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Correct Aggrega on Opera ons
with Algorithms

Construc on of correct algorithms from other correct
algorithms using aggrega on opera ons

Z.M. Shibzukhov

Mathema cal Methods of Pa ern Recogni on, 2015
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What is about

Consider models of algorithms and learning methods which
make possible to build collec ons of correct algorithms.
Correct algorithm produces correct output for all learning
samples and we call them basic correct algorithms
Ques on
How to build new correct algorithms from other correct
algorithms that could extend capabili es of basic correct
algorithms?

Some kinds of aggrega on opera ons can be used for building
new correct algorithms from other correct algorithms
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Ini al defini ons

X – space of input informa ons about objects
Y – set of possible answers to given ques on about objects
y ∶ X → Y – mapping from input informa ons to answers
𝔞∶ X → Y – algorithm (𝔞 ∈ 𝔸), which approximates y
𝔸 – space of basic algorithms
X – finite subset of X (samples)
𝔞 is correct on X if it evaluates valid answers on X

F is correct opera on with algorithms from 𝔸 on X if for any
tuple {𝔞1, … , 𝔞m} of correct algorithms on X the new algorithm
𝔞 = F{𝔞1, … , 𝔞m} is correct on X
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Quality func ons of answers

Consider algorithms that represented in the form 𝔞 = R ∘ A:
X
A ��?

??
??

??
??

𝔞 //Y

U R
??���������

A – es ma ng operator, R – decision rule
U ⊆ ℝq – space of es ma ons
Quality func on of answer Q(u, ỹ) evaluates quality of answer
y = 𝔞(x̃) on the base of es ma on u = A(x̃) and correct
answer ỹ

Subset Qỹ ⊂ imageQ associates with answers y = 𝔞(x̃) that
accepted as correct as ỹ
Answer y = 𝔞(x̃) is correct if Q(u ∣ ỹ) ∈ Qỹ.
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Monotone/unimodal func ons

f ∶ U → ℝ – func on of many arguments
f ismonotone if ∀y ∈ ℝ: f−1(y) is connected set

Denote Df(y) = {u ∶ f(u) ⩽ y}
f ismonotone increasing if ∀y ∈ ℝ:

y1 ⩽ y2 ⟹ Df(y1) ⊆ Df(y2)
f ismonotone decreasing if ∀y ∈ ℝ:

y1 ⩾ y2 ⟹ Df(y1) ⊆ Df(y2)

f is unimodal if the set {u ∶ u is local min/max of f} is connected



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Loss func ons

Loss func on is mapping Q ∶ U × Y → ℝ+ if
for any ỹ: Qỹ(u) = Q(u, ỹ) is:

monotone,
increasing,
unimodal (min).

Qỹ = min
u∈U Q(u, ỹ) – minimal losses for correct answers

Uỹ = {u ∶ Q(u, ỹ) = Qỹ} – set of es mates that associates
with correct answer ỹ
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Margin func ons

Margin func on is mapping Q ∶ U × Y → ℝ̄ if
for any ỹ: Qỹ(u) = Q(u, ỹ) is:

monotone,
unimodal (max).

Uỹ = {u ∶ Q(u, ỹ) > 0} – set of es mates that associates
with correct answer
Ūỹ = {u ∶ Q(u, ỹ) < 0} – set of es mates that associates
with incorrect answer
𝛿Uỹ = {u ∶ Q(u, ỹ) = 0} – set of es mates when definite
answer isn’t possible
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Regression problems (Y ⊂ ℝ)

Q(𝔞 ∣ x) = ℓ(𝔞(x̃), y) – loss func on, VQ = [0, 𝜀]
Defini on
Func on ℓ(y, ỹ) is a loss func on if:

1 ℓ(ỹ, ỹ) = infy ℓ(y, ỹ)
2 y1 ⩽ y2 ⩽ ỹ⇒ ℓ(y1, ỹ) ⩾ ℓ(y2, ỹ) ⩾ ℓ(ỹ, ỹ)
3 ỹ ⩽ y1 ⩽ y2 ⇒ ℓ(ỹ, ỹ) ⩽ ℓ(y1, ỹ) ⩽ ℓ(y2, ỹ)

Defini ons (сorrect answer)
answer y = 𝔞(x̃) is as correct as ỹ if ℓ(y, y) ∈ VQ.
answer y = 𝔞(x̃) is correct if
y ∈ Uy = {y ∈ Y ∶ ℓ(y, y) ∈ VQ}.
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Examples: loss func ons

