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Ñîäåðæàíèå ïðåäûäóùèõ ëåêöèé

Ôîðìóëà Áàéåñà è �îðìóëà ïîëíîé âåðîÿòíîñòè;

Îïðåäåëåíèå àïðèîðíûõ âåðîÿòíîñòåé è sele
tion bias;

(Ìíîæåñòâåííîå) òåñòèðîâàíèå ãèïîòåç

Ýêñïîíåíöèàëüíîå ñåìåéñòâà. Äîñòàòî÷íûå ñòàòèñòèêè.

Íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð. Ñâÿçü öåëåâîé �óíêöèè è

âåðîÿòíîñòíîé ìîäåëè.

Ëèíåéíàÿ ðåãðåññèÿ: ñâÿçü ÌÍÊ è wML, ðåãóëÿðèçàöèè è wMAP.

Ñâîéñòâî ñîïðÿæåííîñòè àïðèîðíîãî ðàñïðåäåëåíèÿ ïðàâäîïîäîáèþ.

Ïðîãíîç äëÿ îäèíî÷íîé ìîäåëè:

p(ytest|Xtest,Xtrain, ytrain) =

∫

p(ytest|w,Xtest)p(w|Xtrain, ytrain)dw.

Ñâÿçü àïîñòåðèîðíîé âåðîÿòíîñòè ìîäåëè è îáîñíîâàííîñòè

Îáîñíîâàííîñòü: ïîíèìàíèå è ñâÿçü ñî ñòàòèñòè÷åñêîé çíà÷èìîñòüþ.

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ: ïðîáëåìû ML-îöåíêè w è ñâÿçü

àïðèîðíîãî ðàñïðåäåëåíèÿ ñ îòáîðîì ïðèçíàêîâ.

EM-àëãîðèòì è îòáîð ïðèçíàêîâ â áàéåñîâñêîé ëèíåéíîé ðåãðåññèè.

Âàðèàöèîííûé EM-àëãîðèòì. Ñìåñü ìîäåëåé ëîã. ðåãðåññèè.

�àóññîâñêèå ïðîöåññû. Ó÷¼ò ýâîëþöèè ìîäåëåé âî âðåìåíè.

Ïîñòðîåíèå àäåêâàòíûõ ìóëüòèìîäåëåé.

2 / 13



EM è âàðèàöèîííûé EM-àëãîðèòì (âîñïîìèíàíèå)

Ïóñòü D = (X, y) � íàáëþäàåìûå ïåðåìåííûå, Z � ñêðûòûå ïåðåìåííûå.

p(D, Z|Θ) = p(D|Z, Θ)p(Z|Θ).

Âîïðîñ 1: Êàê ðåøèòü çàäà÷ó p(D|Θ) =

∫

p(D, Z|Θ)dZ → max
Θ

?

EM-àëãîðèòì

Ââåäåì F (q, Θ) = −

∫

q(Z) log q(Z)dZ+

∫

q(Z) log p(D, Z|Θ)dZ =

log p(D|Θ)−DKL(q‖p(Z|D, Θ)).

Èäåÿ 1: p(D|Θ) → max
Θ

çàìåíèì íà F (q, Θ) → max
q,Θ

.

Èäåÿ 2: Ïîøàãîâî îïòèìèçèðóåì ïî Θ è q, òî åñòü

1 E-øàã: qs = F (q, Θs−1) → max
q∈Q

;

2 M-øàã: Θs = F (qs, Θ) → max
Θ

.

Âàðèàöèîííûé EM-àëãîðèòì: Q =

{

q(Z) : q(Z) =

K
∏

k=1

q(zk)

}

.

Ïðîãíîç:

p(y|x, D, Θ) =

∫

p(y, Z|x, D, Θ)dZ =

∫

p(y|x, Z)p(Z|D, Θ)dZ.

Âîïðîñ 2: Êàê áûòü ñ p(Z|D, Θ) =
p(D, Z|Θ)

p(D|Θ)
?
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Íåîáõîäèìîñòü ñýìïëèðîâàíèÿ

Ïóñòü åñòü íåêîòîðàÿ ïåðåìåííàÿ Z ñ ðàñïðåäåëåíèåì p(Z).

