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m-Weighted Clique Problem (m-WCP).

Òàêîâîé ÿâëÿåòñÿ è ðàññìàòðèâàåìàÿ â äàííîì äîêëàäå
çàäà÷à m-Weighted Clique Problem (m-WCP)

A cluster analysis problem

Ñóòü ýòîé ôóíäàìåíòàëüíîé äëÿ ìíîãèõ åñòåñòâåííî-
íàó÷íûõ è òåõíè÷åñêèõ ïðèëîæåíèé ïðîáëåìû ñîñòîèò â
ïîèñêå â êîíå÷íîì ìíîæåñòâå îáúåêòîâ ñåìåéñòâà
íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâ (êëàñòåðîâ), ñîñòîÿùèõ èç
ïîõîæèõ îáúåêòîâ ïðè óñëîâèè, ÷òî èçâåñòíû ìîùíîñòè
èñêîìûõ êëàñòåðîâ è ÷èñëåííî âûðàæåííûå (çàäàííûå)
ðåçóëüòàòû ïîïàðíûõ ñðàâíåíèé ýòèõ îáúåêòîâ.
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4. Íåêîòîðûå çàäà÷è ïîèñêà íåñêîëüêèõ êëèê.
Ãåîìåòðè÷åñêàÿ è ñîäåðæàòåëüíàÿ òðàêòîâêè

Ïðèìåð 1. Weighted Clique Problem
(WCP)

Ïðèìåð 2. m-Weighted Clique Problem
(m-WCP), m = 4

Ïðè ýòîì èãíîðèðóþòñÿ ñðàâíåíèÿ ñ ïðîèçâîëüíûìè (ñëó÷àéíûìè
èëè "îøèáî÷íûìè") îáúåêòàìè, òðàêòóåìûìè êàê "ìóñîð".
Çàäà÷à m-Weighted Clique Problem îáîáùàåò ïðîáëåìó íà ñëó÷àé,
êîãäà íà âõîäå äîïîëíèòåëüíî çàäàíû âåñà îáúåêòîâ.
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m-Weighted Clique Problem (m-WCP).

Problem Formulation

Äàíî: ïîëíûé íåîð. âçâåø-é ãðàô G = (V ,E , a, c),
ãäå a : V → R, c : E → R, è íàòóð. ÷èñëà L1, . . . , Lm, s.t.

m∑
k=1

Lk 6 n.

Íàéòè: â ãðàôå G ñåìåéñòâî C = {C1, . . . ,Cm}
âåðøèííî-íåïåðåñåêàþùèõñÿ êëèê ïîðÿäêîâ L1, . . . , Lm ñ
ìèíèì. ñóìì. âåñîì âåðøèí è ðåáåð ãðàôà, âõîäÿùèõ â
ýòè êëèêè.
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m-Weighted Clique Problem (m-WCP).

Çàäà÷à m-WCP ìîæåò áûòü çàïèñàíà â âèäå:

F(C) =
m∑

k=1

∑
e∈E(Ck)

we → min
{Ck}

(1)

|Ck | = Lk , k = Nm; Ck ′ ∩ Ck ′′ = ∅, k ′ 6= k ′′, (2)

ñ èñïîëüç-ì ìîäèôèöèðîâàííîé âåñîâîé ôóíêöèè ðåáåð

we =
ai

Lk − 1
+ ce +

aj

Lk − 1
,

ãäå e = (i , j) ∈ E (Ck), i , j ∈ Nn, k = Nm.
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m-Weighted Clique Problem (m-WCP).

Âû÷èñëèòåëüíàÿ ñëîæíîñòü çàäà÷è m-WCP

Òåîðåìà

Çàäà÷à m-WCP â îáùåì ñëó÷àå NP-òðóäíà â ñ.ñ. è
íåàïïðîêñèìèðóåìà.

Òåîðåìà

NP-òðóäíîñòü â ñ.ñ. ñîõðàíÿåòñÿ

äëÿ çàäà÷è Metric m-WCP, â êîòîðîé ñïðàâåäëèâî
íåð-âî òðåóã. cij 6 cik + ckj ,

äëÿ çàäà÷è Quadratic Euclidean m-WCP, â êîò.
ôóíêöèÿ ce ïîðîæäåíà êâàäðàòàìè ïîïàðíûõ
ðàññòîÿíèé ìåæäó ýë-ìè íåêîò. n-òî÷å÷íîé
êîíôèãóðàöèè â åâêëèäîâîì ïð-âå.
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m-Weighted Clique Problem (m-WCP).

