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Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Êëàññè÷åñêàÿ ñõåìà ïðîâåðêè ãèïîòåçûÏðîâåðêà áîëüøîãî ÷èñëà ãèïîòåçFWERÌàòåìàòè÷åñêàÿ ôîðìóëèðîâêàâûáîðêà: X = {X1, . . . , Xn} ∼ P ∈ Ω;íóëåâàÿ ãèïîòåçà: H0 : P ∈ ω, ω ∈ Ω;àëüòåðíàòèâà: H1 : P /∈ ω;ñòàòèñòèêà: T (X) , T (X) ∼ F (x) ïðè P ∈ ω;
T (X) 6∼ F (x) ïðè P /∈ ω;ðåàëèçàöèÿ âûáîðêè: x = {x1, . . . , xn};ðåàëèçàöèÿ ñòàòèñòèêè: t = T (x) ;äîñòèãàåìûé óðîâåíü çíà÷èìîñòè: p (x)� âåðîÿòíîñòü ïðè H0 ïîëó÷èòü

T (X) = t èëè åù¼ áîëåå ýêñòðåìàëüíîå;
p

tÃèïîòåçà îòâåðãàåòñÿ ïðè p (x) ≤ α, α� óðîâåíü çíà÷èìîñòè.Ðÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç
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Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Êëàññè÷åñêàÿ ñõåìà ïðîâåðêè ãèïîòåçûÏðîâåðêà áîëüøîãî ÷èñëà ãèïîòåçFWERÏðîñòåéøèé ïðèìåðÒðåáóåòñÿ ïðîâåðèòü ñèììåòðè÷íîñòü ìîíåòû çà 10 ïîäáðàñûâàíèé.âûáîðêà: X = {X1, . . . , X10} ∼ P ∈ Bin (10, q) ;íóëåâàÿ ãèïîòåçà: H0 : P = Bin (10, 0.5) ;àëüòåðíàòèâà: H1 : P 6= Bin (10, 0.5) ;ñòàòèñòèêà: T (X) = max (
∑
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∑

Xi) ;áîëüøèå çíà÷åíèÿ ñòàòèñòèêè ñâèäåòåëüñòâóþò â ïîëüçó H1;
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5 6 7 8 9 10ðåàëèçàöèÿ âûáîðêè: x = {x1, . . . , x10};ðåàëèçàöèÿ ñòàòèñòèêè: t = T (x) ;äîñòèãàåìûé óðîâåíü çíà÷èìîñòè: ïðè t = 10 p = 1
512

≈ 0.002,ïðè t = 9 p = 11
512

≈ 0.02.Ïðè t ≥ 9 ãèïîòåçà îòâåðãàåòñÿ íà óðîâíå çíà÷èìîñòè α = 0.05.Ðÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç
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H0 âåðíà H0 íåâåðíà

H0 ïðèíèìàåòñÿ H0 âåðíî ïðèíÿòà Îøèáêà âòîðîãî ðîäà
H0 îòâåðãàåòñÿ Îøèáêà ïåðâîãî ðîäà H0 âåðíî îòâåðãíóòàÂåðîÿòíîñòü îøèáêè ïåðâîãî ðîäà æ¼ñòêî îãðàíè÷èâàåòñÿ äîñòàòî÷íîìàëîé íàïåð¼ä çàäàííîé âåëè÷èíîé � P (p (x) ≤ α |H0 ) ≤ α.Âåðîÿòíîñòü îøèáêè âòîðîãî ðîäà ìèíèìèçèðóåòñÿ ïóò¼ì âûáîðàäîñòàòî÷íî ìîùíîãî êðèòåðèÿ.
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Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Êëàññè÷åñêàÿ ñõåìà ïðîâåðêè ãèïîòåçûÏðîâåðêà áîëüøîãî ÷èñëà ãèïîòåçFWERÓñëîæíåíèå ïðèìåðàÒðåáóåòñÿ ïðîâåðèòü ñèììåòðè÷íîñòü 1000 ìîíåò.Ïóñòü âñå ìîíåòû ñèììåòðè÷íû.Âåðîÿòíîñòü òîãî, ÷òî õîòÿ áû îäíà 10 ðàç çà ñåðèþ óïàä¼ò îäíîé è òîéæå ñòîðîíîé, ðàâíà
1−