Íàéòè P(f(Z) > 0);

P(w
T

x > B), ãäå w � âåñà ïðèçíàêîâ, x � ïðèçíàêîâîå îïèñàíèå, à

w
T

x � îæèäàåìûé äîõîä.

Ef(Z) =

∫

f(Z)p(Z)dZ ≈ 1
m

m
∑

i=1

f(Zi);

p(y|X, A) =

∫

p(y|X, w)p(w|A)dw â ëîã. ðåãðåññèè;

Eq(Z) log p(X, Z|Θ) íà M øàãå EM-àëãîðèòìà.

Âîïðîñ 1: ×òî äåëàòü, åñëè p(Z) èçâåñòíî ñ òî÷íîñòüþ äî êîíñòàíòû, òî

åñòü p(Z) ∝ p̃(Z)?
Âîïðîñ 2: ×òî äåëàòü äëÿ ðåøåíèÿ çàäà÷è p(Z) → max

Z

, åñëè p(Z)

èçâåñòíî, íî çàäà÷à ìàêñèìèçàöèè àíàëèòè÷åñêè íå ðåøàåòñÿ?
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Áàçîâûå ìåòîäû ñýìïëèðîâàíèÿ

Ìåòîä îáðàòíîé �óíêöèè (p(z) èçâåñòíî, z ∈ R)

ξ � íåïðåðûâíàÿ ñëó÷àéíàÿ âåëè÷èíà, òîãäà η = Fξ(ξ) ∼ U [0, 1].
�åíåðèðóåì x1, . . . , xm êàê xi = F−1

ξ (yi), ãäå yi ∼ U [0, 1].
Âûáîðêà ñ îòêëîíåíèåì (reje
tion sampling)

Çàìå÷àíèå: p(Z) ∝ p̃(Z) èçâåñòíî ñ òî÷íîñòüþ äî êîíñòàíòû.

Ïóñòü q(Z) � íåêîòîðîå ïðåäëîæíîå (proposal) ðàñïðåäåëåíèå è

p̃(Z) ≤ q̃(Z) = αq(Z).
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Ñãåíåðèðóåì âûáîðêó

x1, . . . , xn èç q(Z);

Ñãåíåðèðóåì

t1, . . . , tn ∼ U [0, 1];

Ïðèíèìàåì òå òî÷êè âûáîðêè,

ãäå ti <
p̃(xi)
q̃(xi)

.

Âîïðîñ 1: Ïðè êàêèõ óñëîâèÿõ reje
tion sampling ý��åêòèâåí?

Âîïðîñ 2: Êàê ñýìïëèðîâàòü èç ìíîãîìåðíîãî íîðìàëüíîãî

ðàñïðåäåëåíèÿ N (µ, Σ), åñëè åñòü ãåíåðàòîð èç N (0, 1)?
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Èäåÿ MCMC

Ïóñòü èìååòñÿ îäíîðîäíàÿ ìàðêîâñêàÿ öåïü ñ �óíêöèåé ïëîòíîñòè

âåðîÿòíîñòè ïåðåõîäà ìåæäó ñîñòîÿíèÿìè q(Zi+1|Zi).

Âîçüìåì íåêîòîðîå p0(Z) è ñãåíåðèðóåì Z0 ∼ p0(Z);

�åíåðèðóåì Zi+1 ∼ q(Zi+1|Zi), i = 0, 1, . . .;

Âûáðàñûâàåì ïåðâûå m0 íàáëþäåíèé (è ïðîðåæèâàåì, åñëè íóæíà

ÍÎ� (i.i.d) âûáîðêà).

