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3 VYcnoBusa KyHa-Takkepa n SVM

8§3.1 VYcnoBus KyHa-Takkepa n gBOWCTBEHHOCTb, NPOAOJIKEHNE

amaua 3.1. [lokaxkure, 9TO 3a/]a9a MUHAMHU3AIHA PETYISPU30BAHHOTO (DYHKIIHOHAJIA
Q(w) + 7]jw||, — min (3.1)
w
cp>1n71 >0 s3xBUBaJIEHTHA YCTOBHOH 3a/1a1e

Q(w) — min -
lwll, < C 2

eciin yHKIoHAT Q(W) SBJISETCS BBILYKJIBIM. 3/1€Ch HMEETCsI BBUJLY, ITO JIsl JIOOOTO T
Haiiercs rakoe C, 9T0 3TH 3a/1a90 SKBUBAJICHTHBI, H HA000pOT — 151 jiioboro C' Haigercst
TaKoe T.

Permtenue. 3ajaqa (3.2) aBiasgercs BBILYKION U JJis Hee BbinoJHeHo ycaosue Cieiitepa,
[I03TOMY BEKTOD W, SABJIETCS €€ PEIIeHreM TOIJIa U TOJIBKO TOrJa, KOTJia OH yJIOBJIETBO-
paet yciousaMm Kyna-Takkepa:

Vi (Q(w.) + X[l ;) = 0
el < ©

A >0

X (., — €)= 0

[Tycrb w, — pemtenwue 3aaqn (3.2), Torga u3 yeaosuit Kyna-Takkepa mosydaem, 9To
PaJINEeHT JIarpamKuana B JAHHONW TOYKe paBeH Hysi0. [[0CKOIbKY JlarpakKuan siBJIsieTcs
BBIIIYKJIBIM, TO U3 PABEHCTBA HYJ/IO TPAJIMEHTA B TOYKE W, CJIEIYET, ITO W, SBJISETCSH
r100aIbHBIM MUHUMYMOM JIarpamkuana. CJie/IoBATeIbHO, BEKTOP W, SIBJISETCS PEleHueM
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Q(w) + A" (wll, = €) — min,

KOTOpas 9KBHBAJICHTHA 3a/1ade (3.1) mpu 7 = A\*. BHAYNT, eC/Il W, SBIISETCS PEIICHIEM
3asa4n (3.2), TO OH sBJgeTCs pernenneM 3agaqau (3.1).



IIycts Teneps w, — pemrenne 3aga4n (3.1). omoxkum C' = ||w.|, u A* = 7. To-
ria napa (w,, A*) ynosiersopsier yciousm Kyna-Takkepa u, cIe/0BaTe/IbHO, SBIISETCI
pertierneM 3a1a49u (3.2).

n

§3.2 MeTtopg onopHbIX BEKTOPOB
3.2.1 ®opmynuposka

Bynem paccmarpuBarh JMHEHHbIE KIACCU(PUKATOPBI BUJIA

a(x) = sign{w, x) + b, weRLbER.

JluHeiiHon pa3gennmas BblboOpka. Byjem cauraTh, 9TO CYIIECTBYIOT TaKWe Mapamer-
pPBl W, U by, 9TO COOTBETCTBYIONHMI MM KJjaccudukarop a(xr) He JOMycKaeT HU OJHOMN
omubKU Ha obyuaroleil BIOOpKe. B 3TOoM ciiydae roBOpsT, 9TO BBIOOPKA AUHEHO pasde-
AUMQ.

[Tycts 3ajan HekoTophiil KiaaccudukaTop a(x) = sign(w, x) + b. 3amerum, 9T0 eciu
OJ/THOBPEMEHHO YMHOXKUTH ITAPAMETPhI w U b Ha OJIHY U TY Ke MOJIOKUTEIbHYI0 KOHCTAHTY,
TO KJIacCUPUKATOP He U3MeHUTCd. PacropsiimMcest 3Toit ¢cBoO010it BHIOOPa 1 OTHOPMUPYEM
napamMerpbl Tak, 9TO

min |(w, z) + b = 1. (3.3)

zeX?

