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Äèíàìèêà ñïèíà èçó÷àåòñÿ íà îñíîâå íåïîñðåäñòâåííîãî

ïðèìåíåíèÿ óðàâíåíèÿ Øðåäèíãåðà. Ïîëíûé ñïèí S
ðàññìàòðèâàåòñÿ â ñòàòè÷åñêîì ìàãíèòíîì ïîëå,

èíäóöèðóþùåì ïåðåõîäû ìåæäó ñîñåäíèìè ñîñòîÿíèÿìè.

Ýòî, î÷åâèäíî, óïðîùåííàÿ ñèòóàöèÿ, â íåêîòîðûõ ñëó÷àÿõ

îïèñûâàþùàÿ ðåàëüíóþ �èçè÷åñêóþ ñèñòåìó, êàê ýòî

ïîêàçàíî â [1℄�[3℄.

Â [3℄ êîý��èöèåíò |bn(t)|
2
, êîòîðûé îïðåäåëÿåòñÿ êàê

âåðîÿòíîñòü íàéòè ñèñòåìó â n -îì ñïèíîâîì ñîñòîÿíèè, áûë

âû÷èñëåí è îêàçàëñÿ òàêîé ñëîæíîé òðèãîíîìåòðè÷åñêîé

ñóììîé:

bn(t) = −2
(−1)n

N + 1

N
∑

s=1

sin
sπ

N + 1
sin

nsπ

N + 1
e2i

k

~
t cos sπ

N+1 ,

1 ≤ n ≤ N .
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Ïðèìåðíîå âûðàæåíèå äëÿ bn(t) ïîñðåäñòâîì
ñîîòâåòñòâóþùèõ �óíêöèé Áåññåëÿ áûëî ïîëó÷åíî òîëüêî

ïðè óñëîâèè, ÷òî n≪ N , αt≪ N (N åñòü îáùåå ÷èñëî

ñïèíîâûõ ñîñòîÿíèé, α � ïàðàìåòð), ïîñêîëüêó òîëüêî â ýòîì

ñëó÷àå ìîæíî îáîñíîâàííî çàìåíèòü òðèãîíîìåòðè÷åñêóþ

ñóììó ïî âñåì ñïèíîâûì ñîñòîÿíèÿì ñîîòâåòñòâóþùèì

èíòåãðàëîì. Èñïîëüçóÿ ýâðèñòè÷åñêèå ðàññóæäåíèÿ, ýòî

ñîîòíîøåíèå ïðåäïîëàãàåòñÿ ñïðàâåäëèâûì òàêæå ïðè

n = N , ÷òî ñîîòâåòñòâóåò ïåðåõîäó îò ñîñòîÿíèÿ ñïèí-ââåðõ

ê ñîñòîÿíèþ ñïèí-âíèç, è òàêèì îáðàçîì ìîæíî âû÷èñëèòü

âðåìÿ èíâåðñèè. Îíî îïðåäåëÿåòñÿ ïåðâûì ìàêñèìóìîì

�óíêöèè |bN (t)|2. Îäíàêî èç-çà çíà÷èìîñòè ìîìåíòà âðåìåíè

èíâåðñèè, ñâÿçûâàþùåãî òåîðèþ ñ ýêñïåðèìåíòàëüíûìè

äàííûìè, íóæíû áûëè áîëåå òî÷íûå è îáîñíîâàííûå

âû÷èñëåíèÿ íà îñíîâå ñòðîãîãî ïîäõîäà, ïðåäëîæåííîãî â [3℄.

Îíè áûëè ïðîâåäåíû â [4℄.
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Íàñòîÿùèé äîêëàä ïîñâÿù¼í ðåçóëüòàòó, îïóáëèêîâàííîìó â

[4℄, ãäå äëÿ àìïëèòóäû âåðîÿòíîñòè bN (t) áûëà âûâåäåíà
íîâàÿ �îðìóëà ÷åðåç �óíêöèè Áåññåëÿ ñ áîëüøèìè

èíäåêñàìè, ïðè N ≥ 2 è äëÿ ëþáîãî t, è åãî ïðîäîëæåíèþ â

ðàáîòå ýòîãî (2018) ãîäà â [8℄.