Âîïðîñ: Ïðè êàêèõ óñëîâèÿõ òàêàÿ ñõåìà ïðèâåäåò ê ïîëó÷åíèþ âûáîðêè

èç p(Z) ?
Óñëîâèå 1: p(Z) èíâàðèàíòíî îòíîñèòåëüíî öåïè, òî åñòü

p(Zi+1) =

∫

p(Zi)q(Zi+1|Zi)dZi (ñòàöèîíàðíîå ðàñïðåäåëåíèå).

Äîñòàòî÷íîå óñëîâèå: p(Zi+1)q(Zi|Zi+1) = p(Zi)q(Zi+1|Zi).

Óñëîâèå 2: öåïü ýðãîäè÷íà, òî åñòü ñòàöèîíàðíîå ðàñïðåäåëåíèå íå

çàâèñèò îò íà÷àëüíûõ óñëîâèé ∀ p0(Z) pi(Zi) → p(Z) ïðè i → ∞.

Äîñòàòî÷íîå óñëîâèå: ∀ s ∀ t : p(t) 6= 0 q(t|s) > 0.
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Ñõåìà �èááñà (Gibbs)

p(Z) ∝ p̃(Z), Z ∈ R
n
.

Ñ÷èòàåì, ÷òî îäíîìåðíûå óñëîâíûå ðàñïðåäåëåíèÿ p(zj |Z\j) ëåãêî
íîðìèðóåìû.

Èìååì Zi, õîòèì ïîëó÷èòü Zi+1;

z1i+1 ∼ p(z1|z2i , . . . , z
n
i );

z2i+1 ∼ p(z2|z1i+1, z
3
i , . . . , z

n
i );

. . .
zni+1 ∼ p(zn|z1i+1, z

2
i+1, . . . , z

n−1
i+1 ).

Óïðàæíåíèå: äîêàçàòü èíâàðèàíòíîñòü p(Z) îòíîñèòåëüíî òàêîé

ìàðêîâñêîé öåïè.

Hint: äîêàçàòü ïî èíäóêöèè, ÷òî ñýìïëèðîâàíèå îäíîé êîìïîíåíòû

ñîõðàíÿåò p(Z).
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Ìîäåëü Èçèíãà (Ising model)

Ïóñòü â êàæäîé òî÷êå åñòü ìàãíèòíûé ìîìåíò xi ∈ {±1} è

p(x) = 1
Z
exp(−E(x)/T ), ãäå E(x) = −

∑

(i, j)∈ε

xixj −
∑

i

hixi.

�åàëèçàöèÿ ìàãíèòíûõ ìîìåíòîâ
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Íàìàãíè÷åííîñòü: µ =

∣

∣

∣

∣

∣
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N

∑

i
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∣

∣

∣

,

ãäå N � ÷èñëî àòîìîâ â ðåøåòêå.

Âîïðîñ 1: Êàê îöåíèòü ñðåäíþþ

íàìàãíè÷åííîñòü: Epµ?

Âàðèàöèîííîå ïðèáëèæåíèå

p(x) ≈ q(x) =
N
∏

i=1

qi(xi).

log qi(xi) ∝ Eq\i log p(x) =

− 1
T
Eq\iE(x).

qi(xi = 1) =
1

1+exp
(

−
2
T (hi+

∑

j: (i, j)∈ε Eqj
xj)

)

.

Âîïðîñ 2: Íàñêîëüêî õîðîøà

âàðèàöèîííàÿ àïïðîêñèìàöèÿ?

Âîïðîñ 3: Êàêóþ àëüòåðíàòèâó

ìîæíî ïðåäëîæèòü?
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Ñðàâíåíèå âàðèàöèîííîé àïïðîêñèìàöèè è ñõåìû �èááñà

Íàìàãíè÷åííîñòü ñ òåìïåðàòóðîé
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Íàìàãíè÷åííîñòü ñ òåìïåðàòóðîé
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Ñðåäíÿÿ ýíåðãèÿ ñ òåìïåðàòóðîé
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Ñòàíäàðòíàÿ îøèáêà ýíåðãèè ñ

òåìïåðàòóðîé
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Âîïðîñ: ×òî âûçûâàåò ïðîâàë ãðà�èêà ìàãíåòèçàöèè?
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Ïðîáëåìû è ïðåèìóùåñòâà ñõåìû �èááñà