PaccrosiHIe 0T IPOU3BOJILHOM TOUKH Ty € R? /10 THIIEPILIOCKOCTH, OIPE/IE/ISeMOi JJAHHBIM
KJIACCH(DUKATOPOM, PABHO

p(x()v CL) =

Torna paccrogHue OT THMIIEPILIOCKOCTH 10 OJimzKafiiero obbekTa o0ydarolnieil BLIOOPKH
paBHO
[(w,z) +b] 1 1

min = min [{w, x) + bl = —.
R T B s LR A Y

JanHast BeJIMIMHA TaKyKe HA3BIBAECTCA OMCMYNoM (margin).

Taxum obpazom, eciu KiraccudukaTop 6e3 ommboK pasiesiser 00yJalonlyo BEIOOp-
Ky, TO TIUPUHA €r0 Pa3/IesoIeil MoJ0Chl paBHA ﬁ Ns3BecTHO, 9TO MAKCHUMUBAIIAS TITH-
PUHBI pa3/IeJIdioNieil I0J0Chl IPUBOJIUT K IIOBBIIMIEHNIO 0000IIAOIIEil CIIOCOOHOCTU KJIac-
cuduraropa |!]|. Becmomaum Takke, 9T0 Ha MOBBIMIEHHE 0000IIAOIIEH CIIOCOOHOCTH Ha-
[IpaBJIeHa U PEryJisipusalius, KoTopas mrpadyer 60JbIITYI0 HOPMY BECOB — a ueM 0O0JIbIie
HOPMAa BECOB, TE€M MEHbIIE IITUPUHA PA3/IEISIONICH MOJIOCHL.

Nrak, TpedyeTcs MOCTPOUTH KJIACCU(MUKATOP, UICATHHO PA3JIE/IAIONINI 00y a0y IO
BBIOOPKY, W TIPU TOM HMEIOIIHI MAaKCUMAJIBHBI OTCTYII. 3alWIeM COOTBETCTBYIONLYIO
ONITUMHUBAIMOHHYTO 33189y :

1 9 )

—[|w|]* = min

2 w,b (34)
yi ((w,z) +0) =1, i=1,...¢



31ech MBI BOCIIOJIb30BAJIUCH TEM, UTO JIMHEHHBIH KiaccuuKaTop JaeT IPABUIbHbI OTBET
Ha OObEeKTe T; TOrJa U TOJBKO Torja, Korja (w,z;) + b > 0. Bosee Toro, u3 yciaoBus
HOpMUPOBKH (3.3) caemyer, uro (w,x;) + b > 1.

B nanHoit 3a/1a4e (DYHKIMOHAI SIBJISIETCSI CTPOIO BBIIYKJIBIM, & O'DAHUYEHs] JIMHE -
HBIMH, TI09TOMY CaMa 3aJ1aua ABJIsieTCs BBILYKJION 1 MMeeT eJMHCTBeHHOe perenue. Bosee
TOrO, 3aJ1a4a ABJIAeTCs KBaJIPATUIHON 1 MOXKeT ObITh pelieHa Kpaiine 3(deKTusHo.

Hepasgenumbin cny4aii. Paccmorpum Ternephb ob0mumii ciry4ail, Korja BbIOOPKY HEBO3-
MOXKHO UJICAJILHO PA3JIEJUTh TUIEPIIOCKOCTBIO. DTO O3HAYAET, UYTO Kakue Obl w u b MbI
He B3sLIH, XOTs ObI OJIHO W3 OrpaHWYeHuil B 3a1ade (3.4) Gyaer HaApYIIeHO:

Jr; € X0y ((w,x) +b) < 1.
CrenaeM 9T OrpaHUYeHus «MATKUMI», BBejist mrpad & > 0 3a ux HapylieHue:

OrmeruMm, 9TO ecau OTCTYI OObeKTa JIeKUT Mexkjy uyiaem u exuuuneii (0 <
yi ((w,z;) +b) < 1), T0 00beKT BepHO KJIACCH(DUIMPYETCsl, HO HMeeT HEHYJIeBOi
mrpad £ > 0. Takum obpazom, Mbl mTpadyeM O0OBEKTHI 3a IMONAJaHe BHYTPh pas/ie-
JIATOIIEN TIOJIOCHI.