Ìû ïîëó÷èì íîâûå àñèìïòîòè÷åñêèå ðàçëîæåíèÿ äëÿ

�óíêöèè bN (t), êîòîðûå ïîçâîëÿò âû÷èñëèòü bN (t) ñ
ðàñòóùåé òî÷íîñòüþ (ñì. ãðà�èêè).

Ïîëó÷åíî àñèìïòîòè÷åñêè òî÷íîå âûðàæåíèå äëÿ âðåìåíè

èíâåðñèè ñïèíà. Ïðèìåíåíèå ýòîé ïîëåçíîé �îðìóëû

ïîêàçàíî íà ïðèìåðå êëàñòåðà Fe8.
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�àìèëüòîíèàí íàøåé ñèñòåìû, êîòîðûé âêëþ÷àåò ïîëíûé

ñïèí S, èìååò âèä: H = H0 + V , ãäå H0 åñòü ñòàòè÷åñêèé

ãàìèëüòîíèàí (ò.å. ìàãíèòíîå ïîëå) è V åñòü ÷ëåí,

îòâåòñòâåííûé çà ïåðåõîäû ìåæäó ñïèíîâûìè ñîñòîÿíèÿìè.

Íà÷èíàÿ ñ äèñêðåòíîãî íàáîðà N (N = 2S + 1) ñîáñòâåííûõ
ñîñòîÿíèé ñïèíà |n〉 ïðè H0 ñ ýíåðãèÿìè En, ìîæíî çàïèñàòü

âîëíîâóþ �óíêöèþ êàê:

ψ(t) =
N
∑

n=1

an(t)|n〉 exp(−iEnt/~).

Èç óðàâíåíèÿ Øð¼äèíãåðà ïîëó÷àåì êîý��èöèåíòû an(t):

i~ȧn(t) =
N
∑

l=1

al(t)Vnl exp(iωnlt), ωnl =
En − El

~
.
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Óìåñòíû íåêîòîðûå óïðîùåíèÿ. Âî-ïåðâûõ, ìîæíî

ïðåäïîëîæèòü, ÷òî V ñâÿçûâàåò òîëüêî ñîñåäíèå ñîñòîÿíèÿ,

è íå èìååò äèàãîíàëüíûõ ýëåìåíòîâ; áîëåå òîãî, |ωn,n±1| = ω,
íåçàâèñèìî îò n, è V ∗

n,n+1 = Vn,n−1 = k.
Íà÷àëüíûìè óñëîâèÿìè, ïðåäñòàâëÿþùèìè èíòåðåñ,

ÿâëÿþòñÿ òàêèå:

a1(0) = 1,

an(0) = 0, n = 2, 3, · · ·N,

÷òî ñîîòâåòñòâóåò ñîñòîÿíèþ ñïèí ââåðõ (èëè âíèç).

Ïîäñòàíîâêà

bn(t) = an(t)e
−inωt

ïðèâîäèò ê ñèñòåìå óðàâíåíèé, êîòîðàÿ ìîæåò áûòü ðåøåíà

ïðåîáðàçîâàíèåì Ëàïëàñà. Åñëè ðàññìîòðåòü n = N , òî åñòü

èìåííî àìïëèòóäó âåðîÿòíîñòè èíâåðñèè ñïèíà, ìîæíî

ïîëó÷èòü ñëåäóþùèé ðåçóëüòàò (ñì. [3℄):
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bN (t) = −2
(−1)N

N + 1

N
∑

s=1

sin
sπ

N + 1
sin

Nsπ

N + 1
e2πiβ cos sπ

N+1 , (1)

ãäå

β =
kt

π~
= α

t

2π
, α =

2k

~
. (2)

Ýòî óðàâíåíèå ïîëó÷àåòñÿ â ïðåäåëå ω → 0 è íå çàâèñèò îò

ω. Ìîæåò áûòü âûïîëíåí ïîäðîáíûé ðàñ÷åò äî ïåðâîãî

ïîðÿäêà ïî ω (ñì. [3℄), è îêàçûâàåòñÿ, ÷òî êîý��èöèåíò bN
ñíîâà çàäàåòñÿ �îðìóëàìè (1), (2) â ïðåäåëàõ �àçîâîãî