Ñâîéñòâà:

(+) Ïîäõîäèò è äëÿ

äèñêðåòíûõ, è äëÿ íåïðåðûâíûõ

ðàñïðåäåëåíèé;

(+) Íåò íàñòðàèâàåìûõ

ïàðàìåòðîâ;

(-) Íåý��åêòèâíà â

ïðîñòðàíñòâàõ áîëüøîé

ðàçìåðíîñòè;

(-) Âîçìîæíà î÷åíü äîëãàÿ

ñõîäèìîñòü öåïè ê

ñòàöèîíàðíîìó ðàñïðåäåëåíèþ.

�åàëèçàöèÿ ìàãíèòíûõ ìîìåíòîâ
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Âîïðîñ: ×òî ïðîèçîéäåò, åñëè

íà÷àëüíûé ýëåìåíò MCMC òàêîé è

T ≪ 1?
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Ñõåìà Ìåòðîïîëèñà-Õàñòèíãñà (Metropolis-Hastings)

p(Z) ∝ p̃(Z), r(Z|Zi) � ïðåäëîæíîå ðàñïðåäåëåíèå.

Èìååì Zi, ñýìïëèðóåì Z∗ ∼ r(Z|Zi);

Âû÷èñëÿåì P (Z∗, Zi) = min
(

1, p̃(Z∗)r(Zi|Z∗)
p̃(Zi)r(Z∗|Zi)

)

Zi+1 = Z∗
ñ âåðîÿòíîñòüþ P (Z∗, Zi),

Zi+1 = Zi ñ âåðîÿòíîñòüþ 1− P (Z∗, Zi).

Îòñþäà q(Zn+1|Zn) =







r(Zn+1|Zn)P (Zn+1, Zn), Zn+1 6= Zn,

1−

∫

r(Z∗|Zn)P (Z∗, Zn)dZ
∗, Zn+1 = Zn.

Äîñòàòî÷íîå óñëîâèå ýðãîäè÷íîñòè: ∀ s ∀ t : p̃(t) > 0, q(t|s) > 0.
Çàìå÷àíèå 1: äëÿ âûïîëíåíèÿ ýòîãî òðåáîâàíèÿ äîñòàòî÷íî

r(t|s) > 0 ∀ s∀ t.

Äîñòàòî÷íîå óñëîâèå èíâàðèàíòíîñòè: ∀ s ∀ t p̃(s)q(t|s) = p̃(t)q(s|t).
Çàìå÷àíèå 2: Óáåæäàåìñÿ â âûïîëíåíèè óñëîâèÿ ïîäñòàíîâêîé.

Äëÿ s = t î÷åâèäíî. Ïóñòü s 6= t, òîãäà p̃(s)q(t|s) =

p̃(s)r(t|s)min
(

1, p̃(t)r(s|t)
p̃(s)r(t|s)

)

= min(p̃(s)r(t|s), p̃(t)r(s|t)) = p̃(t)q(s|t).
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Ñõåìà Ìåòðîïîëèñà-Õàñòèíãñà (ïðîäîëæåíèå)

Èìååì Zi, ñýìïëèðóåì

Z∗ ∼ r(Z|Zi);

Âû÷èñëÿåì P (Z∗, Zi) =

min
(

1, p̃(Z∗)r(Zi|Z∗)
p̃(Zi)r(Z∗|Zi)

)

Zi+1 = Z∗
, P (Z∗, Zi),

Zi+1 = Zi, 1− P (Z∗, Zi).

Åñëè r(Z∗|Z) = r(Z|Z∗), òî

P (Z∗, Zi) = min
(

1, p̃(Z∗)
p̃(Zi)

)

.

Ïðèìåð

p(x) = N

(

0, σ2

(

1 0.95
0.95 1

))

,

σ = 2,
r(Z∗|Z) = N (Z∗|Z, σ2I).
�åçóëüòàò ñýìïëèðîâàíèÿ
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