(

1− 1

512

)1000

≈ 0.86.Âåðîÿòíîñòü òîãî, ÷òî õîòÿ áû îäíà íå ìåíåå 9 ðàç çà ñåðèþ óïàä¼ò îäíîéè òîé æå ñòîðîíîé, ðàâíà
1−

(

1− 11

512

)1000

≈ 0.9999999996.Ñëåäîâàòåëüíî, ïðè ïðîâåäåíèè ñòàòèñòè÷åñêîãî àíàëèçà äàííûõ ïîáîëüøîìó êîëè÷åñòâó ãèïîòåç íåîáõîäèìî îãðàíè÷èâàòü íå òîëüêîâåðîÿòíîñòü êàæäîé îøèáêè ïåðâîãî ðîäà, íî è íåêóþ ãëîáàëüíóþ ìåðóîøèáêè, ó÷èòûâàþùóþ ÷èñëî ãèïîòåç.Ðÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç
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i : P /∈ ωi;ñòàòèñòèêè: Ti = T (Xi) ïðîâåðÿåò Hi ïðîòèâ H ′

i;ðåàëèçàöèè ñòàòèñòèêè: ti = t (xi) ;äîñòèãàåìûå óðîâíè çíà÷èìîñòè: pi = p (xi) , i = 1, . . . ,m;

M = {1, 2, . . . ,m} ;
H0 =

⋃

i∈M
Hi �ïîëíàÿ íóëåâàÿ ãèïîòåçà;

M0 = M0 (P ) = {i : Hi âåðíà}�èíäåêñû âåðíûõ ãèïîòåç, |M0| = m0;
R = R (P, α) = {i : Hi îòâåðãíóòà}�èíäåêñû îòâåðãàåìûõ ãèïîòåç,
|R| = R;
V = |M0 ∩R|�÷èñëî îøèáîê ïåðâîãî ðîäà.×èñëî âåðíûõ H0 ×èñëî íåâåðíûõ H0 Âñåãî×èñëî ïðèíÿòûõ H0 U T m−R×èñëî îòâåðãíóòûõ H0 V S RÂñåãî m0 m−m0 mÐÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç



Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Êëàññè÷åñêàÿ ñõåìà ïðîâåðêè ãèïîòåçûÏðîâåðêà áîëüøîãî ÷èñëà ãèïîòåçFWERÌíîãîìåðíûå îáîáùåíèÿ ÷èñëà îøèáîê ïåðâîãî ðîäàÃðóïïîâàÿ âåðîÿòíîñòü îøèáêè (ïåðâîãî ðîäà):
FWER = P (V ≥ 1) .Êîíòðîëü íàä ãðóïïîâîé âåðîÿòíîñòüþ îøèáêè íà óðîâíå α îçíà÷àåò

FWER = P (V ≥ 1) ≤ α ∀P.Â çàäà÷àõ ïðîâåðêè äîñòàòî÷íî áîëüøîãî ÷èñëà ãèïîòåç îáåñïå÷åíèåêîíòðîëÿ íàä FWER ìîæåò ïðèâîäèòü ê ðîñòó êîíñåðâàòèâíîñòèñòàòèñòè÷åñêîé ïðîöåäóðû.Îæèäàåìàÿ äîëÿ ëîæíûõ îòêëîíåíèé ãèïîòåç (ñðåäè âñåõ îòêëîíåíèé):
FDR = E

(

V

R
· I (R > 0)

)

.Êîíòðîëü íàä îæèäàåìîé äîëåé ëîæíûõ îòêëîíåíèé íà óðîâíå q îçíà÷àåò
FDR = E

(

V

R
· I (R > 0)

)

≤ q ∀P.Ðÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç



Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Êëàññè÷åñêàÿ ñõåìà ïðîâåðêè ãèïîòåçûÏðîâåðêà áîëüøîãî ÷èñëà ãèïîòåçFWERÊîíòðîëü íàä ãðóïïîâîé âåðîÿòíîñòüþ îøèáêè
α∗ ≤ α� óðîâåíü çíà÷èìîñòè, íà êîòîðîì íåîáõîäèìî ïðîâåðÿòü ãèïîòåçû
H1, . . . ,Hm; çàäà÷à� âûáðàòü åãî òàê, ÷òîáû îáåñïå÷èòü FWER ≤ α;
t∗ � ñîîòâåòñòâóþùåå åìó êðèòè÷åñêîå çíà÷åíèå ñòàòèñòèêè T .Ñëàáûé êîíòðîëü íàä FWER :

