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Îáó÷åíèå ðåãðåññèè � ýòî îïòèìèçàöèÿ

Îáó÷àþùàÿ âûáîðêà: X ` = (xi , yi )
`
i=1, xi ∈ Rn, yi ∈ R

1 Ìîäåëü ðåãðåññèè � ëèíåéíàÿ:

a(x ,w) = 〈x ,w〉 =
n∑

j=1
wj fj(x), w ∈ Rn

2 Ôóíêöèÿ ïîòåðü � êâàäðàòè÷íàÿ:

L (a, y) = (a− y)2

3 Ìåòîä îáó÷åíèÿ � ìåòîä íàèìåíüøèõ êâàäðàòîâ:

Q(w) =
∑̀
i=1

(
a(xi ,w)− yi

)2 → min
w

4 Ïðîâåðêà ïî òåñòîâîé âûáîðêå X k = (x̃i , ỹi )
k
i=1:

Q̄(w) =
1

k

k∑
i=1

(
a(x̃i ,w)− ỹi

)2
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Îáó÷åíèå êëàññèôèêàöèè � òîæå îïòèìèçàöèÿ

Îáó÷àþùàÿ âûáîðêà: X ` = (xi , yi )
`
i=1, xi ∈ Rn, yi ∈ {−1,+1}

1 Ìîäåëü êëàññèôèêàöèè � ëèíåéíàÿ:

a(x ,w) = sign〈x ,w〉 = sign
n∑

j=1
wj fj(x)

2 Ôóíêöèÿ ïîòåðü � áèíàðíàÿ èëè å¼ àïïðîêñèìàöèÿ:

L (a, y) =
[
ay < 0

]
=
[
〈x ,w〉y < 0

]
6 L

(
〈x ,w〉y

)
3 Ìåòîä îáó÷åíèÿ � ìèíèìèçàöèÿ ýìïèðè÷åñêîãî ðèñêà:

Q(w) =
∑̀
i=1

[
〈xi ,w〉yi < 0

]
6
∑̀
i=1

L
(
〈xi ,w〉yi

)
→ min

w

4 Ïðîâåðêà ïî òåñòîâîé âûáîðêå X k = (x̃i , ỹi )
k
i=1:

Q̄(w) =
1

k

k∑
i=1

[
〈x̃i ,w〉ỹi < 0

]
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Ðàçäåëÿþùèå êëàññèôèêàòîðû (margin-based classi�er)

Ðàçäåëÿþùèé êëàññèôèêàòîð: a(x ,w) = sign g(x ,w)
g(x ,w) � ðàçäåëÿþùàÿ (äèñêðèìèíàíòíàÿ) ôóíêöèÿ

g(x ,w) = 0 � óðàâíåíèå ðàçäåëÿþùåé ïîâåðõíîñòè

Mi (w) = g(xi ,w)yi � îòñòóï (margin) îáúåêòà xi
Mi (w) < 0 ⇐⇒ àëãîðèòì a(x ,w) îøèáàåòñÿ íà xi

Ðàíæèðîâàíèå îáúåêòîâ ïî âîçðàñòàíèþ îòñòóïîâ Mi (w):
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Íåïðåðûâíûå àïïðîêñèìàöèè ïîðîãîâîé ôóíêöèè ïîòåðü

×àñòî èñïîëüçóåìûå íåïðåðûâíûå ôóíêöèè ïîòåðü L (M):
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V (M) = (1−M)+ � êóñî÷íî-ëèíåéíàÿ (SVM);
H(M) = (−M)+ � êóñî÷íî-ëèíåéíàÿ (Hebb's rule);
L(M) = log2(1 + e−M) � ëîãàðèôìè÷åñêàÿ (LR);
Q(M) = (1−M)2 � êâàäðàòè÷íàÿ (FLD);

S(M) = 2(1 + eM)−1 � ñèãìîèäíàÿ (ANN);

E(M) = e−M � ýêñïîíåíöèàëüíàÿ (AdaBoost);
[M < 0] � ïîðîãîâàÿ ôóíêöèÿ ïîòåðü.
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Ëèíåéíûé êëàññèôèêàòîð � ìàòåìàòè÷åñêàÿ ìîäåëü íåéðîíà

