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Çàäà÷à îíëàéíîâîãî îáó÷åíèÿ

Çàäà÷à îáó÷åíèÿ ñ ó÷èòåëåì íà ïîòîêå äàííûõ:

(xi , yi )
ℓ
i=1 � ïîñëåäîâàòåëüíîñòü ïðåöåäåíòîâ ¾îáúåêò, îòâåò¿

a(x ,w) � ïàðàìåòðè÷åñêàÿ ìîäåëü çàâèñèìîñòè y(x)
L (a, y) � �óíêöèÿ ïîòåðü

èíèöèàëèçèðîâàòü ïàðàìåòðû ìîäåëè w0;

äëÿ âñåõ i = 1, . . . , ℓ
ïîëó÷èòü î÷åðåäíîé îáúåêò xi ;

ñäåëàòü ïðåäñêàçàíèå ai := a(xi ,wi−1);
ïîëó÷èòü îòâåò yi è îöåíèòü ïîòåðþ Li := L (ai , yi );
îáíîâèòü ìîäåëü wi := Update (wi−1, xi , yi );

Q(t) =
1

t

t∑

i=1

Li � êðèâàÿ îáó÷åíèÿ (LOO learning urve)

Steven C. H. Hoi et al. Online learning: a omprehensive survey. 2018
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Ïðîáëåìàòèêà èíêðåìåíòíîãî è îíëàéíîâîãî îáó÷åíèÿ

Êàê ý��åêòèâíî îáíîâèòü ìîäåëü ïî îäíîìó ïðåöåäåíòó?

Êàê óñëîæíÿòü ìîäåëü ïî ìåðå ðîñòà îáú¼ìà äàííûõ?

Êàê îáåñïå÷èòü òî æå êà÷åñòâî, ÷òî â î��ëàéíå?

Êàê èçáåæàòü õðàíåíèÿ âñåé âûáîðêè äàííûõ?

Êàê ïðè ýòîì èçáåæàòü ¾êàòàñòðî�è÷åñêîãî çàáûâàíèÿ¿?

Êàê, äîáàâëÿÿ íîâûå îáúåêòû, åù¼ è óäàëÿòü ñòàðûå?

×òî ìîæåò äîáàâëÿòüñÿ â çàäà÷àõ ìàøèííîãî îáó÷åíèÿ:

îáúåêòû � îñíîâíîé, íî íå åäèíñòâåííûé ñëó÷àé

ïðèçíàêè

ðàçìåðíîñòü ìîäåëè

êëàññû/êëàñòåðû

ïîäâûáîðêè/ïîäçàäà÷è

îáëàñòè ïðîñòðàíñòâà äàííûõ, ðàçëàäêè (onept drift)
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Online Learning 6= Inremental Learning. Â ÷¼ì îòëè÷èÿ?

Online îáðàáàòûâàåò îáúåêòû â ïîòîêå, ïî îäíîìó

Inremental ìîæåò íàêàïëèâàòü ïàêåòû îáíîâëåíèé

Online ìîæåò çàáûâàòü ñòàðûå äàííûå (atastrophi forgetting)

Inremental ÷àñòî ïîäðàçóìåâàåò ýêâèâàëåíòíîñòü

ðåçóëüòàòà î��ëàéíîâîìó îáó÷åíèþ ïî ïîëíîé âûáîðêå

Online èññëåäîâàíèÿ îçàáî÷åíû òåîðåòè÷åñêèìè ãàðàíòèÿìè

Inremental ñîñðåäîòî÷åí íà ðåàëèçàöèè áûñòðûõ àëãîðèòìîâ

Online îáÿçàòåëüíî ÿâëÿåòñÿ Inremental

Inremental ÍÅ îáÿçàòåëüíî ÿâëÿåòñÿ Online

Continual (lifelong) learning � îáó÷åíèå îäíîé ìîäåëè ðàçíûì

çàäà÷àì òàê, ÷òîáû íîâûå çàäà÷è íå âûòåñíÿëè ñòàðûå

Anytime algorithm � àëãîðèòì, êîòîðûé îáó÷àåòñÿ ïî ïîòîêó,

íî â ëþáîé ìîìåíò ìîæåò áûòü èñïîëüçîâàí äëÿ ïðåäñêàçàíèé
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Íàïîìèíàíèå. Ëåíèâîå îáó÷åíèå (lazy learning)

U ⊆ X ℓ
� ìíîæåñòâî õðàíèìûõ ýòàëîíîâ (prototypes)

Kh(x , xj ) � ÿäðî øèðèíû h, ñõîäñòâî ïàðû îáúåêòîâ x è xj

Ìåòðè÷åñêàÿ êëàññè�èêàöèÿ (kNN, îêíî Ïàðçåíà, RBF):

a(x) = argmax
y∈Y

∑

j∈U

[yj = y ]Kh(x , xj )

Íåïàðàìåòðè÷åñêàÿ ðåãðåññèÿ (Íàäàðàÿ-Óîòñîíà):

a(x) =

∑

j∈U

yjKh(x , xj )