ìíîæèòåëÿ. Òàêèì îáðàçîì, åñëè ω íå ñëèøêîì âåëèêî,

çíà÷åíèå bN ïî÷òè íå÷óâñòâèòåëüíî ê åãî âàðüèðîâàíèþ.
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Äîêàæåì ñëåäóþùóþ

Òåîðåìà. Ïðè bN (t), N ≥ 2, ñïðàâåäëèâà �îðìóëà:

bN (t) = (−1)N
2

αt

+∞
∑

ν=1

i(N+1)(2ν−1) {[(N + 1)(2ν − 1)− 1]

J(N+1)(2ν−1)−1(αt) + [(N + 1)(2ν − 1) + 1] J(N+1)(2ν−1)+1(αt)
}

,
(3)

N ≥ 2.

Äîêàçàòåëüñòâî òåîðåìû îñíîâàíî íà òð¼õ ëåììàõ.
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Ëåììà 1. Äëÿ bN (t) ñïðàâåäëèâî ñîîòíîøåíèå:

bN (t) =
(−1)N

2(N + 1)
[S1 − S2 − (S3 − S4)] , (4)

ãäå

S1 =

N+1
∑

j=1

exp

[

2πi

(

2j − 1

N + 1
+ β cos

(2j − 1)π

N + 1

)]

,

S2 =
N+1
∑

j=1

exp

[

2πi

(

2j

N + 1
+ β cos

2jπ

N + 1

)]

,

S3 =

N+1
∑

j=1

exp

[

2πiβ cos
(2j − 1)π

N + 1

]

, S4 =

N+1
∑

j=1

exp

(

2πiβ cos
2jπ

N + 1

)

.



Ââåäåíèå Ïîñòàíîâêà çàäà÷è Îñíîâíîé ðåçóëüòàò Óòî÷íåíèå àïïðîêñèìàöèé �óíêöèé Áåññåëÿ è íîâûå �îðìóëû äëÿ Âû÷èñëåíèå âðåìåíè èíâåðñèè

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîëüçóåìñÿ òåì, ÷òî

(−1)s+1 exp

[

2πi

(

s

N + 1
+ β cos

sπ

N + 1

)]

ÿâëÿåòñÿ �óíêöèåé, ïåðèîäè÷åñêîé ïî s ñ ïåðèîäîì 2(N +1),

2(N+1)
∑

s=1

(−1)s+1 exp

[

2πi

(

s

N + 1
+ β cos

sπ

N + 1

)]

=

2(N+1)
∑

s=1

(−1)s+1 exp

[

−2πi

(

s

N + 1
− β cos

sπ

N + 1

)]

,

è ñëåäîâàòåëüíî
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bN (t) =
(−1)N

2(N + 1)

2(N+1)
∑

s=1

(−1)s+1

{

exp

[

2πi

(

s

N + 1
+ β cos

sπ

N + 1

)]

− exp

[

2πiβ cos
sπ

N + 1

]}

. (5)

Çàòåì (5) ïðåäñòàâëÿåòñÿ â âèäå ñóììû äâóõ ñóìì, îäíà ïî

íå÷¼òíûì s :

s = 2j − 1; j = 1, 2, 3, . . . , N + 1;

äðóãàÿ ïî ÷¼òíûì s :

s = 2j; j = 1, 2, 3, . . . , N + 1;

è îòñþäà ïîëó÷àåì óòâåðæäåíèå ëåììû.
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�àññìîòðèì �óíêöèþ

f(x) = e2πiβ cos 2πx, (6)

êîòîðàÿ ÿâëÿåòñÿ ïåðèîäè÷åñêîé ñ ïåðèîäîì 1. �àçëîæèì
f(x) â ðÿä Ôóðüå

f(x) =
+∞
∑

k=−∞

c(k)e2πikx, (7)

ñ êîý��èöèåíòàìè

c(k) =

∫ 1

0
f(x)e−2πikxdx = 2

∫ 1

2

0
e2πiβ cos 2πx cos 2πkxdx. (8)
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Ëåììà 2. Ïðè |k| > 0, ñïðàâåäëèâà îöåíêà:

|c(k)| ≤
(2πβ)2 + 2π|β|

k2
,

è, â ÷àñòíîñòè, ðÿä Ôóðüå äëÿ �óíêöèè f(x) ñõîäèòñÿ
àáñîëþòíî.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç (8) c(k) = c(−k). Íàõîäèì
ïðè k 6= 0:

c(k) =

∫ 1

0
f(x)

de−2πikx

−2πik
=

1

(2πik)2

∫ 1

0
f ′′(x)e−2πikxdx,
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|c(k)| ≤
1

(2πk)2

∫ 1

0
|f ′′(x)|dx ≤

1

(2πk)2
max
0≤x≤1

|f ′′(x)|.

