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Radford A., Metz L., Chintala S. Unsupervised representation learning with deep

convolutional generative adversarial networks https://arxiv.org/abs/1511.06434
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Bayesian framework
I x – samples;
I y – target variables;
I θ – model parameters.

Discriminative

p(y,θ|x) = p(y|x,θ)p(θ)

I Find conditional probability
of y given x.

I Samples x are given.

I Used for classification,
regression.

Generative

p(y, x,θ) = p(y, x|θ)p(θ)

I Find joint probability of
(x, y).

I Samples x should be
modelled.

I Generation of new samples
(x, y).

3 / 16



Generative models

Given samples {xi}ni=1 ∈ X from unknown distribution p(x).

Goal
learn a distribution p(x) for

I evaluating p(x) for new samples;

I sampling from p(x).

Challenge

Data is complex and high-dimensional (curse of dimensionality).

Solution
Fix probabilistic model p(x|θ) – the set of parameterized
distributions .
Instead of searching true p(x) over all probability distributions,
learn function approximation p(x|θ) ≈ p(x).
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Latent variable models

Suppose that our probabilistic model p(x, z|θ) instead of p(x|θ).

I Here z are latent variables.

I We observe only samples x.

I Latent variables z are unknown.

I Parameters θ are not random.

MLE problem for LVM

θ∗ = arg max
θ

p(X,Z|θ) = arg max
θ

n∏
i=1

p(xi , zi |θ) =

= arg max
θ

n∑
i=1

log p(xi , zi |θ).

What if θ are random variables with distribution p(θ)?
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Bayesian framework

What if θ are random variables with distribution p(θ)?
Before we get any data, we do not know anything about θ except
the prior distribution p(θ).
When we get data, we could change the prior distribution to the
posterior.

Bayes theorem

p(θ|X,Z) =
p(X,Z|θ)p(θ)

p(X,Z)
=

p(X,Z|θ)p(θ)∫
p(X,Z)p(θ)dθ

Full Bayesian inference

p(x∗|X,Z) =

∫
p(x∗|θ)p(θ|X,Z)dθ
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Bayesian framework

Full Bayesian inference

p(x∗|X,Z) =

∫
p(x∗|θ)p(θ|X,Z)dθ

Maximum a posteriori (MAP)

θ∗ = arg max
θ

p(θ|X,Z) = arg max
θ

(
log p(X,Z|θ) + log p(θ)

)
p(x∗|X,Z) =

∫
p(x∗|θ)p(θ|X,Z)dθ ≈ p(x∗|θ∗).
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Latent variable models

MLE problem

θ∗ = arg max
θ

p(X|θ) = arg max
θ

n∏
i=1

p(xi |θ) = arg max
θ

n∑
i=1

log p(xi |θ).

Challenge

p(x|θ) could be intractable.

Extend probabilistic model

Introduce latent variable z for each sample x

p(x, z|θ) = p(x|z,θ)p(z); log p(x, z|θ) = log p(x|z,θ) + log p(z).

p(x|θ) =

∫
p(x, z|θ)dz =

∫
p(x|z,θ)p(z)dz.
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Latent variable models

log p(x|θ) = log

∫
p(x|z,θ)p(z)dz→ max

θ

Examples

Mixture of gaussians

I p(x|z,θ) = N (x|µz,Σ
2
z)

I p(z) = Cat(z|π)

PCA model

I p(x|z,θ) = N (x|Wz + µ,Σ2
z)

I p(z) = N (z|0, I)

BishopC. Pattern Recognition and Machine Learning, 2006.
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Latent variable models

log p(x|θ) = log

∫
p(x|z,θ)p(z)dz→ max

θ

PCA goal: Project original data X onto low latent space while
maximizing the variance of the projected data.

I p(x|z,θ) = N (x|Wz + µ,Σ2
z)

I p(z) = N (z|0, I)

BishopC. Pattern Recognition and Machine Learning, 2006.
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Incomplete likelihood

MLE problem

θ∗ = arg max
θ

p(X,Z|θ) = arg max
θ

n∏
i=1

p(xi , zi |θ) =

= arg max
θ

n∑
i=1

log p(xi , zi |θ).

Since Z is unknown, maximize incomplete likelihood.

MILE problem

θ∗ = arg max
θ

log p(X|θ) = arg max
θ

log

∫
p(X,Z|θ)dZ =

= arg max
θ

log

∫
p(X|Z,θ)p(Z)dZ.
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Variational lower bound

log p(X|θ) = log
p(X,Z|θ)

p(Z|X,θ)
=

=

∫
q(Z) log

p(X,Z|θ)

p(Z|X,θ)
dZ =

∫
q(Z) log

p(X,Z|θ)q(Z)

p(Z|X,θ)q(Z)
dZ =

=

∫
q(Z) log

p(X,Z|θ)

q(Z)
dZ +

∫
q(Z) log

q(Z)

p(Z|X,θ)
dZ =

= L(q,θ) + KL(q(Z)||p(Z|X,θ)) ≥ L(q,θ).

Kullback-Leibler divergence

I KL(q||p) ≥ 0;

I KL(q||p) = 0⇔ q ≡ p.
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Variational lower bound

log p(X|θ) = L(q,θ) + KL(q(Z)||p(Z|X,θ)) ≥ L(q,θ).

ELBO

L(q,θ) =

∫
q(Z) log

p(X,Z|θ)

q(Z)
dZ =

=

∫
q(Z) log p(X|Z,θ)dZ +

∫
q(Z) log

p(Z)

q(Z)
dZ

= Eq log p(X|Z,θ)− KL(q(Z)||p(Z))

Instead of maximizing incomplete likelihood, maximize ELBO

max
θ

p(X|θ) → max
q,θ
L(q,θ).
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EM-algorithm

L(q,θ) =

∫
q(Z) log p(X|Z,θ)dZ +

∫
q(Z) log

p(Z)

q(Z)
dZ.

Block-coordinate optimization

I Initialize θ∗;

I E-step

q(Z) = arg max
q
L(q,θ∗) = arg min

q
KL(q||p) = p(Z|X,θ∗);

I M-step
θ∗ = arg max

θ
L(q,θ);

I Repeat E-step and M-step until convergence.
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Amortized variational inference

E-step

q(Z) = arg max
q
L(q,θ∗) = arg min

q
KL(q||p) = p(Z|X,θ∗).

could be intractable.

Idea
Restrict the family of all possible distributions q(z) to the
particular parametric class conditioned of sample: q(z|x,φ).

Variational Bayes

I E-step
φn = φn−1 + η∇φL(φ,θn−1)|φ=φn−1

I M-step
θn = θn−1 + η∇θL(φn,θ)|θ=θn−1
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