Bemmauna m B JIAHHOM CJIydae HA3bIBAETCS MAKUM omemynom (soft margin).
C o/HOIT CTOPOHBI, MBI XOTUM MAaKCHUMHU3UPOBATH OTCTYII, C JAPYroil — MUHUMH3UPOBATD
mrpad 3a Hengea bHOE pas3jeseHne BbHIOOPKU Zle &. DTn JBe 3aJla9M MPOTHBOpPEYAT
JpyT JAPYTY: KaK MPAaBUJIO, MU3JIUIIHSASA TOATOHKA 10T BHIOOPKY MPUBOIUT K MAaJIEHBKO-
MY OTCTYIy, U HAa0OOPOT — MaKCUMU3AIUs OTCTYIa IIPUBOIUT K OOJIBIIONW OIMIUOKE Ha
obyuennn. B kadgecTBe KoMmmpomucca OyieM MUHUMU3UPOBATH B3BEIIEHHYIO CYMMY JIBYX
yKa3aHHBIX BeaudnH. [[puxoauM K ONTUMU3AIMOHHON 3a/1ade
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1
sl +C> & — min
=1 (3.5)
&0, i=1,...,0

Yewm 6osb1mte 3716cHh tapamerp C', TeM cubHee MbI OyIeM HacTPamBATHCS Ha 00y YOIy IO
BBIOOPKY.
JlanHas 3a/1a9a TaK»Ke sIBJISIETCS BBITYKJION U MMeeT eIUHCTBEHHOE PeIlleHHe.

3.2.2 (O060buieHne Ha MHOIOK1aCCOBbI Cay4ai

Paccmorpum Terneps MuOroKIaccoByio 3agaay: Y = {1,..., K} u crocobsr ee perie-
HUS C IIOMOIIBIO METO/a ONOPHBIX BEKTOPOB.

Oavn npotus Becex. O0yunmM K JHHEHHBIX KIaccndUKaTOpoB a1 (), . .., ax(x), ax(x) =
= sign((wg,x) + by). Knaccudurarop ¢ momepom k Oymem o6ydarb 10 BbIOOD-
ke (x;,2[y; = k| — 1)521; UHBIMHI CJIOBAMM, MBI YIUM KJIacCU(DUKATOP OTandaTh k-ii Kiaacce
OT BCEX OCTAJILHBIX.



Nrorossiit kiraccudukaTop OMpeIe/uM CIe Iy IOMIM 00pa30M:

a(x) = arg max{(wk, x) + bk}.

ke{l,..,.K}

[Ipobyiema maHHOIO TOJIX0/IA 3aKJIFOUAETCsT B TOM, UTO KarKIblil U3 KJIaCCH(pPUKATO-
poB aq(x), ..., ax(x) obydaercsa Ha cBoeil BBIOOPKE, U BblIaBacMble BEJTMYUHBI STUX KJIaC-
cupUKATOPOB MOI'YT UMETh Pa3Hble MacCIITaObl, U3-3a Yero cCpaBHUBATH UX OyIET Helpa-
BuibHO |2]. HopMupoBaTh BekTOpa BecoB, 4TOOBI OHU BbLJIABajd OTBETHI B OJIHON U TOM
JKe IKaje, TaKyKe HEeIPaBUILHO, TMOCKOJbKY HOPMHPOBKA M3MEHUT HOPMY BECOB, U OHU
mepecTanyT ObIThH perteHusIMEU 3aa4u SV M.

MNaphbii noaxon. O6yumm C% knaccubukaropos ai;(z), 4,7 = 1,..., K, i # j. Knac-
cuduxarop a;;(z) OymeMm HacTpanBaTh 10 MOABBIOOPKE X ¢ comeprkaliieil TOJIBKO 00bEKTHI
KJIACCOB ¢ U j.

