydaeM TpedyeMoe. O

Jlemma 9. Jlas cucmemve nonapro pasauunvz movex S = {8;}_, C R™ q > 2, npu
k < m, a maxoice npoussorvrnz eexmopos d,d’ € R™, (d); > 0,(d'); >0 Vi € {1,...,m}

CNPaseINUBO

UH(Pg+ Ply) € UMS]

HokasarenbcTso. [Ipuvernm npeapriymyto gsemmy npu A = Pg 5, B = Pé g Homyamm:

L(Pg g+ qu/) C L(Pg ;)

OTKyma, B CHIy MOHOTOHHOCTH OTIEpaIli JIMTHEHHOTO 3aMbIKAHUSI,

Uk(Ps,cZ+ é@/) - Uk(Ps,J)'

ITo nemme 6, U*(Py ;) = U*[S]. 0

Teopema 5 (0600mIEHHBIT MeTpUUecKuil Kpurepuit k-cuHryaspaoctn). Cucmema movex
S = {38:}_, npocmpancmea R™ seasemes k-cuneyasprot moeda u moavko mozda, kozda
cywecmeyem Henyaesot eexmop (ci, . .., ¢,) makotd, wmo daa ecex 5§ € R™ cnpasedauso

paeeHcmeo

q

Zcipk(é, 5) =0, (8)

=1

2de p — obobwénnas mempura Xommunea, 060bweérnnan li-mempura, Aubo ux cYMMmMa.
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Sameuanwue. Ciydail cyMMbl MHOTHX OOOOIIEHHBIX METPUK XOMMUHTA U ODOOIIEHHBIX
[1-MeTpUK, BO3MOKHO, ¢ HEOTPUIIATEILHBIMI KO (DUIITMEHTAMH TTPU HUX, CBOJUTC K CJIy-
Jar0 CYMMBI OJHOM OOOOIIEHHON METPpUKH XIMMUHTA U OJHON OOOOIIEHHON [1-METPUKH.
ITOCKOJIBKY KO3 (DUIIMEHTHI TP METPUKAX MOYKHO COOTBETCTBYIOIIMM OOPA30M CI'PYIIIHN-

poBaTh.

HokazareabcTBo. [IpoBojuTcs 1o cxeme JI0Ka3aTe/IbCTBa TeopeMbl 4. YKayKeM, KaKue
U3MEHEHUs B HEM HYKHO ITPOM3BECTH.

HeobxomumocTsb. /s 00001meénnoit MeTpuku XaMMUHTA 1 0O0OIIEHHON [1-MeTPUKH
JIOCTATOYHO 3aMEHUTH MaTpuily Pg Ha COOTBETCTBYIOILYIO MATPUILY MOMAPHBIX PACCTOSI-
HII 1 BOCIIOJIb30BAThCS BMECTO JIEMMBI 3 JIEMMOi 6.

ﬂﬂﬂ cjiydad CyMMbl METPUK HY2KHO 3aME€TUTL, 9YTO B CUJIY JIEMMBbI 9:

L=(U*[S]) € L(U*(Psg+ Pg 2)).

Hocrarounocts. Ob6obuwénnan mempura Xommunea. Ilycts d e R™, (J)l > 0 Vi e
{1,...,m} — BekTop KO3 duImeHTOB 0600MEHHON MeTpHKH XoMMmunra. Popmysa (4) 3a-
MEHSIETCST Ha CJIEYIONIYI0 (hOpMyJIy:

Vi € R™ p*(a, S) = (i(&)i(i - m)k = (i(d)i 11— i(d)i : t>k (9

i=1 =1 i=1

~—

Sra dopmyna ects monuHoM crenenu k ot Y, (d); - t;.
Tenepb BMECTO JIEeMMBI 5 MbI IPUMEHUM JIEMMY 7 IIPH Zzl(d)z 1§ = (CZ)Z(U . fz(1) =
const -y, f(Z) = (3.1, (d); — &)*. Jlambmeiimee 10Ka3aTeIbCTBO OCTAGTCS 663 W3MEHCHTI,
Obo6wénnan 1y -mempura. Ilyers d' € R™, (CZ)Z > 0Vie{l,...,m}—Bekrop K03D-
dbunmenros 0606mEnHOI [1-MeTpuku. Popmysia (5) 3amensercs Ha
m k
Vi e R™ j*(4,S) = (Z > (d)i|(@); — coord(H)] ~t> : (10)
i=1 et
[Tpoussojmas k Mmopsijika 110 CPABHEHMIO CO CIydaeM OOBIYHOM [j-METPUKHU Ha HOJIO-
JKUTEIbHBIN CKaJISIPHDI MHOXKHUTEJDb Hle (CZ’)Z(Z-). DTOT MHOXKUTENb «O0DbEUHIETCI» C
MHOXKHTEIeM k! 1 He BinsieT Ha JaJbHEeHNINH X0 J0Ka3aTebCTRA.
Cymma mempurk. JloKkazaTeabCTBO BBIMOJJIHAETCS [0 CXeMe ciydas ODOOIEHHOMN [i-
merpuku. Popmysta (5) 3amensiercss Ha
m k
Vi e R (0, ) = (30 (i + @) - coord®) ) (1)