Ïîñêîëüêó èç (7)

f ′′(x) = −16π4β2 sin2 2πxe2πiβ cos 2πx − 8π3iβ cos 2πxe2πiβ cos 2πx,

òî

|f ′′(x)| ≤ (2π)4β2 + (2π)3|β|.

Îòñþäà ñëåäóåò óòâåðæäåíèå ëåììû.
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Ïóñòü M è m � öåëûå, M > 1, 0 ≤ m ≤M ; è ñóììû A è B
îïðåäåëÿþòñÿ êàê :

A =

M
∑

j=1

exp

[

2πi

(

m

M

(

j −
1

2

)

+ β cos 2π

(

j − 1
2

)

M

)]

,

B =
M
∑

j=1

exp

[

2πi

(

m

M
j + β cos 2π

j

M

)]

.



Ââåäåíèå Ïîñòàíîâêà çàäà÷è Îñíîâíîé ðåçóëüòàò Óòî÷íåíèå àïïðîêñèìàöèé �óíêöèé Áåññåëÿ è íîâûå �îðìóëû äëÿ Âû÷èñëåíèå âðåìåíè èíâåðñèè

Ëåììà 3. Äëÿ ñóìì A è B ñïðàâåäëèâû ñëåäóþùèå

ñîîòíîøåíèÿ:

A =M

+∞
∑

r=−∞

(−1)rc(rM −m),

B =M

+∞
∑

r=−∞

c(rM −m),

ãäå c(k) � êîý��èöèåíòû Ôóðüå �óíêöèè f(x) = e2πiβ cos 2πx.



Ââåäåíèå Ïîñòàíîâêà çàäà÷è Îñíîâíîé ðåçóëüòàò Óòî÷íåíèå àïïðîêñèìàöèé �óíêöèé Áåññåëÿ è íîâûå �îðìóëû äëÿ Âû÷èñëåíèå âðåìåíè èíâåðñèè

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðåäñòàâëÿÿ ìíîæèòåëü

e2πiβ cos 2πx
êàæäîãî ñëàãàåìîãî ñóìì A è B â âèäå ðÿäà

Ôóðüå, íàõîäèì

A =
M
∑

j=1

exp

[

2πi
m

M

(

j −
1

2

)] +∞
∑

k=−∞

c(k) exp

(

2πi
j − 1

2

M
k

)

=
+∞
∑

k=−∞

c(k)
M
∑

j=1

exp

[

2πi
m+ k

M

(

j −
1

2

)]

, (9)

B =

M
∑

j=1

exp
(

2πi
m

M
j
)

+∞
∑

k=−∞

c(k) exp

(

2πi
j

M
k

)

=

+∞
∑

k=−∞

c(k)

M
∑

j=1

exp

(

2πi
m+ k

M
j

)

. (10)
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Ïîñêîëüêó

M
∑

j=1

exp

[

2πi
m+ k

M

(

j −
1

2

)]

=

{

(−1)rM , åñëè m+ k = rM, r öåëîå,−∞ < r < +∞;

0 , åñëè m+ k íå êðàòíî M ;

M
∑

j=1

exp

(

2πi
m+ k

M
j

)

=

{

M , åñëè m+ k = rM, r öåëîå,−∞ < r < +∞;

0 , åñëè m+ k íå êðàòíî M ;
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òî èç (9) è (10) ïîëó÷àåì ñîîòâåñòâåííî

A =M
+∞
∑

r=−∞

(−1)rc(rM −m); (11)

B =M
+∞
∑

r=−∞

c(rM −m). (12)

Ëåììà äîêàçàíà.