FWER = P (V ≥ 1) = P

(

⋃

i∈M

{pi ≤ α∗} |H0

)

= P

(

⋃

i∈M

{Ti ≥ t∗} |H0

)

≤ α.Ñèëüíûé êîíòðîëü íàä FWER :

FWER = P (V ≥ 1) = P

(

⋃

i∈M∗

{pi ≤ α∗}
∣

∣

∣

∣

∣

⋃

i∈M∗

Hi

)

= P

(

⋃

i∈M∗

{Ti ≥ t∗}
∣

∣

∣

∣

∣

⋃

i∈M∗

Hi

)

≤ α ∀M∗ ⊂ M.Ðÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç



Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Êëàññè÷åñêàÿ ñõåìà ïðîâåðêè ãèïîòåçûÏðîâåðêà áîëüøîãî ÷èñëà ãèïîòåçFWERSubset pivotalityÈç ñëàáîãî êîíòðîëÿ ñëåäóåò ñèëüíûé, åñëè äëÿ çàäà÷è âûïîëíÿåòñÿñâîéñòâî subset pivotality: íóëåâîå ðàñïðåäåëåíèå ëþáîãî ïîäìíîæåñòâàñòàòèñòèê Ti íå çàâèñèò îò òîãî, âåðíû èëè íåâåðíû ñîîòâåòñòâóþùèåîñòàâøèìñÿ ñòàòèñòèêàì ãèïîòåçû.
P

(

⋃

i∈M∗

{Ti ≥ t∗}
∣

∣

∣

∣

∣

⋃

i∈M∗

Hi

)

= P

(

⋃

i∈M∗

{Ti ≥ t∗} |H0

)

≤ P

(

⋃

i∈M

{Ti ≥ t∗} |H0

)
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MT = maxi Ti �ìàêñèìàëüíàÿ ñòàòèñòèêà.

⋃

i

{Ti ≥ t∗} = {MT ≥ t∗} .Äëÿ îáåñïå÷åíèÿ FWER ≤ α äîñòàòî÷íî çíàòü ðàñïðåäåëåíèåìàêñèìàëüíîé ñòàòèñòèêè ïðè ñïðàâåäëèâîñòè ïîëíîé íóëåâîé ãèïîòåçû
FMT |H0

(x):
tα ≡ F−1

MT |H0
(1− α) ,

P

(

⋃

i∈M

{Ti ≥ t∗} |H0

)

= P (MT ≥ tα |H0 )

= 1− FMT |H0
(tα)
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1 Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÊëàññè÷åñêàÿ ñõåìà ïðîâåðêè ãèïîòåçûÏðîâåðêà áîëüøîãî ÷èñëà ãèïîòåçFWER2 Ïðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõÏðèìåðû çàäà÷Òåîðèÿ ñëó÷àéíûõ ïîëåéÏåðåñòàíîâî÷íûå ìåòîäû
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Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Ïðèìåðû çàäà÷Òåîðèÿ ñëó÷àéíûõ ïîëåéÏåðåñòàíîâî÷íûå ìåòîäûÌàãíèòíî-ðåçîíàíñíàÿ òîìîãðàôèÿ
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Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Ïðèìåðû çàäà÷Òåîðèÿ ñëó÷àéíûõ ïîëåéÏåðåñòàíîâî÷íûå ìåòîäûÏîñòàíîâêà çàäà÷è è îáîçíà÷åíèÿ
f (M)� ñëó÷àéíîå ïîëå, çàâèñÿùåå îò ïàðàìåòðà M ⊂ R

N , N ≥ 1
m (x) = E {f (x)}� ñðåäíåå
R (x, y) = E

{

(f (x)−m (x))
(

f (y)−m (y)
)}�êîâàðèàöèîííàÿôóíêöèÿÅñëè m = const è R (x, y) = R (x− y) , òî f ñòàöèîíàðíîÅñëè ïðè ýòîì R (x) = R (‖x‖) , òî òî f èçîòðîïíîÅñëè ñëó÷àéíûå âåëè÷èíû f (x1) , . . . , f (xk) èìåþò ìíîãîìåðíîåãàóññîâî ðàñïðåäåëåíèå ∀x1, . . . , xk ∈ M, ∀k ≥ 1, òî ñëó÷àéíîå ïîëåãàóññîâî