Ëèíåéíàÿ ìîäåëü íåéðîíà ÌàêÊàëëîêà-Ïèòòñà [1943]:

a(x ,w) = σ
(
〈w , x〉

)
= σ

(
n∑

j=1
wj fj(x)− w0

)
,

σ(z) � ôóíêöèÿ àêòèâàöèè (íàïðèìåð, sign),
wj � âåñîâûå êîýôôèöèåíòû ñèíàïòè÷åñêèõ ñâÿçåé,
w0 � ïîðîã àêòèâàöèè,
w , x ∈ Rn+1, åñëè ââåñòè êîíñòàíòíûé ïðèçíàê f0(x) ≡ −1

x1

x2

· · ·

xn

∑
σ a

w1

''w2 --
...

wn

77
//

−1

w0

NN
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Ãðàäèåíòíûé ìåòîä ÷èñëåííîé ìèíèìèçàöèè

Ìèíèìèçàöèÿ ýìïèðè÷åñêîãî ðèñêà:

Q(w) =
∑̀
i=1

Li (w)→ min
w
.

Ìåòîä ãðàäèåíòíîãî ñïóñêà:

w (0) := íà÷àëüíîå ïðèáëèæåíèå;

w (t+1) := w (t) − h · ∇Q(w (t)), ∇Q(w) =
(
∂Q(w)
∂wj

)n
j=0

,

ãäå h � ãðàäèåíòíûé øàã, íàçûâàåìûé òàêæå òåìïîì îáó÷åíèÿ.

w (t+1) := w (t) − h
∑̀
i=1

∇Li

(
w (t)

)
.

Èäåÿ óñêîðåíèÿ ñõîäèìîñòè:
áðàòü (xi , yi ) ïî îäíîìó è ñðàçó îáíîâëÿòü âåêòîð âåñîâ.
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Àëãîðèòì SG (Stochastic Gradient)

Âõîä: âûáîðêà X `, òåìï îáó÷åíèÿ h, òåìï çàáûâàíèÿ λ;
Âûõîä: âåêòîð âåñîâ w ;

1 èíèöèàëèçèðîâàòü âåñà wj , j = 0, . . . , n;
2 èíèöèàëèçèðîâàòü îöåíêó ôóíêöèîíàëà:

Q̄ := 1
`

∑`
i=1 Li (w);

3 ïîâòîðÿòü
4 âûáðàòü îáúåêò xi èç X ` ñëó÷àéíûì îáðàçîì;
5 âû÷èñëèòü ïîòåðþ: εi := Li (w);
6 ñäåëàòü ãðàäèåíòíûé øàã: w := w − h∇Li (w);
7 îöåíèòü ôóíêöèîíàë: Q̄ := λεi + (1− λ)Q̄;

8 ïîêà çíà÷åíèå Q̄ è/èëè âåñà w íå ñîéäóòñÿ;

Robbins, H., Monro S. A stochastic approximation method // Annals of
Mathematical Statistics, 1951, 22 (3), p. 400�407.
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Îòêóäà âçÿëàñü ðåêóððåíòíàÿ îöåíêà ôóíêöèîíàëà?

Ïðîáëåìà: âû÷èñëåíèå îöåíêè Q ïî âñåé âûáîðêå x1, . . . , x`
íàìíîãî äîëüøå ãðàäèåíòíîãî øàãà ïî îäíîìó îáúåêòó xi .

Ðåøåíèå: èñïîëüçîâàòü ïðèáëèæ¼ííóþ ðåêóððåíòíóþ ôîðìóëó.

Ñðåäíåå àðèôìåòè÷åñêîå:

Q̄m = 1
mεm + 1

mεm−1 + 1
mεm−2 + . . .

Q̄m = 1
mεm + (1− 1

m )Q̄m−1

Ýêñïîíåíöèàëüíîå ñêîëüçÿùåå ñðåäíåå:

Q̄m = λεm + (1− λ)λεm−1 + (1− λ)2λεm−2 + . . .

Q̄m = λεm + (1− λ)Q̄m−1

Ïàðàìåòð λ (ïîðÿäêà 1
m ) � òåìï çàáûâàíèÿ ïðåäûñòîðèè ðÿäà.