Ñëåäñòâèå. Èç ëåììû 1 è ëåììû 3 ïîëó÷àåì

bN (t) = (−1)N+1
+∞
∑

ν=1

{c[(N + 1)(2ν − 1)− 2]

+c[(N + 1)(2ν − 1) + 2]− 2c[(N + 1)(2ν − 1)]} . (13)
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Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û. ×ëåíû ýòîãî

ðÿäà, �óíêöèè c(k), îïðåäåëÿþòñÿ èíòåãðàëàìè (8) è ìîãóò

ïðåîáðàçîâàíû ê óäîáíîìó âèäó. Çàìåíîé ïåðåìåííûõ

èíòåãðèðîâàíèÿ y = 2πx, ϕ = y − π
2 , èç (8) ïîëó÷àåì

c(k) =
1

π

∫ π

0
eiαt cos y cos kydy =

ik

2π

∫ 2π

0
ei(kϕ−αt sinϕ)dϕ,

α = 2πβ/t.
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Èíòåãðàë

Jk(αt) =
1

2π

∫ 2π

0
ei(kϕ−αt sinϕ)dϕ (14)

åñòü �óíêöèÿ Áåññåëÿ k-îãî ïîðÿäêà; ïîëüçóÿñü èçâåñòíûìè
ðåêóððåíòíûìè �îðìóëàìè (ñì.[6℄), ïðåäñòàâèì ðÿä (13) â

âèäå

bN (t) = (−1)N
2

αt

+∞
∑

ν=1

i(N+1)(2ν−1) {[(N + 1)(2ν − 1)− 1]

J(N+1)(2ν−1)−1(αt) + [(N + 1)(2ν − 1) + 1] J(N+1)(2ν−1)+1(αt)
}

,
(15)

N ≥ 2. Òåîðåìà äîêàçàíà.
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Çàìå÷àíèå. Òàê êàê Jν(αt) óáûâàåò ýêñïîíåíöèàëüíî ñ

ðîñòîì ν, à ñóììèðîâàíèå â (15) èä¼ò ïî ν, ïðèíàäëåæàùèì
àðè�ìåòè÷åñêîé ïðîãðåññèè ñ ðàçíîñòüþ 2(N + 1), òî óæå
ïåðâûå ñëàãàåìûå ñóììû (15) îáåñïå÷èâàþò õîðîøåå

ïðèáëèæåíèå ê bN (t).
Ïóñòü k ≥ 1, N ≥ 2

b
(k)
N (t) = (−1)N

2

αt

k
∑

ν=1

i(N+1)(2ν−1) {[(N + 1)(2ν − 1)− 1]

J(N+1)(2ν−1)−1(αt) + [(N + 1)(2ν − 1) + 1] J(N+1)(2ν−1)+1(αt)
}

.
(16)
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2 plots together, N=10, k=1

�èñ.: Äâà ãðà�èêà âìåñòå: çíà÷åíèå |bN(t)|2 (N = 10, α = 1),
îïðåäåëÿåìîå (2) � ëèíèÿ èç ñèíèõ çâ¼çäî÷åê; è îïðåäåëÿåìîå

ïðèáëèæåíèåì (15), (16) � íåïðåðûâíàÿ êðàñíàÿ ëèíèÿ; ñ k = 1.
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2 plots together, N= 15, k=1

�èñ.: Äâà ãðà�èêà âìåñòå: çíà÷åíèå |bN(t)|2 (N = 15, α = 1),
îïðåäåëÿåìîå (2) � ëèíèÿ èç ñèíèõ çâ¼çäî÷åê; è îïðåäåëÿåìîå

ïðèáëèæåíèåì (16) � íåïðåðûâíàÿ êðàñíàÿ ëèíèÿ; ñ k = 1.
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2 plots together, N=20, k=1

�èñ.: Äâà ãðà�èêà âìåñòå: çíà÷åíèå |bN(t)|2 (N = 20, α = 1),
îïðåäåëÿåìîå (2) � ëèíèÿ èç ñèíèõ çâ¼çäî÷åê; è îïðåäåëÿåìîå

ïðèáëèæåíèåì (16) � íåïðåðûâíàÿ êðàñíàÿ ëèíèÿ; ñ k = 1.
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2 plots together, N=15, k=2