Yro0bI KaaccupUIUpoBaTh HOBBI 00BEKT, MOJAIMM €ro Ha BXOJ KarKJIOro U3 I10-
CTPOEHHBIX OMHAPHBIX KJaccuuKaTopoB. KaxkKIplil U3 HUX IIPOroJIOCYeT 3a CBOE KJacc;
B Ka4ecTBe OTBETa BBIOEPEM TOT, 3& KOTOPLI Habepercs OOJIbIe BCErO T'OJIOCOB:

Muoroknaccosbiit SVM [3]. B anropurme «ofuH IPOTUB BCEX» MbI HE3ABUCUMO CTPO-
WA CBOH KJtaccupUKaTOp 3a KaxK bl Kiaacc. [lonpobyem Tenepb CTpOUTh 9TH KJaccudu-
KaTOPhI OJJHOBPEMEHHO, B PAMKaX OIHON ONTUMU3AIMOHHON 33/ 1a4N.

JL1s1 TpoCcTOTHI OYAEM CINTATH, YTO B BLIDOPKE MMEETCsI KOHCTaHTHBIN IIPpU3HAK, U HE
OyJIeT SBHO yKa3biBaTh caBUT b. Byem nacrpamBarh K HaAOOPOB apaMeTpoB Wi, . . . , Wi,
U UTOTOBBII AJITOPUTM OIPEJIETIM KaK

a(x) = arg max (wg, x).
ke{l,..,.K}

Pacemorpum crieyiontyio byHKITUIO TOTEPD:
max{ (wy, 2) + 1= [k = y(@)] } — (wye), ). (3.6)

Paszbepemcst cHavasa ¢ BbIpazkKeHHEM, [0 KOTOpoMy Oepercst MakcuMyMm. Ecmm k = y(x),
TO OHO PaBHO (Wy, T); B IPOTUBHOM Ke CJlydae OHO paBHO (wg,z) + 1. Ecau onenka 3a
BEPHBII Kj1acc OOJIbIIE OIEHOK 38 OCTAJIbHBIE KJIACCHI XOTs ObI HA €IUHUILY, TO MAKCHMYyM
Gyaer mocrurarbes Ha k = y(x); B 9TOM ciiydae morepsi Oyjaer pasHa Hyso. VHade ke
noreps Oymer 6oJbIIe HyJIsd. 3/1eCh MOYKHO YBUIETH HEKOTOPYIO AHAJOTUIO ¢ OMHAPHLIM
SVM: mbI mTpadyeM He TOJILKO 3a HEBEPHBI OTBET Ha 00bEKTe, HO M 3a HEYBEPEHHYIO
Kjtaccudukanuio (3a momnajganne 00beKTa B PA3IESIONLYIO TOJIOCY ).

PaccmoTpuMm cradasia TUHEHHO pa3ieinMyo BBIOOPKY — T.€. TaKyIo, UTO CyIIeCTBY-
0T BECA Wiy, - . ., Wiy, TPU KOTOPBIX ToTepst (3.6) pasHa Hymo. B 6unaprom SVM mbl
CTPOWJIM KJIACCU(PHUKATOP € MAKCHMAJILHBIM OTCTYIOM. VI3BECTHO, YTO aHAJOrOM OTCTY-
a Jijisi MHOI'OKJIACCOBOTO CJlydas saBjsiercs nopma Ppobennyca marpuinsl W, k- crpoka
KOTOPOH COBHAJIAET C Wg:

1 1

- T K d :
W P Zj:lwl%j

p



[Toay4aeM ciie/lylonyio 3aady:
1
5 IW|* — min

(Wy,, ) + [yi = k] — (wy,x) =21, i=1,....,6k=1,... K.

(3.7)

[Tepeitaem Tenepnb K 0b61memMy ciaydaro. Kak u B OMHAPHOM METO/Ie OTIOPHBIX BEKTOPOB,
nepeiiieM K MATKoi (DyHKIUN IIOTEPb, BBeIs IITpadbl 38 HEBEPHYIO MM HEYBEPEHHYIO
kitaccudurauio. [losmyunm 3amaay

||VV||2 + CZ& — rm?