Ê.Â. Âîðîíöîâ (voron@forecsys.ru) Ëèíåéíûå ìåòîäû 10 / 28



Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Ýâðèñòèêè äëÿ ìåòîäà ñòîõàñòè÷åñêîãî ãðàäèåíòà

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü

Ìèíèìèçàöèÿ ýìïèðè÷åñêîãî ðèñêà
Ëèíåéíûé êëàññèôèêàòîð
Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà

Ìåòîä íàêîïëåíèÿ èíåðöèè (momentum)

Momentum � ýêñïîíåíöèàëüíîå ñêîëüçÿùåå
ñðåäíåå ãðàäèåíòà ïî ïîñëåäíèì ≈ 1

1−γ
èòåðàöèÿì [Á.Ò.Ïîëÿê, 1964]:

v := γv + (1−γ)L ′
i (w)

w := w − hv

NAG (Nesterov's accelerated gradient) �
ñòîõàñòè÷åñêèé ãðàäèåíò ñ èíåðöèåé
[Þ.Å.Íåñòåðîâ, 1983]:

v := γv + (1−γ)L ′
i (w − hγv)

w := w − hv
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Èíèöèàëèçàöèÿ âåñîâ è ïîðÿäîê îáúåêòîâ
Âûáîð âåëè÷èíû ãðàäèåíòíîãî øàãà
Ïðîáëåìà ïåðåîáó÷åíèÿ, ìåòîä ñîêðàùåíèÿ âåñîâ

Âàðèàíòû èíèöèàëèçàöèè âåñîâ

1 wj := 0 äëÿ âñåõ j = 0, . . . , n;

2 íåáîëüøèå ñëó÷àéíûå çíà÷åíèÿ:
wj := random

(
− 1

2n ,
1
2n

)
;

3 wj :=
〈y ,fj 〉
〈fj ,fj 〉 , fj =

(
fj(xi )

)`
i=1

� âåêòîð çíà÷åíèé ïðèçíàêà.

Ýòà îöåíêà w îïòèìàëüíà, åñëè
1) ôóíêöèÿ ïîòåðü êâàäðàòè÷íà è
2) ïðèçíàêè íåêîððåëèðîâàíû, 〈fj , fk〉 = 0, j 6= k .

4 îáó÷åíèå ïî íåáîëüøîé ñëó÷àéíîé ïîäâûáîðêå îáúåêòîâ;

5 ìóëüòèñòàðò: ìíîãîêðàòíûå çàïóñêè èç ðàçíûõ ñëó÷àéíûõ
íà÷àëüíûõ ïðèáëèæåíèé è âûáîð ëó÷øåãî ðåøåíèÿ.
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Âàðèàíòû ïîðÿäêà ïðåäúÿâëåíèÿ îáúåêòîâ

Âîçìîæíû âàðèàíòû:

1 ïåðåòàñîâêà îáúåêòîâ (shu�ing):
ïîïåðåìåííî áðàòü îáúåêòû èç ðàçíûõ êëàññîâ;

2 ÷àùå áðàòü îáúåêòû, íà êîòîðûõ îøèáêà áîëüøå:
÷åì ìåíüøå Mi , òåì áîëüøå âåðîÿòíîñòü âçÿòü îáúåêò;

3 ÷àùå áðàòü îáúåêòû, íà êîòîðûõ óâåðåííîñòü ìåíüøå:
÷åì ìåíüøå |Mi |, òåì áîëüøå âåðîÿòíîñòü âçÿòü îáúåêò;

4 âîîáùå íå áðàòü ¾õîðîøèå¿ îáúåêòû, ó êîòîðûõ Mi > µ+
(ïðè ýòîì íåìíîãî óñêîðÿåòñÿ ñõîäèìîñòü);

5 âîîáùå íå áðàòü îáúåêòû-¾âûáðîñû¿, ó êîòîðûõ Mi < µ−
(ïðè ýòîì ìîæåò óëó÷øèòüñÿ êà÷åñòâî êëàññèôèêàöèè);

Ïàðàìåòðû µ+, µ− ïðèä¼òñÿ ïîäáèðàòü.
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Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Ýâðèñòèêè äëÿ ìåòîäà ñòîõàñòè÷åñêîãî ãðàäèåíòà

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü

Èíèöèàëèçàöèÿ âåñîâ è ïîðÿäîê îáúåêòîâ
Âûáîð âåëè÷èíû ãðàäèåíòíîãî øàãà
Ïðîáëåìà ïåðåîáó÷åíèÿ, ìåòîä ñîêðàùåíèÿ âåñîâ