i=1 {eTi
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[Ipoussosnas k nopsiyika dbyukimn pF (4, S) octaéTes peskHeit, 9To IpoBepsAETCs HEIlo-
CPeICTBEHHO.

TakzKe 3aMeTHM, YTO JIOKA3ATEILCTBO IIPUHAJICKHOCTH p(T1,Ts,...,2,) € RF[S]
OCTAETCsl BEPHBIM, TIOCKOJIBKY BCErJla MOXKHO HANUTH JIOCTATOYHO MaJIyl0 OKPECTHOCTH TOY-

KU Sy, 2g....2, B KOTOpOil bynxius p¥(i, S) aBngercs HelpepbIBHOIA.

2.3 O06o006IIeHe Ha ciy4aili MeTpuK pa3pe3Horo kounyca C'UTY

Onpepnenenne 17 (|1]). MuOXKecTBO BCEBO3ZMOMKHBIX IIOJIYMETPUK HA MHOMKECTBE

{1,2,...,q} ¢ MaTrpumamMu nomapHbIX PACCTOSHUIT BIJIA

S ON(E—6-6T—(1-8)-(1- 57,
5e{0,1}a
rae Az € RT = [0, +o00] npu o e {0,1}4, HasbiBaeTCst pa3pe3HbIM KOHYCOM (HJIM KOHYCOM

Xommunra) n obosuadaercs kak CUTY.

Konyc CUT? onmcbiBaeT BCEBO3MOXKHBIE TOJYMETPUKHM THUIA [; HA MHOXKECTBE
{1,2,...,q} [1], mockosbKy moOJyMeTpUKa p HPUHAJJIEKUT KOHYCY TOLJIA U TOJBKO TO-

rjia, KOorja CyIecTByeT HaTypaJbHOe I' U TOYKN 51,. .., 5, € R" Takne, 4To
T
p(i, j) = Z [(8i)e — (55)el-
t=1

Konyc pa3pe3nbIx OJIyMeTpUK 3a/1a€T METPUKH, MOIydaeMble Ha BCEBO3MOXKHBIX CH-
creMax u3 q Touek. Hac ke mnTepecyer konkpertnas cucrema Touek S C R™. Ilosromy
OTIPEJIEINM TIOJIKOHYC TOJIYMETPHUK, KOTOPbIe MOYKHO MOJIYYATh Ha 3aJIaHHON CHCTEME TO-

YeK.

Onpenenenne 18. Ilycrs 3amana cucrema Touek S = {§;}_; C R™. MuoxecTBo BCe-
BOBMOKHBIX OOOOIIEHHBIX MOJIYMETPUK XOMMUHIA HA30BEM Paspe3HbIM KOHYCOM, COLIa-

COBAHHBIM C cHCTeMOll ToueK S, n obosnaunm kak CUTE.

Jlemma 10. Jhobas nosymempura us CUTE umeem mampuyy nonapuolx paccmoanui

(i, 35) I j=1 6uda

i)\rZ(E—S-ST—(i—S)-(i—5)T). (12)

r=1 SETT
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JokazaTeabcTBO. 3aduKCUpyeM MPOU3BOIHHYIO ODOIIEHHYIO TOJYMETPUKY XIMMUHTA.
O6o3HaUNM BEKTOP €€ KO3 DUIMEHTOR depe3 d.