=1 (3.8)

&>0, i=1,...,0

Pemars 3a1a4y (3.8) MOXKHO, HAIIPEMED, IPH HOMOIM makeTa SVM™Uclas

OTMeTnM, 9TO TAKOM MOAX0/I PerraeT IpodaIeMy ¢ HeCOU3MEPUMOCTBIO BEJTMINH, BbI-
JIABAEMbIX OTJIEIbHBIME KJiaccuuKaropamu (0 KOTOPOH IIa PeUb B MOJXOJIE «OJUH PO~
TUB BCEX» ): KIacCu(MUKATOPbI HACTPAUBAIOTCS OJJHOBDEMEHHO, U BbIIABAEMbIe MU OIEHKI
JIOJIZKHBI IIPABUJIBHO COOTHOCUTBCS JIPYT € JPYTOM, YTOOBI YAOBJIECTBOPATH OI'PAHITICHUSM.

§3.3 BbiBog aBoiicTBeHHOI 3aga4u

Bepremcst K GUHADHOMY METOIy OIOPHBIX BEKTOPOB U IIOCTPOUM JIBOICTBEHHYIO 3a-
mady K (3.5):

14
1
§Hw||2+C;£i — min
€0, i=1,...,0

BamureM JlarpaHKuaH:

L(w,b,s,x,m:—||w||2+CZ& ZA yi ((w, ) +0) =1+ &] - Zuzsz

i=1 =1

Bumumewm yenosusa Kyna-Takkepa:

l l
=1

—_—
i=1
¢ ¢
i=1 i=1
Nilyi (o) +0) —1+¢&]=0 = (N=0) wm (y; (w,z;) +b) =1—&)
(3.12)
wi& =0 — (;=0) wm (§ =0) (3.13)

§ 20,020, >0. (3.14)



[Tpoanasmsupyem nosrydennsie yeaosus. U3 (3.9) ciemyer, 9To BeKTOp BECOB, IO-
JIVIEHHBIN B pe3yJibTare HACTPouKu SVM, MOKHO 3alucaTh KakK JUHEHHYI0 KOMOMHAIIIIO
00BEKTOB, IIPUYEM Beca B 3TOI JIMHEHOM KOMOMHAIINY MOYKHO HafiTH Kak pelleHne IBOM-
CTBEHHOM 3ajiaun. B 3aBucuMocTH oT 3HadeHuil & m \; 00bEKTHI T; Pa3dUBAIOTCA Ha TPH
KaTeropuu:

Takue 00bEKTBI HE BIIMSIOT Pelienne w (BXOAST B HETO C HYJIEBBIM BECOM J;), Tpa-
BUIIbHO Kitaccudurmpyiores (& = 0) u sexkar BHe pasjessornieil moaocbl. OGbeKThI
9TOI KATeropuu Ha3BIBAIOTCS Nepu@epuiiHoLMu.

2.6=0,0< )\, < C.
13 ycnosus (3.12) crenyet, aro y; ((w, z;) + b) = 1, TO ecTb 06BEKT JIEZKUT CTPOTO Ha
rpaHurie pasjessoreii mosocsl. [lockoabKy A; > 0, 00beKT BIUgeT Ha PelleHne w.
OOGbeKThI 9Tl KATEropur HA3BIBAIOTCS ONOPHOIMU 2PAHUNHOLMU.

3. >0, M =C.
Takue 0OBEKTBI MOTYT JieXKaTh BHYTpHU pasjessiomieii nojocsl (0 < & < 2) wim
BBIXOJIUTH 3a ee upegenbl (& > 2). Ipu srom ecomm 0 < & < 1, To 00BEKT KJac-
cuuIIpyeTcsd MPaBUIbLHO, B IPOTUBHOM Caydae — HenpaBUIbHO. OOBEKTDHI 9TOi
KaTEerOpUy Ha3bIBAIOTCA ONOPHBMU HAPYULUMEAAMU.

OrmernMm, uto Bapuanta & > 0, \; < C ObITb HE MOYXKET, IIOCKOJIbLKY Tpu & >
0 u3 ycsoBusi jonosHsomed Heskecrkocru (3.13) cimemyer, uro p; = 0, u orcioga u3
ypasaenus (3.11) momyvaem, aro A; = C.