Âàðèàíòû âûáîðà ãðàäèåíòíîãî øàãà

1 ñõîäèìîñòü ãàðàíòèðóåòñÿ (äëÿ âûïóêëûõ ôóíêöèé) ïðè

ht → 0,
∞∑
t=1

ht =∞,
∞∑
t=1

h2t <∞,

â ÷àñòíîñòè ìîæíî ïîëîæèòü ht = 1/t;
2 ìåòîä ñêîðåéøåãî ãðàäèåíòíîãî ñïóñêà:

Li

(
w − h∇Li (w)

)
→ min

h
,

ïîçâîëÿåò íàéòè àäàïòèâíûé øàã h∗;

Ïðè êâàäðàòè÷íîé ôóíêöèè ïîòåðü h∗ = ‖xi‖−2.
3 ïðîáíûå ñëó÷àéíûå øàãè äëÿ ¾âûáèâàíèÿ¿ èòåðàöèîííîãî

ïðîöåññà èç ëîêàëüíûõ ìèíèìóìîâ;
4 ìåòîä Ëåâåíáåðãà-Ìàðêâàðäòà (âòîðîãî ïîðÿäêà)
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Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Ýâðèñòèêè äëÿ ìåòîäà ñòîõàñòè÷åñêîãî ãðàäèåíòà

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü

Èíèöèàëèçàöèÿ âåñîâ è ïîðÿäîê îáúåêòîâ
Âûáîð âåëè÷èíû ãðàäèåíòíîãî øàãà
Ïðîáëåìà ïåðåîáó÷åíèÿ, ìåòîä ñîêðàùåíèÿ âåñîâ

Äèàãîíàëüíûé ìåòîä Ëåâåíáåðãà-Ìàðêâàðäòà

Ìåòîä Íüþòîíà-Ðàôñîíà, Li (w) ≡ L (〈w , xi 〉yi ):

w := w − h
(
L ′′

i (w)
)−1∇Li (w),

ãäå L ′′
i (w) =

(
∂2Li (w)
∂wj∂wj′

)
� ãåññèàí, n×n-ìàòðèöà

Ýâðèñòèêà. Ñ÷èòàåì, ÷òî ãåññèàí äèàãîíàëåí:

wj := wj − h

(
∂2Li (w)

∂w2
j

+ µ

)−1
∂Li (w)

∂wj
,

h � òåìï îáó÷åíèÿ, ìîæíî ïîëàãàòü h = 1
µ � ïàðàìåòð, ïðåäîòâðàùàþùèé îáíóëåíèå çíàìåíàòåëÿ.

Îòíîøåíèå h/µ åñòü òåìï îáó÷åíèÿ íà ðîâíûõ ó÷àñòêàõ
ôóíêöèîíàëà Li (w), ãäå âòîðàÿ ïðîèçâîäíàÿ îáíóëÿåòñÿ.
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Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Ýâðèñòèêè äëÿ ìåòîäà ñòîõàñòè÷åñêîãî ãðàäèåíòà

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü

Èíèöèàëèçàöèÿ âåñîâ è ïîðÿäîê îáúåêòîâ
Âûáîð âåëè÷èíû ãðàäèåíòíîãî øàãà
Ïðîáëåìà ïåðåîáó÷åíèÿ, ìåòîä ñîêðàùåíèÿ âåñîâ

Ïðîáëåìà ïåðåîáó÷åíèÿ

Âîçìîæíûå ïðè÷èíû ïåðåîáó÷åíèÿ:

ñëèøêîì ìàëî îáúåêòîâ, ñëèøêîì ìíîãî ïðèçíàêîâ

ëèíåéíàÿ çàâèñèìîñòü (ìóëüòèêîëëèíåàðíîñòü) ïðèçíàêîâ:

ïóñòü ïîñòðîåí êëàññèôèêàòîð: a(x ,w) = sign〈w , x〉
ìóëüòèêîëëèíåàðíîñòü: ∃u ∈ Rn: ∀x ∈ X 〈u, x〉 = 0
íååäèíñòâåííîñòü ðåøåíèÿ: ∀γ ∈ R a(x ,w) = sign〈w+γu, x〉

Ïðîÿâëåíèÿ ïåðåîáó÷åíèÿ:

ñëèøêîì áîëüøèå âåñà |wj | ðàçíûõ çíàêîâ
íåóñòîé÷èâîñòü äèñêðèìèíàíòíîé ôóíêöèè 〈w , x〉
Q(X `)� Q(X k)

Ïðîñòîé ñïîñîá óìåíüøèòü ïåðåîáó÷åíèå:

ðåãóëÿðèçàöèÿ ‖w‖ → min (ñîêðàùåíèå âåñîâ, weight decay)
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Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Ýâðèñòèêè äëÿ ìåòîäà ñòîõàñòè÷åñêîãî ãðàäèåíòà

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü

Èíèöèàëèçàöèÿ âåñîâ è ïîðÿäîê îáúåêòîâ
Âûáîð âåëè÷èíû ãðàäèåíòíîãî øàãà
Ïðîáëåìà ïåðåîáó÷åíèÿ, ìåòîä ñîêðàùåíèÿ âåñîâ

Ðåãóëÿðèçàöèÿ (ñîêðàùåíèå âåñîâ)

Øòðàô çà óâåëè÷åíèå íîðìû âåêòîðà âåñîâ:

L̃i (w) = Li (w) +
τ

2
‖w‖2 = Li (w) +

τ

2

n∑
j=1

w2
j → min

w
.

Ãðàäèåíò:
∇L̃i (w) = ∇Li (w) + τw .

Ìîäèôèêàöèÿ ãðàäèåíòíîãî øàãà:

w := w(1− hτ)− h∇Li (w).

Ìåòîäû ïîäáîðà êîýôôèöèåíòà ðåãóëÿðèçàöèè τ :

1 ñêîëüçÿùèé êîíòðîëü;

2 ñòîõàñòè÷åñêàÿ àäàïòàöèÿ;

3 äâóõóðîâíåâûé áàéåñîâñêèé âûâîä.
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Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Ýâðèñòèêè äëÿ ìåòîäà ñòîõàñòè÷åñêîãî ãðàäèåíòà

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü

Èíèöèàëèçàöèÿ âåñîâ è ïîðÿäîê îáúåêòîâ
Âûáîð âåëè÷èíû ãðàäèåíòíîãî øàãà
Ïðîáëåìà ïåðåîáó÷åíèÿ, ìåòîä ñîêðàùåíèÿ âåñîâ

SG: Äîñòîèíñòâà è íåäîñòàòêè

Äîñòîèíñòâà:

1 ëåãêî ðåàëèçóåòñÿ;

2 ëåãêî îáîáùàåòñÿ íà ëþáûå g(x ,w), L (a, y);

3 ëåãêî äîáàâèòü ðåãóëÿðèçàöèþ

4 âîçìîæíî äèíàìè÷åñêîå (ïîòîêîâîå) îáó÷åíèå;

5 íà ñâåðõáîëüøèõ âûáîðêàõ ìîæíî ïîëó÷èòü íåïëîõîå
ðåøåíèå, äàæå íå îáðàáîòàâ âñå (xi , yi );

6 ïîäõîäèò äëÿ çàäà÷ ñ áîëüøèìè äàííûìè

Íåäîñòàòêè:

1 ïîäáîð êîìïëåêñà ýâðèñòèê ÿâëÿåòñÿ èñêóññòâîì
(íå çàáûòü ïðî ïåðåîáó÷åíèå, çàñòðåâàíèå, ðàñõîäèìîñòü)
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Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Ýâðèñòèêè äëÿ ìåòîäà ñòîõàñòè÷åñêîãî ãðàäèåíòà

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü

Âåðîÿòíîñòíàÿ ìîäåëü êëàññèôèêàöèè
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ
Ïðèìåð. Çàäà÷à êðåäèòíîãî ñêîðèíãà

Ïðèíöèï ìàêñèìóìà ïðàâäîïîäîáèÿ

Ïóñòü X × Y � â.ï. ñ ïëîòíîñòüþ p(x , y |w) = P(y |x ,w)p(x).
Ïóñòü X ` � ïðîñòàÿ (i.i.d.) âûáîðêà: (xi , yi )

`
i=1 ∼ p(x , y |w)

Îöåíêà ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ äëÿ w :∏̀
i=1

p(xi , yi |w) =
∏̀
i=1

P(yi |xi ,w)HHHp(xi )→ max
w

Ëîãàðèôì ïðàâäîïîäîáèÿ (log-likelihood, log-loss):

L(w) =
∑̀
i=1

logP(yi |xi ,w)→ max
w

.