PaccmoTpum ij-it ssiement marpuiisl. Bunapuas marpuna 1" cocTout u3 XapakTepu-
CTUYIECKUX BEKTOPOB CHCTEMBI TOUEK 110 Koop/mHaTe 7. BHyTpennss cymma B (12) paBHO
paccToAHII0 XOMMUHTA MEXK/TY 1-if U j-it cTpokaMu MaTpuiibl 17 . B KaxK 10t n3 3TUX CTPOK
Juib ojaHa eaununa. [losromy odeBniHO, 9TO paccrogure X9MMHUHTA PABHO JINOO HYJIIO,
ecJI 3HAYCHUE JIAHHOW KOOPJUHATHI Y TOUEK COBIAJIACT, JTUOO JBYM, €CJIU OHO Pa3/inda-

ercst. CpaBHUBas 9TO ¢ OIpejie/ieHneM 0OOOIEHHON OJIYMETPUKH XAMMUHTA, IIOJIYIaeM,

@

9TO IPHU A\, = -5

MaTPHIA MOTAPHBIX PACCTOSHUN BBIOPAHHOW TOJYMETPUKH 3a1a6TCs

dbopmyutoit Buga (12). O

Cnencrsue. Jliobas noaymerpuka uz CUTE npunagnexur CUT?, to ecrs CUTE asns-

ercd nojronycom CUTY.

3ameuanme. MoxKHO BbIOpaTh TaKylo CHCTEMY M3 ¢ TO4YEK, 4TO T OyjeT cojep:KaTb
0 B cUTd
BCEBO3MOKHBIE OMHapHbIE BEKTOPHI M3 ¢ 3JeMEHTOB. B 5ToM ciydyae KOHYCBI g n

CUT? cosaiaior.

O6brano MeTpuku u3 paszpesnoro konyca C'UTY paccmarpuBaroTcsd Kak (DYyHKIINH,
onpezenéunbie Ha MHOKecTBe {1,2,... ¢} X {1,2,...,¢}. D10 CBA3AHO C TeM, UTO JIAH-
HBIIl KOHYC OIIpe/IeIsieTCs JINIIb Yepe3 CBONCTBa MaTPUIIBI MOMAPHBIX PACCTOAHMIA. MBbI
ke oupeenm Konyc CUTE Kak MHOKECTBO HOJIyMeTPUK X9MMHUHIa Ha CHCTEME TOUEK,
a He KaK MHOYKECTBO IOJIYMETPUK € MATPUIIAMU MOTIAPHBIX PACCTOAHUI 3aJAHHOTO BUJIA.
[Tosromy mbl Gyzmem caurars, 9to Merpukn u3 CUTE samansl na Muoxkectse R™ x R™.
DTO CYIIECTBEHHO JIJId MOJIYYeHUs] METPUYECKOTO KPUTepus k-CUHTYIAPHOCTH, KOTOPBI
TpebyeT, YTOObI MeTPHUKAa OBLIO OIIPe/Ie/IeHa I TPOU3BOJIbHBIX TOUYEK IIpOCTpancTBa R™,

a He TOJILKO JIJIsl TOYEK CHCTEMBL S.

Teopema 6 (MeTpuueckuii KpUTepHil k-CHHIYJISIPHOCTH JIJIsi KOHYCa PA3PE3HbIX MOy MeT-
puk). Cucmema mouex S = {5;}1_; npocmparncmea R™ seanemca k-cuneyaaprot mozda
U MoAvKo mozda, Kkozda cywecmeyem nenyaesoll 6exmop (i, ...,c,) makol, 4mo 0aa
BCET MEMPUK P U3 KOHYCA PASPESHHLT MOAYMEMPUEK, COAACOBAHHLIT C CUCMEMOT MOYER

S, u dan ecex s € R™ cnpasedauso pasencmeo

Zcipk(fé, 5;) = 0. (13)
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JlokazareabcTBO.

HeobxonumocTs. /loka3biBaeTcsd aHAJIOIUIHO JOKA3ATEIHCTBY HEOOXOIMMOCTH B TEO-
peme 4. 3amennm marpuiy Ps na Pgj 1 BOCHOIB3yeMCA BMECTO JIEMMBbL 3 JleMMOit 6.
[Tockosibky JieMMa 6 BepHa i JTIOO0H 0OOOIMEHHON TOTYyMETPUKU XIMMUHTA, ITOJIYIUM
TpefyeMoe yTBepXKIeHNe. 3aMeTHM, 9TO B KadeCTBe BEeKTopa (Ci,...,C,) MOXKHO B34Th
moboit snement uz L L (UF[S]), To ecTb 3TOT BEKTOp He 3aBUCUT OT BBHIGODPA p.

HocraroanocTb. BribepeMm B kKauecTBe p 00bIYHYO (HE 0GOOMIEHHYIO) METPUKY XIM-
vunra. st Bcex § € R™ BepHo paserctso (13). Vemosb3yst Teopemy 4, TOJIyduM, 9TO

CHUCTEMa TOYECK ]C—CI/IHI‘YJIHpHa. g

2.4 Jlemma o0 paBeHCTBe JIMHEWHBIX 3aMbIKaHUI

Hmurpuit Kongpanikun o6HApYKUJI HETOIHOCTD B JI0Ka3aTe bcTBe Biroykenus L(Hg) C
L(Ps) B nemme 2 B pabore |2]. MHe ObLIO TIPEITIOKEHO YCTPAHUTD 9Ty HETOIHOCTb.