Ïðèáëèæ. ðåøåíèå çàäà÷è m-WCP

Ñóòü ïðåäëàã. ïîäõîäà ñîñòîèò â çàìåíå ðåøåíèÿ èñõ.
çàäà÷è m-WCP íà îïòèì. ðåøåíèå ñïåöèàëüíîé
(âñïîìîãàòåëüíîé) çàäà÷è è ïîñëåäóþùåé îöåíêîé
òî÷íîñòè òàêîé çàìåíû.

Â êà÷åñòâå âñïîìîã. çàäà÷è áåðåòñÿ çàäà÷à

m-Star � ïîèñêà ñåì-âà m íåñìåæíûõ çâåçä çàäàííûõ
ðàçìåðîâ L1, . . . Lm ñ ìèíèì. ñóììîé âåñîâ âõîäÿùèõ â íèõ
âåðøèí è ðåáåð.

Ý.Õ. Ãèìàäè1, Êåëüìàíîâ À.À.1, Ïÿòêèí À.Â.1, Õà÷àé Ì.Þ.2Ïîèñê â ãðàôå íåñìåæíûõ êëèê 12 / 24
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m-Weighted Clique Problem (m-WCP).

Èñïîëüçîâàíèå òðàíñïîðòíîãî àëãîðèòìà

Äëÿ êîíôèãóðàöèè ñ ôèêñèðîâàííûìè öåíòðàìè çâåçä
òàêîå ñåìåéñòâî îòûñêèâàåòñÿ, íàïðèìåð, òðàíñïîðòíûì
àëãîðèòìîì çà âðåìÿ O(mn2 log n) (Êëÿéíøìèäò è
Øàííàòõ) .

Ñ ó÷åòîì ÷èñëà âîçìîæíûõ êîíôèãóðàöèé öåíòðîâ
çâåçä, çàäà÷à m-Star ðåøàåòñÿ çà âðåìÿ O(mnm+2 log n).

Ý.Õ. Ãèìàäè1, Êåëüìàíîâ À.À.1, Ïÿòêèí À.Â.1, Õà÷àé Ì.Þ.2Ïîèñê â ãðàôå íåñìåæíûõ êëèê 13 / 24



Metric m-WCP.

Òåîðåìà î ïðèáë. ðåø. çàäà÷è Metric m-WCP

Çàäà÷à Metric m-WCP ðåøàåòñÿ çà âðåìÿ O(nm+2 log n) ñ
íåóëó÷øàåìîé îöåíêîé òî÷íîñòè

F(B∗)
F(C∗)

6 2
(
1−

∑m

k=1 S(B
∗
k )∑m

k=1 LkS(B
∗
k )

)
. (3)

ãäå ñåìåéñòâî çâåçä B∗ = {B∗1 , ...,B∗m} � îïòèìàëüíîå
ðåøåíèå âñïîìîãàòåëüíîé çàäà÷è.
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Metric m-WCP.

Ïðèìåð 1 äîñòèæèìîñòè (Metric m-WCP).

Ïóñòü n = 12, m = 2, L1 = 3, L2 = 3. Ýëåìåíòû ìàòðèöû
W ðàâíû ïîïàðíûì ðàññòîÿíèÿì ìåæäó òî÷êàìè íà ïë-òè:

v1 = (1; 0), v2 = (2; 0), v3 = (3; 0),

v4 = (−1; 0), v5 = (−2; 0), v6 = (−3; 0),

v7 = (0; 1), v8 =
(1
2
;
2+
√
3

2

)
, v9 =

(
− 1

2
;
2+
√
3

2

)
,

v10 = (0;−1), v11 =
(1
2
;−2+

√
3

2

)
, v12 =

(
− 1

2
;−2+

√
3

2

)
.

Î÷åâèäíî, ýë-òû òàêîé ìàòðèöû W óäîâë. íåð-âó òð-êà.
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Metric m-WCP.