Â ñëó÷àå äâóõ êëàññîâ, yi ∈ Y = {0, 1}, óäîáíî çàïèñûâàòü
ìîäåëü óñëîâíîé âåðîÿòíîñòè π(x ,w) = P(y =1|x ,w):

L(w) =
∑̀
i=1

yi log π(xi ,w) + (1−yi ) log
(
1−π(xi ,w)

)
→ max

w
,
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Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Ýâðèñòèêè äëÿ ìåòîäà ñòîõàñòè÷åñêîãî ãðàäèåíòà

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü

Âåðîÿòíîñòíàÿ ìîäåëü êëàññèôèêàöèè
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ
Ïðèìåð. Çàäà÷à êðåäèòíîãî ñêîðèíãà

Ñâÿçü ïðàâäîïîäîáèÿ è àïïðîêñèìàöèè ýìïèðè÷åñêîãî ðèñêà

Ïóñòü X × Y � â.ï. ñ ïëîòíîñòüþ p(x , y |w) = P(y |x ,w)p(x).
Ïóñòü X ` � ïðîñòàÿ (i.i.d.) âûáîðêà: (xi , yi )

`
i=1 ∼ p(x , y |w)

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ (Maximum Likelihood, ML):

L(w) =
∑̀
i=1

logP(yi |xi ,w)→ max
w

.

Ìèíèìèçàöèÿ àïïðîêñèìèðîâàííîãî ýìïèðè÷åñêîãî ðèñêà:

Q(w) =
∑̀
i=1

L
(
yig(xi ,w)

)
→ min

w
;

Ýòè äâà ïðèíöèïà ýêâèâàëåíòíû, åñëè ïîëîæèòü

− logP(yi |xi ,w) = L
(
yig(xi ,w)

)
.

ìîäåëü P(y |x ,w) � ìîäåëü g(x ,w) è L (M) .
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Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Ýâðèñòèêè äëÿ ìåòîäà ñòîõàñòè÷åñêîãî ãðàäèåíòà

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü

Âåðîÿòíîñòíàÿ ìîäåëü êëàññèôèêàöèè
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ
Ïðèìåð. Çàäà÷à êðåäèòíîãî ñêîðèíãà

Âåðîÿòíîñòíûé ñìûñë ðåãóëÿðèçàöèè

P(y |x ,w) � âåðîÿòíîñòíàÿ ìîäåëü äàííûõ;
p(w ; γ) � àïðèîðíîå ðàñïðåäåëåíèå ïàðàìåòðîâ ìîäåëè;
γ � âåêòîð ãèïåðïàðàìåòðîâ;

Òåïåðü íå òîëüêî ïîÿâëåíèå âûáîðêè X `,
íî è ïîÿâëåíèå ìîäåëè w òàêæå ïîëàãàåòñÿ ñòîõàñòè÷åñêèì.

Ñîâìåñòíîå ïðàâäîïîäîáèå äàííûõ è ìîäåëè:

p(X `,w) = p(X `|w) p(w ; γ).

Ïðèíöèï ìàêñèìóìà àïîñòåðèîðíîé âåðîÿòíîñòè

(Maximum a Posteriori Probability, MAP):

L(w) = ln p(X `,w) =
∑̀
i=1

logP(yi |xi ,w) + log p(w ; γ)︸ ︷︷ ︸
ðåãóëÿðèçàòîð

→ max
w
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Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Ýâðèñòèêè äëÿ ìåòîäà ñòîõàñòè÷åñêîãî ãðàäèåíòà

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü

Âåðîÿòíîñòíàÿ ìîäåëü êëàññèôèêàöèè
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ
Ïðèìåð. Çàäà÷à êðåäèòíîãî ñêîðèíãà

Ïðèìåðû: àïðèîðíûå ðàñïðåäåëåíèÿ Ãàóññà è Ëàïëàñà

Ïóñòü âåñà wj íåçàâèñèìû, Ewj = 0, Dwj = C .

