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Ââåäåíèå Îïðåäåëåíèÿ

Ïîñòàíîâêà çàäà÷è


f0(x)→ min

x

fi(x) ≤ 0
hi(x) = 0
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Ââåäåíèå Îïðåäåëåíèÿ

Äâîéñòâåííàÿ ôóíêöèÿ

L(x , λ, ν) = f0(x) +
∑

i=1:m

λi fi(x) +
∑

i=1:p

νihi(x)

g(λ, ν) = inf
x∈Ω

(L(x , λ, ν))
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Ââåäåíèå Îïðåäåëåíèÿ

Äâîéñòâåííàÿ ôóíêöèÿ. Ïðèìåð


cT x → min

x

Ax = b
x ≥ 0

L(x , λ, ν) = cT x − λT (Ax − b)−
∑

i=1:p

νix =

λT b + (cT + λT A− νT )x (1)

g(λ, ν) =

{
λT b, åñëè cT + λT A− νT = 0;
−∞, èíà÷å.
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Äâîéñòâåííàÿ çàäà÷à

d(λ, ν)→ max
λ,ν

ν ≥ 0
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Äâîéñòâåííàÿ çàäà÷à. Ïðèìåð


λT b → max

λ,ν

cT + λT A− νT = 0
ν ≥ 0λT b → max
λ

ATλ ≤ c
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Ââåäåíèå Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ

Ãåîìåòðè÷åñêàÿ ïîñòàíîâêà

G = {(u, v , t) ∈ Rm × Rp × R|ui = fi(x), vj = hj(x), t = f0(x), x ∈ Ω}

p∗ = inf{t |(∃u � 0)((u,0, t) ∈ G)}

g(λ, ν) = inf{(λ, ν,1)T (u, v , t)|(u, v , t) ∈ G}

A = G + Rm
+ × 0p × R+}
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Ââåäåíèå Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ

Èíòåðïðåòàöèÿ ñëàáîé äâîéñòâåííîñòè
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Ââåäåíèå Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ

Èíòåðïðåòàöèÿ duality gap

g(λ, ν) = inf{(λ, ν,1)T (u, v , t)|(u, v , t) ∈ A}(0,0,p∗) ∈ A; (2)

p∗ = (λ, ν,1)T (0,0,p∗) ≥ g(λ, ν); (3)

À.Òåìëÿíöåâ (ÌÃÓ èì. Ì.Â. Ëîìîíîñîâà) Primal-Dual approach Short 12 / 24



Ââåäåíèå Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ

Ñèëüíàÿ äâîéñòâåííîñòü â âûïóêëûõ çàäà÷àõ

îïòèìèçàöèè

Óñëîâèÿ Ñëåéòåðà: Ïóñòü ôóíêöèè fi(x), i = 0 : m âûïóêëû è

(∃x ∈ int(Ω))(fi(x) < 0, i = 1..m)

òîãäà çàäà÷à 
f0(x)

fi(x) ≤ 0
Ax = b

îáëàäàåò ñâîéñòâîì ñèëüíîé äâîéñòâåííîñòè
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Óñëîâèÿ äîïîëíÿþùåé íåæåñòêîñòè

Ïóñòü p∗ = d∗, òîãäà

f0(x∗) = d(λ∗, ν∗) ≤ L(x∗, λ∗, ν∗) ≤ f0(x∗)

f0(x∗) = f0(x∗) +
∑

i=1:m

λ∗i fi(x∗)

∑
i=1:m

λ∗i fi(x∗) = 0
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Ï Ä ÎÏ ÄÎÏ

ðåøåíèå

π ← π + θπJ ← {j |πT Aj = cj}

1 π, J ξmin 6= 0

π

π

π, J

x , ξmin = 0
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Ïðÿìî-äâîéñòâåííûé àëãîðèòì äëÿ çàäà÷ ëèíåéíîãî
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Çàäà÷à î êðàò÷àéøåì ïóòè â ãðàôå

θ = max
(i,j)∈E :
πi 6=πj

(ci,j − (πi − πj));π ← π + θ ∗ π

π = 0; J = ∅;

1(0, 1)

2(0, 1)

3 (0, 1)

4 (0, 1)

s(0, 1) t0
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Çàäà÷à î êðàò÷àéøåì ïóòè â ãðàôå

θ = max
(i,j)∈E :
πi 6=πj

(ci,j − (πi − πj));π ← π + θ ∗ π

π3 − πt = 2⇒ (3, t) ∈ J

1(2, 1)

2(2, 1)

3 (2, 0)

4 (2, 1)

s(2, 1) t0
2
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Çàäà÷à î êðàò÷àéøåì ïóòè â ãðàôå

θ = max
(i,j)∈E :
πi 6=πj

(ci,j − (πi − πj));π ← π + θ ∗ π

π4 − π3 = 2⇒ (4,3) ∈ J

1(4, 1)

2(4, 1)

3 (2, 0)

4 (4, 0)

s(4, 1) t02
2
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Ïðÿìî-äâîéñòâåííûé àëãîðèòì äëÿ çàäà÷ ëèíåéíîãî
ïðîãðàììèðîâàíèÿ Ïðèìåðû