Au = Au (f,M) = {x ∈ M : f (x) ≥ u}�îòêëîíÿþùååñÿ ìíîæåñòâî.Çàäà÷à: àïïðîêñèìàöèÿ âåðîÿòíîñòè îòêëîíåíèÿ
P

{

sup
x∈M

f (x) ≥ u

}

= P {Au 6= ∅} = P (MT ≥ tα |H0 ) = FWER.Ðÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç



Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Ïðèìåðû çàäà÷Òåîðèÿ ñëó÷àéíûõ ïîëåéÏåðåñòàíîâî÷íûå ìåòîäûLKCLipschitz-Killing curvatures (Quermassintegrales, Minkowski functionals,Steiner functionals, integral curvatures, intrinsic volumes): ìíîæåñòâîõàðàêòåðèñòèê L0 (A) , . . . ,LN (A) N-ìåðíîãî îòêëîíÿþùåãîñÿìíîæåñòâà A.Ïðè N = 2:
L2 (A)�ïëîùàäü A,
L1 (A)�äëèíà ãðàíèöû A,
L0 (A)�Ýéëåðîâà õàðàêòåðèñòèêà A,
L0 (A) = ] {ñâÿçíûå êîìïîíåíòû A} − ] {"äûðêè"â A}.Ïðè N = 3:
L3 (A)�îáú¼ì A,
L2 (A)�ïîëîâèíà ïëîùàäè ïîâåðõíîñòè A,
L1 (A)� óäâîåííûé êàëèáð (caliper diameter) A,
L0 (A)�Ýéëåðîâà õàðàêòåðèñòèêà A, L0 (A) =
] {ñâÿçíûå êîìïîíåíòû A} − ] {"ðó÷êè"â A}+ ] {"äûðêè"â A}.

∣

∣

∣

∣

P

{

sup
x∈M

f (x) ≥ u

}

−E {L0 (Au (f,M))}
∣

∣

∣

∣

≤ error(u).Ðÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç



Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Ïðèìåðû çàäà÷Òåîðèÿ ñëó÷àéíûõ ïîëåéÏåðåñòàíîâî÷íûå ìåòîäûÝéëåðîâà õàðàêòåðèñòèêàÎïðåäåëåíèå.
φ (A) =

{

0,A = ∅,

1,A òîïîëîãè÷åñêè ýêâèâàëåíòíî øàðó,
φ (A ∪B) = φ (A) + φ (B)− φ (A ∩B) .Èòåðàòèâíîå îïðåäåëåíèå, âåðíî äëÿ äîñòàòî÷íî �õîðîøèõ� A.

φ (A) =

{×èñëî íåïåðåñåêàþùèõñÿ èíòåðâàëîâ â A,N = 1,
∑

{φ (A ∩ εx)− φ (A ∩ εx−)} ,N > 1,

φ (A ∩ εx−) = lim
y↓0

φ (A ∩ εx−y) ,

εx � (N − 1)-ìåðíàÿ ïëîñêîñòü â R
N , ñîñòîÿùàÿ èç òî÷åê, j-ÿ êîîðäèíàòàêîòîðûõ ðàâíà x. Ðÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç



Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Ïðèìåðû çàäà÷Òåîðèÿ ñëó÷àéíûõ ïîëåéÏåðåñòàíîâî÷íûå ìåòîäûÝéëåðîâà õàðàêòåðèñòèêà

Ðÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç



Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Ïðèìåðû çàäà÷Òåîðèÿ ñëó÷àéíûõ ïîëåéÏåðåñòàíîâî÷íûå ìåòîäûÒðåáîâàíèÿ ê MÍàèáîëåå îáùåå îãðàíè÷åíèå: M � ðàññëî¼ííîå ìíîãîîáðàçèå Óèòíè.Êîíå÷íûå áàçîâûå êîìïëåêñû: N-ìåðíûå ïðÿìîóãîëüíèêè âèäà
T =