�èñ.: Äâà ãðà�èêà âìåñòå: çíà÷åíèå |bN(t)|2 (N = 15, α = 1),
îïðåäåëÿåìîå (2) � ëèíèÿ èç ñèíèõ çâ¼çäî÷åê; è îïðåäåëÿåìîå

ïðèáëèæåíèåì (16) � íåïðåðûâíàÿ êðàñíàÿ ëèíèÿ; ñ k = 2.
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2 plots together, N=15, k=3

�èñ.: Äâà ãðà�èêà âìåñòå: çíà÷åíèå |bN(t)|2 (N = 15, α = 1) ,
îïðåäåëÿåìîå (2) � ëèíèÿ èç ñèíèõ çâ¼çäî÷åê; è îïðåäåëÿåìîå

ïðèáëèæåíèåì (16) � íåïðåðûâíàÿ êðàñíàÿ ëèíèÿ; ñ k = 3.
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Ïîëüçóÿñü ìåòîäàìè èç [5℄ äëÿ óòî÷íåíèÿ àïïðîêñèìàöèé

�óíêöèé Áåññåëÿ, ìîæíî ïîëó÷èòü ñëåäóþùåå

àñèìïòîòè÷åñêîå âûðàæåíèå äëÿ âåðîÿòíîñòè èíâåðñèè

ñïèíà (N ≥ 2, N → +∞):

bN (t) = (−1)N
2iN+1

αt
(NJN (αt) + (N + 2) JN+2(αt))

+
5

2
θ0

(

1

(N + 1)2
+

αt

(N + 1)3
+

(αt)2

(N + 1)4

)

, |θ0| ≤ 1,

êîòîðîå ñïðàâåäëèâî äëÿ ëþáîãî t èç èíòåðâàëà 0 < t ≤ N/α.
Â ÷àñòíîñòè,

bN (N/α) = (−1)N iN+1

(

24/3Γ
(

1
3

)

31/6πN1/3
−

25/331/6Γ
(

2
3

)

πN2/3

)

+o

(

1

N2/3

)

.
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Ïîñêîëüêó ñóììà (16) âîñïðîèçâîäèò ïîâåäåíèå �óíêöèè

bN (αt) â èíòåðåñóþùåé íàñ îáëàñòè õîðîøî äàæå ïðè k = 1,
âîñïîëüçóåìñÿ ýòîé àïïðîêñèìàöèåé, ÷òîáû íàéòè

ïîëîæåíèå ïåðâîãî ìàêñèìóìà êâàäðàòà ìîäóëÿ ýòîé

�óíêöèè, êîòîðûé äà¼ò âðåìÿ èíâåðñèè. Ýòîò ìàêñèìóì

ñîîòâåòñòâóåò ïåðâîìó íóëþ �óíêöèè d/dτ
(

b
(1)
N (αt)

)

, è

çàäà¼òñÿ óðàâíåíèåì (τ = αt)

0 =
d

dτ

(

N
JN (τ)

τ
+ (N + 2)

JN+2(τ)

τ

)

=
d

dτ

(

2N(N + 1)

τ
JN+1(τ) + 2JN+2(τ)

)

è ïîñêîëüêó (ñì., íàïðèìåð, [6℄)
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d

dτ
JN+2(τ) = JN+1(τ)−

N + 2

τ
JN+2(τ),

JN+2(τ) = −
d

dτ
JN+1(τ) +

N + 1

τ
JN+1(τ),

ìû â èòîãå ïîëó÷àåì

0 =
d JN+1(τ)

dτ
−
JN+1(τ)

τ

(

2N(N + 1) + (N + 3)(N + 1)− τ2

N2 + 2N + 3

)

÷òî ëåãêî ïðîâåðÿåòñÿ. �àçëàãàÿ d/dτ (JN+1) â îêðåñòíîñòè
ïåðâîãî íóëÿ (ñì. [7℄), íåïîñðåäñòâåííûé ðàñ÷¼ò ïðèâîäèò ê

ðåçóëüòàòó

τ̄ = N + 1 + 0.8N1/3 − 1.16N−1/3 +O
(

N−2/3
)

.
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