Cravasia IpuBeIEM HCXO/IHOE JOKA3aTeIbCTBO 3 [2]:

Mg nokazaresnbcrsa Bioxenus L(Hg) C L(Ps) 10CTaToYHO TOKa3aTh, 9TO

[ € L(mE — Hy). (14)

ITycte 9Ta mpmHAIEKHOCTL He Biomsgercd u 1 = Hgé, ¢ = (c1,...,¢,),

TOrIa

q _

ITockosibKy npuHajiekHocTh (14) He BBIIOIHAETCA, TO MY |, ¢; = 1, HO
rorga u3 1 = Hgc crenyer, aro 1 = hyjep + -+ 4+ higeg < mY 7 ¢ = 1,
riae Hg = ||hij||gxq (MBI mOMB3yeMest Tem, ato ¢ > 2, hyy = m u hy; < m upn

Jj€42,...,q}, eciiu TouKM mONAPHO pas3udHbl). [loJaydmin nporusopevne.

HetounocTh B 9TOM JI0Ka3aTE/ILCTBE 3aKII0YAETCSI B TOM, 9TO JIJIs BBIITOJIHEHNAS HEPa-
h <o+ h ¢ 0 i 6 6
BeHcrsa hyjcp +- -+ higeg <m ) .| ¢; noMuUMO TpeOyeMbBIX yCJI0BUIl HEOOXOIUMO, YTOObI
Bce KO PUIMEHTHI ¢; OBLIN HEOTPUIATEIbHBIMU.
Brina mpoBepena rumnoTe3a 0 TOM, YTO BCErJla MOXKHO HAfTH TaKOH BEKTOP ¢ ¢ HEOTPH-

nare/JibHbIMA KoMIIOHeHTamu, 410 1 = Hgcé. Tor dakT, 9T0 Beerja MOKHO HANTH BEKTOP
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¢ 6e3 orpaHMYUEHUsT HA 3HAK KOMIIOHEHT, cieayer u3 Toro, uro L(Ts) = L(Hg), a BeKTOp

1 i 6 T! T5. 11 -

ABJIIETCS CyMMO#t cTosionoB noamarpuibl 71 marpurnst 77, TTokaxkem, 910 9Ta rumnore
0 =1 R?

3a He BepHa. Paccmorpum cienyronryio «[-obpasnyio» cucremy u3 ¢ = 4 TOYEK B (B

staefikax TabJIUIbl YKa3aH HOMED TOUKH):

1
21314
Barminem eé marpunbl T u Hg:

1 0/1 0 0 2 1 00
0 1|1 00 1 211

Ts = , He =
0O 1]0 1 0 0121
0 110 0 1 011 2

Marpunia Hg sBiisieTcst HEBBIPOXKJIEHHO# (IIPOBEPSETCsI HEIIOCPEICTBEHHO), MOTOMY

CUCTeMa JIMHEWHBIX ypaBHenuii Hg¢ = 1 uMeer €JIMHCTBEHHOE PEIIeHUE

¢=(0.6,-0.2,0.4,0.4)",

TO €CTb OJIdA IL&HHOfI CUCTEMBbI TOYEK HE€ CyHIECTBYET BEKTODa é C HeoTpunaTeJIbHbIMNI
KOMIIOHEHTaMH, Takoro, uro Hg¢¢ = 1. ['unore3a He BepHa.

3areM ObLIO PEIIeHO MPOBEPUTH, CYIIECTBYET JIU CUCTEMa TOoUeK S U BEKTOp C, T.4.

(15)

Ecsin s10 Tak, 10 1 € L(Ps) u yTBep:KeHue JIEeMMbI HE BEPHO.
Bamernm, uro (15) ecTh cucreMa JMHEHHBIX agrebpamdeckux ypasaeruil. s mpo-

BEPKU €€ COBMECTHOCTHU BOCIIOJIB3YEMCS CJIEJIYIOIIEN TeOpeEMOii:

Teopema 7 (Kponekep-Kanemnn). Cucmema auneliinmr arzebpauieckus ypasuenuts coe-
MECTNHA M020a U MOALKO M020a, k0200 PaH2 €€ 0CHOSHOT MAMPUUDLL PABEH PaH2Y €€ Pac-
WUPEHHOT MAMPUUDBL, NPUUEM CUCTEMA UMEEM €OUHCMBEHHOE DEWEHUE, eCAU PaH2 Pa-
BEH YUCAY HEUSBECTNHBIL, U OECKOHEUHOE MHONCECTNGO PEULEHUT, ECAU PAHE MEHBULE YUCAL

HEU3BECTHDLL.
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Taxum 00paszom, HYZKHO IIPOBEPUTH, CYIIECTBYET JIU CUCTEMa TOUeK S, T.9. BEPHO pa-

BEHCTBO
Hg Hs |1
rg ; =rg i (16)
ml1T mlT |1
Bamernm™, uro eciu Marpuna Hg = ||hj]|4xq €CTH XapakTepucTudeckas MaTpHIla, TO

Jig Pg BBITIOIHSAETCS HEPABEHCTBO TPEYTOJbLHUKA. Y UunThiBagdg, uro Ps = mE — Hg, 110-

JIydaeM, 94TO IJid HS JOJIZKHO ObBITH BEpHO

Qukcupyem ¢ > 2 u m u nepedbepéMm BceBo3MOXKHbIe Hg KaK CUMMETPUIHBIE MaTpPH-
I[bl CO 3HAYCHUEM 1M Ha JUAroHaj M U 3HadeHusMu u3 muoxkectsa {0,1,...,m — 1} BHe
JUaroHa/in. B xoje 9uCcIeHHOro SKCIIePUMEHTa OBLJIO YCTaHOBJIEHO, UTO HAXOJSATCA MaT-
puIlel, yrosieTBopsiomue yciaosuio (16). Ho Bce amu MaTpuIsl HApyIIaoT HEPABEHCTBO
Tpeyroibauka B opme (17).

Nrak, MOXKHO cjie1aTh BBIBOJI, UYTO PABEHCTBO JIMHEHHBIX 3aMblKauuit Hg n Pg He MO-
JKeT CJIeJIOBATh HEIIOCPEJICTBEHHO U3 «IIPOCTBIX» CBOHCTB MaTpuiibl Hg: HeoTpuIiareabHo-
CTH, CAMMETPUIHOCTH, 3HAYCHUH M HaA JUATOHAJU U MEHDBIIUX IEJI0IUCICHHBIX 3HAYCHUI
BHe Juaronasin Marpuiibl. OgHaKO Ipu J00aBIEHUN HEPABEHCTBA TPEYTOJbHUKA B (hopMe
(17) yTBepKIieHnE O PaBEHCTBE 3aMBIKAHUI CTAaHOBUTCS BepHBbIM. CKOpee BCero, B JOKa-
3aTe/ILCTBE HYKHO HCIIOJIb30BaTh MMEHHO 9TO HepaBeHCTBO. [lomck Takoro mpokasareb-

CTBa — HallpaBJIEHHE ,ILaJIbHefIHIHX I/ICCJIG,ILOBELHI/Iﬂ.

3 3akJjroueHue

B jannoit pabore ObLI CyIIeCTBEHHO 0OODIIEH METPUIECKU KPUTEPHUil k-CUHTYIIPHOCTH,
nosyuennsiit [1.A. Kaprosuuem B pabore [7].

Ha zamury guijioMHOM pabOThl BHIHOCUTCS:

® ABTOPCKOE JIOKA3ATE/ILCTBO METPUIECKOTO KPUTEPHUS Kk-CUHTYJISPHOCTU CUCTEMBI TO-

YeK JIJIsT METPUKU XOMMUHTA U [1-METPUKU;

® MeTpUYeCKUil Kpurepuii k-CUHTYJISIPHOCTH Jjist ODOOIIEHHON METpUKU XIMMUHTA,

0000IENHOT [1-MEeTPUKHU, & TaKXKe UX CYMMBbI;
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® MEeTPUYECKUl KPUTEPUl k-CUHTYISIPHOCTH JIJI KOHYCA Pa3PE3HBIX MMOJIyMETPUK;

e IIpuMep, OKA3bIBAIOIINI, YTO He BCET/Ia CYIIECTBYET BEKTOD € ¢ HEOTPUIATEIbHBIMU

KOMIIOHEHTaMu, TaKoil, aro Hgc = 1.

HarmpapiienueM JabHERININX UCCIEIOBAHUN ABJIIETCS ITPOJIOJIZKEHHIE TTOUCKa, CIiocoba

YCTPAHUTh HETOYHOCTH B JioKazaresibeTBe Biaoxkenus L(Hg) C L(Ps).
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