Ðàñïðåäåëåíèå Ãàóññà è êâàäðàòè÷íûé (L2) ðåãóëÿðèçàòîð:

p(w ;C ) =
1

(2πC )n/2
exp

(
−‖w‖

2

2C

)
, ‖w‖2 =

n∑
j=1

w2
j ,

− ln p(w ;C ) = 1
2C ‖w‖

2 +���const

Ðàñïðåäåëåíèå Ëàïëàñà è àáñîëþòíûé (L1) ðåãóëÿðèçàòîð:

p(w ;C ) =
1

(2C )n
exp

(
−‖w‖

C

)
, ‖w‖ =

n∑
j=1
|wj |,

− ln p(w ;C ) = 1
C ‖w‖+���const

C � ãèïåðïàðàìåòð, τ = 1
C � êîýôôèöèåíò ðåãóëÿðèçàöèè.
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Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Ýâðèñòèêè äëÿ ìåòîäà ñòîõàñòè÷åñêîãî ãðàäèåíòà

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü

Âåðîÿòíîñòíàÿ ìîäåëü êëàññèôèêàöèè
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ
Ïðèìåð. Çàäà÷à êðåäèòíîãî ñêîðèíãà

Äâóõêëàññîâàÿ ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Ëèíåéíàÿ ìîäåëü êëàññèôèêàöèè äëÿ äâóõ êëàññîâ Y = {−1, 1}:

a(x) = sign〈w , x〉, x ,w ∈ Rn.

Îòñòóï M = 〈w , x〉y .
Ëîãàðèôìè÷åñêàÿ ôóíêöèÿ ïîòåðü:

L (M) = log
(
1 + e−M

)
.

-3,0 -2,5 -2,0 -1,5 -1,0 -0,5 0 0,5 1,0 1,5 2,0 2,5 3,0

0

0,5

1,0

1,5

2,0

2,5

3,0

3,5

M

L (M)

Ìîäåëü óñëîâíîé âåðîÿòíîñòè:

P(y |x ,w) = σ(M) = 1
1+e−M ,

ãäå σ(M) � ñèãìîèäíàÿ ôóíêöèÿ,
âàæíîå ñâîéñòâî: σ(M) + σ(−M) = 1.

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

0

0,2

0,4

0,6

0,8

1,0

M

σ(M)

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ (logistic loss) ñ ðåãóëÿðèçàöèåé:

Q(w) =
∑̀
i=1

log
(
1 + exp(−〈w , xi 〉yi )

)
+
τ

2
‖w‖2 → min

w
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Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Ýâðèñòèêè äëÿ ìåòîäà ñòîõàñòè÷åñêîãî ãðàäèåíòà

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü

Âåðîÿòíîñòíàÿ ìîäåëü êëàññèôèêàöèè
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ
Ïðèìåð. Çàäà÷à êðåäèòíîãî ñêîðèíãà

Ìíîãîêëàññîâàÿ ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Ëèíåéíûé êëàññèôèêàòîð ïðè ïðîèçâîëüíîì ÷èñëå êëàññîâ |Y |:

a(x) = arg max
y∈Y
〈wy , x〉, x ,wy ∈ Rn.

Âåðîÿòíîñòü òîãî, ÷òî îáúåêò x îòíîñèòñÿ ê êëàññó y :

P(y |x ,w) =
exp〈wy , x〉∑

z∈Y
exp〈wz , x〉

= SoftMax
y∈Y

〈wy , x〉,

ôóíêöèÿ SoftMax: RY → RY ïåðåâîäèò ïðîèçâîëüíûé âåêòîð
â íîðìèðîâàííûé âåêòîð äèñêðåòíîãî ðàñïðåäåëåíèÿ.

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ (log-loss) ñ ðåãóëÿðèçàöèåé:

L(w) =
∑̀
i=1

logP(yi |xi ,w)− τ

2

∑
y∈Y
‖wy‖2 → max

w
.
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Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Ýâðèñòèêè äëÿ ìåòîäà ñòîõàñòè÷åñêîãî ãðàäèåíòà

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü

Âåðîÿòíîñòíàÿ ìîäåëü êëàññèôèêàöèè
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ
Ïðèìåð. Çàäà÷à êðåäèòíîãî ñêîðèíãà

Ïðèìåð. Áèíàðèçàöèÿ ïðèçíàêîâ è ñêîðèíãîâàÿ êàðòà

Çàäà÷à êðåäèòíîãî ñêîðèíãà:

xi � çà¼ìùèêè

yi = −1 (bad),+1 (good)

Áèíàðèçàöèÿ ïðèçíàêîâ fj(x):

bjk(x) =
[
fj(x) èç k-ãî èíòåðâàëà

]
Ëèíåéíàÿ ìîäåëü êëàññèôèêàöèè:

a(x ,w) = sign
∑
j ,k

wjkbjk(x).