Çàäà÷à î êðàò÷àéøåì ïóòè â ãðàôå

θ = max
(i,j)∈E :
πi 6=πj

(ci,j − (πi − πj));π ← π + θ ∗ π

π2 − π4 = 1⇒ (2,4) ∈ J

1(5, 0)

2(5, 0)

3 (2, 0)

4 (4, 0)

s(5, 1) t0

3

1

2
2
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θ = max
(i,j)∈E :
πi 6=πj

(ci,j − (πi − πj));π ← π + θ ∗ π

π2 − π4 = 1⇒ (2,4) ∈ J

1(5, 0)

2(5, 0)

3 (2, 0)

4 (4, 0)

s(6, 0) t0

1

3

1

2
2
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Ïðÿìî-äâîéñòâåííûé àëãîðèòì äëÿ çàäà÷è âûâîäà â
MRF Îáùàÿ ñõåìà

Outline
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Ïðÿìî-äâîéñòâåííûé àëãîðèòì äëÿ çàäà÷è âûâîäà â
MRF Îáùàÿ ñõåìà

Ïîñòàíîâêà



∑
p∈V

∑
a∈L

ca
pxa

p +
∑

(p,q)∈E

ωp,q
∑

a,b∈L

da,bxa,b
p,q → min

x∑
a∈L

xa
p = 1∑

b∈L

xa,b
p,q = xa

p∑
a∈L

xa,b
p,q = xb

q

xa
p ≥ 0

xa,b
p,q ≥ 0
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Ïðÿìî-äâîéñòâåííûé àëãîðèòì äëÿ çàäà÷è âûâîäà â
MRF Îáùàÿ ñõåìà

Ïîñòàíîâêà

∑
p∈V

∑
a∈L

ca
pxa

p +
∑

(p,q)∈E

ωp,q
∑

a,b∈L

da,bxa,b
p,q → min

x

∑
p∈V

yp → max
y

−yp + ca
p +

∑
q

ya
p,q = λp

−ya
p,q − yb

q,p + wp,qda,b = λp,q

λa
p, λ

a,b
p,q ≥ 0
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Ïðÿìî-äâîéñòâåííûé àëãîðèòì äëÿ çàäà÷è âûâîäà â
MRF Îáùàÿ ñõåìà

Ïîñòàíîâêà

∑
p∈V

∑
a∈L

ca
pxa

p +
∑

(p,q)∈E

ωp,q
∑

a,b∈L

da,bxa,b
p,q → min

x

∑
p∈V

yp → max
y

yp ≤ ca
p +

∑
q

ya
p,q = ha

p

ya
p,q + yb

q,p ≤ wp,qda,b
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Ïðÿìî-äâîéñòâåííûé àëãîðèòì äëÿ çàäà÷è âûâîäà â
MRF Îáùàÿ ñõåìà

Îáùàÿ ñõåìà

cT x ≤ (1 + ε)bT y ⇒ cT x ≤ (1 + ε)cT x∗

(1 + ε)
∑

i

ai,jyi ≥ cj ⇒

(1 + ε)
∑

j

∑
i

ai,jxjyi ≥ cjxj ⇒

(1 + ε)
∑

i

biyi ≥ cjxj (4)
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Ïðÿìî-äâîéñòâåííûé àëãîðèòì äëÿ çàäà÷è âûâîäà â
MRF Îáùàÿ ñõåìà

Îáùàÿ ñõåìà


xp,a > 0⇒ yp ≥ ca

p/f1 +
∑
q∼p

ya
p,q

xq,b
p,a > 0⇒ ya

p,q + yb
q,p ≥ ωp,qda,b/f2

yp ≥ cxp
p /f1 +

∑
q∼p

yxp
p,q

yxp
p,q + yxq

q,p ≥ ωp,qdxp,xq/f2
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Îáùàÿ ñõåìà


yp ≥ cxp

p /f1 +
∑
q∼p

yxp
p,q

yxp
p,q + yxq

q,p ≥ ωp,qdxp,xq/f2

yp = min
a

ha
p (4)

hxp
p = min

a
ha

p (5)

yxp
p,q + yxq

q,p ≥ ωp,qdxp,xq/f2 (6)

ya
p,q ≤ ωp,qdmin/2 (7)
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Outline

1 Ïðÿìàÿ è äâîéñòâåííàÿ çàäà÷à óñëîâíîé îïòèìèçàöèè

Áàçîâàÿ êîíñòðóêöèÿ

Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ

2 Ïðÿìî-äâîéñòâåííûé àëãîðèòì äëÿ çàäà÷ ëèíåéíîãî

ïðîãðàììèðîâàíèÿ

Îáùàÿ ñõåìà

Ïðèìåðû

3 Ïðÿìî-äâîéñòâåííûé àëãîðèòì äëÿ çàäà÷è âûâîäà â MRF

Îáùàÿ ñõåìà

àëãîðèòì PD-1
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