⟨y− ỹ⟩𝜀 =
|y− y|
1+ |y| − 𝜀

+
, E+ = [E ⩾ 0] ⋅ E, 𝜀 > 0

Example (symmetrical)

ℓ(y, y) = ⟨y− ỹ⟩𝜆𝜀 , VQ = [0, 𝜀)
Example (nonsymmetrical)

ℓ(y, y) =
𝛼⟨y− ỹ⟩𝜆𝜀 if y > ỹ+ 𝜀
0, if |y− ỹ| ⩽ 𝜀
𝛽⟨y− ỹ⟩𝜆𝜀 if y < ỹ− 𝜀

, VQ = [0, 𝜀), 𝛼, 𝛽 > 0
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Classifica on problems (Y is discrete)

Algorithms for classifica on are composi ons:
𝔞(x) = R ∘ A(x).
Quality func ons:

Q(𝔞 ∣ x) = 𝜇(u, y), 𝜇 ∶ U × Y → ℝ̄ ismargin func on and
VQ = [𝛿,∞]
Q(𝔞 ∣ x) = ℓ(u, y), ℓ∶ U × Y → ℝ+ is loss func on and
VQ = [0, 𝜀]

Defini ons (correct es mate)
es ma on u = A(x) is correct if 𝜇(u, y) ∈ VQ
es ma on u = A(x) is correct if
u ∈ Uy = {u ∶ 𝜇(u, y) ∈ VQ}
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Examples: classifica on

Example (2-class classifica on)
Y = {−1, 0, +1}, R(u) = sign u, 𝜇(u, y) = uy
VQ = [𝛿,∞], Uy = {u ∶ uy > 𝛿}.
Example (q-class classifica on)
Y = {0, 1, … , q}, A = (A1, … ,Am), uj = Aj(x)

R(u) =
⎧

⎨
⎩

y⋆ = arg max
y∈{1,…,m}{uy}, if 𝜇(u, y) ⩾ 𝜀

fail, if 𝜇(u, y) ∈ (−𝜀, 𝜀)
0, if 𝜇(u, y) ⩽ −𝜀

ℓ(u, ỹ) = e−𝜇(u,ỹ), 𝜇(u, y) = uy − max
j={1,…,q}⧵{y}

{uj}
VQ = (𝜀,∞) , Uy = {u ∶ uỹ > uy for all y ≠ ỹ}
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Aggrega on and mean func ons
Defini on (aggrega on func on)
M – aggrega on func on on Y ⊆ ℝ, i.e.

for anym ∈ ℕ and any tuple {y1, … , ym}: M{y1, … , ym} ∈ Y
for anym ∈ ℕ and any pair of tuples
{y′1, … , y′m} ⩽ {y′′1, … , y′′m}: M{y′1, … , y′m} ⩽ M{y′′1, … , y′′m}

Defini on (mean func on)
M –mean func on if

min{y1, … , ym} ⩽ M{y1, … , ym} ⩽ max{y1, … , ym}

Defini on (idempotent func on)
M – idempotent func on if

M{y, … , y} = y
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Point-wise correct opera ons

Defini on (point-wise correct algorithm)
𝔞 is correct algorithm on X̃ if 𝔞(x̃) is correct for all x̃ ∈ X̃

Condi on (point-wise correct opera on)
M is correct opera on if for any tuple {y1, … , ym} ⊂ Uy:

M{y1, … , ym} ∈ Uy

Criterion (mean func on – correct point-wise opera on)
IfM is idempotent mean func on, thenM is correct opera on.
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Generalized Kolmogorov’s mean

Defini on (generalized Kolmogorov’s mean)

Mg{u1, … , um} = g−1 w1g(u1) + ⋯ + wmg(um) ,
w1, … ,wm ⩾ 0 and w1 +⋯+ wm = 1
g ∶ U → ℝ or g ∶ U → ℝ+ or g ∶ U → [0, 1] – inversible func on

Examples (weighted Kolmogorov’s mean)
Mg{u1, … , um} = (∑wju

⟨p⟩
j )⟨1/p⟩ g(s) = u⟨p⟩

Mg{u1, … , um} = 1
p ln(∑wjepuj) g(u) = epu

Mg{u1, … , um} = ∏ u
wj
j g(u) = ln u
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Mean aggrega on operators
Let ≼ – par al order on U
Defini on
M = (M1, … ,Mm) is aggrega on operator on U:

for eachm and any tuple {u1, … ,um} ⊂ U:
M{u1, … ,um} ∈ U;
for eachm and any pairs of tuples
{u′1, … ,u′m} ≼ {u′′1, … ,u′′m}:
M{u′1, … ,u′m} ≼ M{u′′1, … ,u′′m}