Âåñ ïðèçíàêà wjk ðàâåí åãî âêëàäó
â îáùóþ ñóììó áàëëîâ (score).

ïðèçíàê j èíòåðâàë k wjk
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Ëîãèñòè÷åñêàÿ ðåãðåññèÿ
Ïðèìåð. Çàäà÷à êðåäèòíîãî ñêîðèíãà

Îöåíèâàíèå ðèñêîâ â ñêîðèíãå

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ íå òîëüêî
îïðåäåëÿåò âåñà w , íî è îöåíèâàåò
àïîñòåðèîðíûå âåðîÿòíîñòè êëàññîâ

P(y |x) =
1

1 + e−〈w ,x〉y
-6 -4 -2 0 2 4 6

0

0.5

1.0

Îöåíêà ðèñêà (ìàòåìàòè÷åñêîãî îæèäàíèÿ) ïîòåðü îáúåêòà x :

R(x) =
∑
y∈Y

Dxy P(y |x),

ãäå Dxy � âåëè÷èíà ïîòåðè äëÿ îáúåêòà x ñ èñõîäîì y .

Îöåíêà ãîâîðèò î òîì, ñêîëüêî ìû ïîòåðÿåì â ñðåäíåì.
Íî ñêîëüêî ìû ïîòåðÿåì â õóäøåì ñëó÷àå?
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Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü

Âåðîÿòíîñòíàÿ ìîäåëü êëàññèôèêàöèè
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ
Ïðèìåð. Çàäà÷à êðåäèòíîãî ñêîðèíãà

Ìåòîäèêà VaR (Value at Risk)

Ñòîõàñòè÷åñêîå ìîäåëèðîâàíèå: N = 104 ðàç

äëÿ êàæäîãî xi ðàçûãðûâàåòñÿ èñõîä yi ∼ P(y |xi );
âû÷èñëÿåòñÿ ñóììà ïîòåðü ïî ïîðòôåëþ V =

∑`
i=1Dxiyi ;

99%-êâàíòèëü ýìïèðè÷åñêîãî ðàñïðåäåëåíèÿ ïîòåðü
îïðåäåëÿåò âåëè÷èíó ðåçåðâèðóåìîãî êàïèòàëà

Распределение возможных потерь по портфелюРаспределение возможных потерь по портфелю

-2000 -1500 -1000 -500 0 500 1000 1500 2000

0.0005

0.0010

сумма потерь

плотность вероятности

VaR
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Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Ýâðèñòèêè äëÿ ìåòîäà ñòîõàñòè÷åñêîãî ãðàäèåíòà

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü

Âåðîÿòíîñòíàÿ ìîäåëü êëàññèôèêàöèè
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ
Ïðèìåð. Çàäà÷à êðåäèòíîãî ñêîðèíãà

Ðåçþìå â êîíöå ëåêöèè

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà (SG) ïîäõîäèò äëÿ
ëþáûõ ìîäåëåé è ôóíêöèé ïîòåðü

Õîðîøî ïîäõîäèò äëÿ îáó÷åíèÿ ïî áîëüøèì äàííûì

Àïïðîêñèìàöèÿ ïîðîãîâîé ôóíêöèè ïîòåðü L (M)
ïîçâîëÿåò èñïîëüçîâàòü ãðàäèåíòíóþ îïòèìèçàöèþ

Ôóíêöèè L (M), øòðàôóþùèå çà ïðèáëèæåíèå ê ãðàíèöå
êëàññîâ, óâåëè÷èâàþò çàçîð ìåæäó êëàññàìè,
áëàãîäàðÿ ýòîìó ïîâûøàåòñÿ íàä¼æíîñòü êëàññèôèêàöèè

Ðåãóëÿðèçàöèÿ ðåøàåò ïðîáëåìó ìóëüòèêîëëèíåàðíîñòè
è òàêæå ñíèæàåò ïåðåîáó÷åíèå

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ � ìåòîä êëàññèôèêàöèè,
îöåíèâàþùèé óñëîâíûå âåðîÿòíîñòè êëàññîâ P(y |x)
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