∏M
i=1 [0, Ti] , èõ êîíå÷íûå îáúåäèíåíèÿ.Ðèìàíîâû ìíîãîîáðàçèÿ (N-ìåðíûå øàðû, ñôåðû, èõ ãëàäêèåäåôîðìàöèè).Ìíîæåñòâà, êîòîðûå ìîãóò áûòü çàïèñàíû â ôîðìå M =

⋃N
i=1 ∂iM,ãäå ∂i � i-ìåðíûå ìíîæåñòâà, îòíîñÿùèåñÿ ê îäíîé èç ïðåäûäóùèõêàòåãîðèé.Ïðèìåð: fMRI, çíà÷åíèå â êàæäîì âîêñåëå � ñðåäíåå ïî ìàëîéýëëèïñîèäàëüíîé îêðåñòíîñòè âîêñåëÿ. Ýëëèïñîèä çàäà¼òñÿ òðåìÿ îñÿìè,âäîëü êîòîðûõ âûáèðàþòñÿ åãî ðàçìåðû, è äâóìÿ óãëàìè ïîâîðîòà. Èòîã:ñêàí fMRI � ðåàëèçàöèÿ ñëó÷àéíîãî ïîëÿ â âîñüìèìåðíîì ïðîñòðàíñòâå

{êîîðäèíàòû âîêñåëÿ} × {ðàçìåðû ýëëèïñà} × {óãëû ïîâîðîòà ýëëèïñà}.Ðÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç



Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Ïðèìåðû çàäà÷Òåîðèÿ ñëó÷àéíûõ ïîëåéÏåðåñòàíîâî÷íûå ìåòîäûÒðåáîâàíèÿ ê f

f : M ∈ R
N → R

k � ãëàäêîå ãàóññîâî ñëó÷àéíîå ïîëå
m (x) = 0 (äëÿ óäîáñòâà, ãëàâíîå, ÷òîáû m (x) = const)
f èìååò ïîñòîÿííóþ äèñïåðñèþ íà M (îñëàáëåíèå òðåáîâàíèÿñòàöèîíàðíîñòè)âñå k êîìïîíåíò f äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìû

f (x) → fstandartized (x) =
f (x)

(E (f2 (x)))1/2
.

Ðÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç



Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Ïðèìåðû çàäà÷Òåîðèÿ ñëó÷àéíûõ ïîëåéÏåðåñòàíîâî÷íûå ìåòîäûÎêîëîãàóññîâû ñëó÷àéíûå ïîëÿÑëó÷àéíîå ïîëå f : M → R
d íàçîâ¼ì îêîëîãàóññîâûì, åñëè ìîæíî íàéòèïîëå

g (x) = (g1 (x) , . . . , gk (x)) : M → R
kñ íåçàâèñèìûìè îäèíàêîâî ðàñïðåäåë¼ííûìè êîìïîíåíòàìè ñ íóëåâûìñðåäíèì è åäèíè÷íîé äèñïåðñèåé, è òàêóþ ôóíêöèþ

F : Rk → R
d,÷òî f èìååò òî æå ìíîãîìåðíîå ðàñïðåäåëåíèå, ÷òî è F (g) .

F =
∑k

1 x
2
i � χ2-ïîëå ñ k ñòåïåíÿìè ñâîáîäû

F = x1

√
k−1

(
∑

k
2
x2
i )

1/2 � T -ïîëå ñ k − 1 ñòåïåíÿìè ñâîáîäû
F =

m
∑n

1 x2
i

n
∑n+m

n+1
x2
i

, k = m+ n,� F -ïîëå ñ n è m ñòåïåíÿìè ñâîáîäû
A[u,∞) (f,M) = A[u,∞) (F (g) ,M) = {x ∈ M : (F ◦ g) (x) ∈ [u,∞)}

=
{

x ∈ M : g (x) ≥ F−1 ([u,∞))
}

= AF−1([u,∞)) (g,M) .Äîïîëíèòåëüíîå òðåáîâàíèå: F �äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà.Ðÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç



Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Ïðèìåðû çàäà÷Òåîðèÿ ñëó÷àéíûõ ïîëåéÏåðåñòàíîâî÷íûå ìåòîäûTube formulaeÐàñøèðåíèåì (enlargement, tube) ìíîæåñòâà A ∈ R
N äèàìåòðà ρ íàçîâ¼ììíîæåñòâî

Tube (A, ρ) =

{

x ∈ R
N : min

y∈A
‖x− y‖ ≤ ρ

}

.