Defini on
M ismean aggrega on operator if

inf{u1, … ,um} ≼ M{u1, … ,um} ≼ sup{u1, … ,um}

M is point-wise correct opera on ifM{Uy, … ,Uy} ⊆ Uy.
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Mul variate Kolmogorov’s mean

IfM is idempotent opera on, i.e. M{u, … ,u} = u, thenM is
correct point-wise opera on.
Mul variate weighted Kolmogorov’s mean:

Mg{u1, … ,um} = g−1 wjg(uj) ,
wherew1 +⋯+wm = 1, g ∶ U → ℝq is inversible con nuous
mapping.
Fact
If g(Uy) is a convex set thenMg{Uy, … ,Uy} ⊆ Uy, i.e.
mul variate weighted Kolmogorov’s meanMg is correct
point-wise opera on.
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Aggrega onally correct algorithm

M – aggrega on func on on imageQ.
Aggrega on quality func onal

𝒬(𝔞 ∣ X) = M Q(𝔞 ∣ x̃) ∶ x̃ ∈ X
evaluates the quality of algorithm on whole set X on the base
of quality of all answers on X.
Let V𝒬 is subset of values of 𝒬, which corresponds correct
algorithms on X.
Defini on (Aggrega onally correct algorithm)
Algorithm 𝔞 is aggrega onally correct on X if 𝒬(𝔞 ∣ X) ∈ V𝒬.
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Linear opera ons
M – arithme c weigted mean:

M{z1, … , zN} =
N

k=1
wkzk

F – linear opera on:

F{u1, … , um} = 𝛼1u1 +⋯+ 𝛼mum,
𝛼1, … , 𝛼m ⩾ 0, 𝛼1 +⋯+ 𝛼m = 1.
Let

1 Qy(u) – convex for any y ∈ Y ;
2 V𝒬 is convex;
3 if Q′ ∈ V𝒬 и Q′′ ⩽ Q′, то Q′′ ∈ V𝒬.

Then linear opera on is aggreag onally correct opera on with
algorithms with respect to 𝒬.
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F/G-convex
f ∶ U → R
F – idempotent aggrega on func on on U ⊆ ℝ
G – idempotent aggrega on func on on R ⊆ ℝ
Defini on
f(u) is F/G-convex, if

f(F{u1, … ,um}) ⩽ G{f(u1), … , f(um)}.

M – aggrega on func on on R
Example

f 𝛼1u1 +⋯+ 𝛼mum ⩽ 𝛼1f(u1) + ⋯ + 𝛼mf(um)
f 𝛼1u1 +⋯+ 𝛼mum ⩽ max{f(u1), … , f(um)}



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Domina on of aggrega on func ons

Defini on
G is dominated over M if

M{G{u11, … , u1m}, … ,G{uN1, … , uNm}} ⩽
G{M{u11, … , uN1}, … ,M{u1m, … , uNm}}

If ∀N ∈ ℕ func on H(u1, … , uN) = M{u1, … , uN} is convex,
then

M
j
𝛼ju1j, … ,

j
𝛼juNj ⩽

j
𝛼jM{u1j, … , uNj},

i.e. linear weighted mean dominated overM.
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Aggrega onally correct opera ons

Theorem
Let

1 Qy(u) – F/G-convex for any y ∈ Y ;
2 G is dominated over M;
3 V𝒬 is closed within G;
4 if Q′ ∈ V𝒬 и Q′′ ⩽ Q′, то Q′′ ∈ V𝒬.

Then F – aggreag onally correct opera on with algorithms
with respect to 𝒬.
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From domina on to convexity

G – aggrega on opera on on ℝ
F – aggrega on opera on on ℝm:

F{u1, … ,uN} = (G{u11, … , u1m}, … ,G{uN1, … , uNm})
H – aggrega on opera on on image of M
Defini on
M – G/H-convex if

M{G{u11, … , u1m}, … ,G{uN1, … , uNm}} ⩽
H{M{u11, … , uN1}, … ,M{u1m, … , uNm}}.
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Aggrega onally correct opera ons

Theorem
Let

1 Qy(u) – F/G-convex;
2 M – G/H-convex;
3 V𝒬 is closed within H;
4 if Q′ ∈ V𝒬 and Q′′ ⩽ Q′ then Q′′ ∈ V𝒬.

Then F – aggreag onally correct opera on with algorithms
with respect to 𝒬.
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