Ïðèìåð 1 äîñòèæèìîñòè (Metric m-WCP).

Ðèñ. : Ê ïðèìåðó 1.
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Metric m-WCP.

Ïðèìåð 1 äîñòèæèìîñòè (Metric m-WCP).

Â êà÷åñòâå îïò. ðåøåíèÿ âñïîì. çàäà÷è ì. âçÿòü
B∗ = (B∗1 ,B

∗
2 ), ãäå B

∗
1 = {v1, v2, v3}, B∗2 = {v4, v5, v6} ñ

b∗1 = v2 and b
∗
2 = v5, ñîîòâ-íî. Ïðè ýòîì S(B∗1 ) = 2,

S(B∗2 ) = 2 è F (B∗1 ) = 4, F (B∗2 ) = 4. Ò.î., F (B∗) = 8.
Îïòèìóì äîñòèãàåòñÿ íà ðåøåíèè C∗ = (C ∗1 ,C

∗
2 ), ãäå

C ∗1 = {v7, v8, v9}, C ∗2 = {v10, v11, v12}, ñ F (C ∗1 ) = 3,
F (C ∗2 ) = 3. Ò.î., îïòèì. çíà÷. öåë. ô-èè ðàâíî F (C∗) = 6, è
òî÷íîñòü ðàâíà 4

3
.

Òîò æå ðåçóëüòàò ñëåäóåò èç ôîðìóëû (3):

F (B∗)
F (C∗)

= 2
(
1−

∑2

k=1 S(B
∗
k )∑2

k=1 LkS(B
∗
k )

)
= 2
(
1− 2+ 2

3 · 2+ 3 · 2

)
=

4

3
.
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Quadratic Euclidean m-WCP.

Òåîðåìà î ïðèáë. ðåø. çàäà÷è Quadratic Euclidean
m-WCP

Çàäà÷à Quadratic Euclidean m-WCP ðåøàåòñÿ çà âðåìÿ
O(nm+2 log n) ñ äîñòèæèìîé îöåíêîé òî÷íîñòè 2.
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Quadratic Euclidean m-WCP.

Ïðèìåð 2 äîñòèæèìîñòè (Quadr. Eucl. m-WCP)

Ïóñòü n = 8, m = 2, L1 = L2 = 3, âåñà âåðøèí ðàâíû 0 è çàäàíà

ìàòðèöà âåñîâ ð¼áåð W =



0 1 1 1 4 5 5 5̄
1 0 4 1 5 4 8 7̄
1 4 0 3 5 8 4 5̄
1 1 3 0 5̄ 5̄ 7̄ 2 · 4̄
4 5 5 5̄ 0 1 1 1
5 4 8 5̄ 1 0 4 3
5 8 4 7̄ 1 4 0 1
5̄ 7̄ 5̄ 2 · 4̄ 1 3 1 0


,

ãäå r̄ = (r − 2
√
3).

Äàííàÿ ìàòðèöà ïîðîæäåíà, íàïðèìåð, ìí-ì òî÷åê íà ïë-òè:

v1 = (0; 1), v2 = (1; 1), v3 = (−1; 1), v4 = (1/2; 1−
√
3/2),

v5 = (0;−1), v6 = (1;−1), v7 = (−1;−1), v8 = (−1/2;−1 +
√
3/2),

çàäàþùèõ ýëåìåíòû wij = ‖vi − vj‖2, 1 6 i , j 6 n, ìàòðèöû W .
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Quadratic Euclidean m-WCP.

Ïðèìåð 2 äîñòèæèìîñòè (Quadr. Eucl. m-WCP)

Ðèñ. : Ê ïðèìåðó 2.
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Quadratic Euclidean m-WCP.

Ïðèìåð 2 äîñòèæèìîñòè (Quadr. Eucl. m-WCP)

Â ýòîì ïðèìåðå OPT = 6 äîñòèãàåòñÿ íà êëèêàõ
C ∗1 = {v1, v2, v4} è C ∗2 = {v5, v7, v8}.

Îäíèì èç îïò. ðåø. âñïîì. çàäà÷è ÿâë. çâåçäû
B∗1 = {v1, v2, v3} ñ öåíòðîì v1 è B∗2 = {v5, v6, v7} ñ öåíòðîì
v5.
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