Òåîðåìà Ñòåéíåðà (Steiner): åñëè λN �îáú¼ì â R
N , òî äëÿ âûïóêëîãî A

λN (Tube (A, ρ)) =

dim(A)
∑

j=0

ωN−jρ
N−j

Lj (A) ,ãäå ωj = πj/2/Γ (1 + j/2)�îáú¼ì åäèíè÷íîãî øàðà â R
j .Ïðè äîñòàòî÷íî ìàëîì ρ âñå ðàññìàòðèâàåìûå çäåñü ìíîæåñòâà ÿâëÿþòñÿâûïóêëûìè. Ðÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç



Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Ïðèìåðû çàäà÷Òåîðèÿ ñëó÷àéíûõ ïîëåéÏåðåñòàíîâî÷íûå ìåòîäûGMFÍàñ èíòåðåñóåò ñîäåðæàíèå âåðîÿòíîñòíîé ìåðû â ìíîæåñòâå D = [u,∞) .Ïóñòü X � âåêòîð k i.i.d. ñòàíäàðòíûõ ãàóññîâûõ ñëó÷àéíûõ âåëè÷èí, òîãäàçàïèøåì
γk (A) = P {X ∈ A} =

∫

A

e−‖x‖2/2

(2π)k/2
dx.Äëÿ ðàñøèðåíèÿ A äëÿ äîñòàòî÷íî ìàëîãî ρ ñïðàâåäëèâî ðàçëîæåíèå

γk (Tube (A, ρ)) =
∞
∑

j=0

ρj

j!
Mk

j (A) ,ãäå Mk
j (A)� ãàóññîâ ôóíêöèîíàë Ìèíêîâñêîãî.Íàïðèìåð, äëÿ k = 1 è A = [u,∞)

Mk
j ([u,∞)) = Hj−1 (u)

e−u2/2

√
2π

,

Hn (x) = n!

bn/2c
∑

j=0

(−1)j xn−2j

j! (n− 2j)!2j
, n ≥ 0,

H−1 (x) =
√
2πΨ(x) ex

2/2.Ðÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç



Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Ïðèìåðû çàäà÷Òåîðèÿ ñëó÷àéíûõ ïîëåéÏåðåñòàíîâî÷íûå ìåòîäûÏðèìåð GMF äëÿ îêîëîãàóññîâà ïîëÿ
Äëÿ χ2-ïîëÿ ñ k ñòåïåíÿìè ñâîáîäû äëÿ j ≥ 1

Mk
j

(

F−1 ([u,∞))
)

=
uk−je−u2/2

Γ (k/2) 2(k−2)/2

b j−1

2
c

∑

l=0

j−1−2l
∑

m=0

1{k≥j−m−2l}C
j−1−m−2l
k−1

× (−1)j−1+m+l (j − 1)!

m!l!2l
u2m+2l.

Ðÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç



Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Ïðèìåðû çàäà÷Òåîðèÿ ñëó÷àéíûõ ïîëåéÏåðåñòàíîâî÷íûå ìåòîäûÎñíîâíîé ðåçóëüòàò
f : M → R

k �èçîòðîïíîå ãàóññîâî ñëó÷àéíîå ïîëå ñ i.i.d. êîìïîíåíòàìè,íóëåâûì ñðåäíèì, ïîñòîÿííîé åäèíè÷íîé äèñïåðñèåé è âòîðûìñïåêòðàëüíûì ìîìåíòîì
λ2 =

∂2R (x)

∂x2
i

∣

∣

∣

∣

x=0

.Òîãäà äëÿ ìíîæåñòâà M ðàçìåðíîñòè N è ìíîæåñòâà D ðàçìåðíîñòè kñïðàâåäëèâî
E {Li (AD (f,M))} =

N−i
∑

j=0

[

i+ j

j

]

λi+j
2

(2π)j/2
Li+j (M)Mk

j (D) ,ãäå
[

n

j

]

= Cj
n

ωn

ωn−jωj
.{Âûðàæåíèå äëÿ E {L0 (Au (f, T ))} íà N-ìåðíîì ïðÿìîóãîëüíèêå}{Âûðàæåíèå äëÿ E {L0 (Au (f, T ))} íà N-ìåðíîì êóáå}