Wrak, nToroBblii KaaccupUKaTOP 3aBUCUT TOJHKO OT OObEKTOB, JIeXKAIUX Ha I'Pa-
HUIIE PA3JIEJISIONIEii TI0JIOCkL, 1 0T 00beKTOB-Hapymresei (¢ & > 0).

[MocTpoum mBoiicTBennyio dyukimo. s sToro mojgcrasum Bbipazkenue (3.9) B
JIArpaHKuaH, u Bocrosib3yemcs ypasuerusivmu (3.10) u (3.11) (mamHBIe TpH ypaBHEHMSI
BBIITOJTHEHBI JIJIsl TOYKA MUHUMYMa JIarDaHzKHaHa MPH JTHOObIX (DUKCHPOBAHHBIX A U f1):

‘ 2 ¢ ¢ ¢
L= % Z AiYixi|| — Z ANiNjYiy (i, T5) — bz Aiyi + Z Ai + Z& (C — X — i)
i=1 ij=1 i=1 i=1 i=1 Y
- 0
¢

¢

1
= g )\i_§ g iy (T, ).

i=1 ij=1

Mper gosmkEBL HOTpeboBaTh BhioaHeHus yeaosuii (3.10) u (3.11) (ecsu onu He BbI-

HOJTHEHBI, TO JBOICTBeHHAs (QYHKIUS OOPAIAETCS B MUHYC OECKOHETHOCTD), & TaKiKe
HEOTPHIATEILHOCTD JIBOHCTBEHHBIX TepeMeHHBIX A; > 0, u; > 0. Orpanuvenne Ha fi; 1
yeaosue (3.11), MoxkHO 00beauuuTh, moayaus \; < C. [Ipuxogum K ciemyroreii 1Boii-
CTBEHHOII 3amga4e:

V4 V4
1
Z >\2 — 5 Z )\ZAJyZy]@Z,x]) — l'Il)E\lX

i=1 ij=1

0<SN<C, i=1,...,0, (3.15)

’
Z Aiyi =0
\ =1

p




Omna Tak»Ke BOIHYTOI, KBaJIpATUIHON U UMeeT €JIMHCTBEHHBI MAKCHUMYM.

Bepremcst K ToMy, Kakoe IpejcTaBieHne KiaccuduKaTopa JaeT JIBONCTBeHHas 3a-
nada. VI3 ypasaerus (3.9) cieyer, 9To BEKTOD BECOB W MOYKHO MPEJICTABUTH KaK JIMHEH-
HYI0O KOMOMHAINIO 0O BEKTOB U3 obydalomeil Bbibopku. [logcTaBiisis 3To npejcraBienue w
B KJ1acCH(UKATOP, MMOTyTaeM

a(r) = sign (Z Aiyilxi, ) + b) . (3.16)

Takum obpazom, KiaaccudukaTop u3MepsgeT CXOICTBO HOBOIO 00beKTa ¢ OObeKTaMH U3
00y4eHtsl, BLIYUC/IsIS CKAJIAPHOE IIPOU3BEICHIE MEXKLy HIMHU.

B npegcrasiennn (3.16) durypupyer nepementasi b, Koropasi He HaXOIUTCs HEIIO-
CPeJICTBEHHO B JBOiicTBeHHOI 3amade. OQHAKO ee JIEeTKO BOCCTAHOBUTH II0 JIIOOOMY I'pa-
HUYIHOMY OTIOPHOMY OOBEKTY I, /iJist KoToporo BeimosHeHo & = 0,0 < \; < C. s Hero
BBIIIOJTHEHO ¥; ((w, x;) + b) = 1, oTKy/1a mosydaem

b=y — (w,x;).

Kaxk mpasmito, m1st 9uCcaeHHON YCTONYIMBOCTH OepyT MearaHy JTaHHON BETUYINHBI IO BCEM
TPAHUYHBIM OTIOPHBIM OOBEKTaM:
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