N = 2, σ2 = 1 :

E {L0 (Au)} =

[

T 2λ2

(2π)3/2
u+

2Tλ
1/2
2

2π

]

e
−u2

2 +Ψ(u) .Ðÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç



Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Ïðèìåðû çàäà÷Òåîðèÿ ñëó÷àéíûõ ïîëåéÏåðåñòàíîâî÷íûå ìåòîäûÎñíîâíîé ðåçóëüòàòÌàòåìàòè÷åñêîå îæèäàíèå Ýéëåðîâîé õàðàêòåðèñòèêè ïðè
N = 2, σ2 = 1, λ2 = 200, λ2 = 1000 :

∣

∣

∣

∣

P

{

sup
x∈M

f (x) ≥ u

}

−E {L0 (Au (f,M))}
∣

∣

∣

∣

≤ error(u).

sup
x∈M

f (x) ≥ u ⇔ Au (f,M) 6= ∅ ⇔ ] {ñâÿçíûå êîìïîíåíòû A} ≥ 1

sup
x∈M

f (x) ≥ u“ ⇔′′
L0 (Au (f,M)) = 1

P

{

sup
x∈M

f (x) ≥ u

}

≈ E {L0 (Au (f,M))}Äëÿ ãàóññîâà èçîòðîïíîãî ïîëÿ ñ ïîñòîÿííîé åäèíè÷íîé äèñïåðñèåé
error (u) = e−u2(1+σ2

c)/2, σ2
c = ∂4R(x)

∂x2
1

∣

∣

∣

x=0
− 1.Ðÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç



Ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåçÏðîâåðêà ãèïîòåç íà ïðîñòðàíñòâåííûõ ñòðóêòóðàõ Ïðèìåðû çàäà÷Òåîðèÿ ñëó÷àéíûõ ïîëåéÏåðåñòàíîâî÷íûå ìåòîäûÄðóãèå ðåçóëüòàòûÈçâåñòíû ñïîñîáû âû÷èñëåíèÿ ìàòîæèäàíèÿ Ýéëåðîâîé è àíàëîãè÷íûõõàðàêòåðèñòèê â ñëåäóþùèõ óñëîâèÿõ:
f �äîñòàòî÷íî ãëàäêîå, ñòàöèîíàðíîå, A íå êàñàåòñÿ ãðàíèö, ãðàíèöà
∂M �C2 ìíîãîîáðàçèå;
f �äîñòàòî÷íî ãëàäêîå, ñòàöèîíàðíîå, N = 2, 3, ãðàíèöà ∂M �
C2 ìíîãîîáðàçèå çà èñêëþ÷åíèåì êîíå÷íîãî íàáîðà ïëîñêèõ ãðàíåé èâåðøèí, ãäå îíè âñòðå÷àþòñÿ;
f �äîñòàòî÷íî ãëàäêîå, ñòàöèîíàðíîå, èçîòðîïíîå, ãðàíèöà ∂M �
C2 ìíîãîîáðàçèå çà èñêëþ÷åíèåì êîíå÷íîãî íàáîðà ïëîñêèõ ãðàíåé èâåðøèí, ãäå îíè âñòðå÷àþòñÿ;
f � ãàóññîâî èëè îêîëîãàóññîâî, ñ ïîñòîÿííîé äèñïåðñèåé, M �ðàññëî¼ííîå ìíîãîîáðàçèå Óèòíè.Äîñòàòî÷íàÿ ãëàäêîñòü: f � âåùåñòâåííîçíà÷íàÿ, äâàæäû íåïðåðûâíîäèôôåðåíöèðóåìàÿ â îòêðûòîé îêðåñòíîñòè M , íå èìååò êðèòè÷åñêèõòî÷åê íà ∂M , ñóæåíèÿ f |M è f |∂M íå èìåþò âûðîæäåííûõ êðèòè÷åñêèõòî÷åê.Êðèòè÷åñêàÿ òî÷êà x∗

(

∂f
∂xi

(x∗) = 0, i = 1, . . . , N
) âûðîæäåíà, åñëèÿêîáèàí f â íåé ðàâåí íóëþ.Ðÿáåíêî Åâãåíèé SPM è ìíîæåñòâåííàÿ ïðîâåðêà ãèïîòåç
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