∑

j∈U

Kh(x , xj )

Íåïàðàìåòðè÷åñêàÿ îöåíêà ïëîòíîñòè (Ïàðçåíà��îçåíáëàòòà):

a(x) =
1

|U|Vh

∑

j∈U

Kh(x , xj )
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Îíëàéíîâûé îòáîð ýòàëîíîâ (prototype seletion)

B � ¾áþäæåò¿, ìàêñèìàëüíîå ÷èñëî õðàíèìûõ îáúåêòîâ |U|
∆j � íàêàïëèâàåìàÿ îöåíêà ïîëåçíîñòè îáúåêòà xj
Cj � ñ÷¼ò÷èê, ñêîëüêî ðàç îáúåêò xj âëèÿë íà äðóãîãî

Cmin � ìèíèìàëüíîå çíà÷åíèå ñ÷¼ò÷èêà âëèÿíèé

Kmin � ìèíèìàëüíîå âëèÿíèå Kh(xi , xj) îáúåêòà xj íà xi
Li\j � ïîòåðÿ íà îáúåêòå xi ïðè èñêëþ÷åíèè îáúåêòà xj èç U

äëÿ âñåõ i = 1, . . . , ℓ
ïîëó÷èòü xi ; âû÷èñëèòü a(xi); ∆i := 0; Ci := 0;
U := U ∪ {xi};
äëÿ âñåõ xj ∈ U , áëèçêèõ ê xi : Kh(xi , xj ) > Kmin

∆i := ∆i + (Lj\i − Lj ); Ci := Ci + 1;

∆j := ∆j + (Li\j − Li ); Cj := Cj + 1;

åñëè |U| > B òî U := U \
{
xj :

∆j

Cj
→ min, Cj > Cmin

}
;
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Ïðåèìóùåñòâà è íåäîñòàòêè ëåíèâîãî îíëàéíà

Ïðåèìóùåñòâà:

ïðîñòîòà ðåàëèçàöèè

ðåøåíèÿ îíëàéíà è î��ëàéíà ãàðàíòèðîâàííî ñîâïàäàþò

(òîëüêî ïðè õðàíåíèè âñåõ äàííûõ, U = X ℓ
)

èäåþ îòáîðà ýòàëîíîâ ìîæíî ïåðåíîñèòü íà äðóãèå

îíëàéíîâûå ìåòîäû, äëÿ êîòîðûõ èìååòñÿ áûñòðûé ñïîñîá

1) îöåíèâàòü âëèÿíèå îäíèõ îáúåêòîâ íà äðóãèå è

2) îöåíèâàòü äåêðåìåíòíóþ ïîòåðþ Li\j

Íåäîñòàòêè:

õðàíåíèå âûáîðêè � ýòî íå íàñòîÿùèé îíëàéí

îáó÷åíèå øèðèíû îêíà h è äðóãèõ ïàðàìåòðîâ �óíêöèé

ñõîäñòâà Kh ìîãóò ñóùåñòâåííî óñëîæíÿòü àëãîðèòì
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Íàïîìèíàíèå. Íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð

¾Îïòèìàëüíûé¿ áàéåñîâñêèé êëàññè�èêàòîð:

a(x) = argmax
y∈Y

λyP(y)p(x |y)

¾Íàèâíîå¿ ïðåäïîëîæåíèå î íåçàâèñèìîñòè ïðèçíàêîâ:

a(x) = argmax
y∈Y

(

ln(λyP(y)) +
n∑

j=1
ln p(x j |y)

)

Ïðåäïîëîæåíèå, ÷òî îäíîìåðíûå ïëîòíîñòè ýêñïîíåíöèàëüíû:

p(x j |y ; θyj , φyj) = exp

(
x jθyj − c(θyj)

φyj

+ h(x j , φyj )

)

Çàäà÷à ìàêñèìèçàöèè log-ïðàâäîïîäîáèÿ ðàñïàäàåòñÿ

íà íåçàâèñèìûå ïîäçàäà÷è ïî êëàññàì y è ïðèçíàêàì j :

L(θ, φ) = ln
ℓ∏

i=1

p(xi |yi ) =
n∑

j=1

∑

y∈Y

(
∑

xi∈Xy

ln p(x ji |y ; θyj , φyj )
)

→ max
θ,φ
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Íàïîìèíàíèå. Ëèíåéíûé íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð

�åøåíèå θyj ÷åðåç ñðåäíåå çíà÷åíèå ïðèçíàêà j â êëàññå y :

∂L

∂θyj
= 0 ⇒ c ′(θyj) =

∑

xi∈Xy

x
j
i

|Xy |
≡ x̄yj ⇒ θyj = [c ′]−1(x̄yj)

�åøåíèå φyj âûðàæàåòñÿ èç óðàâíåíèÿ

∂L
∂φyj

= 0, íàïðèìåð,

â ñëó÷àå ãàóññîâñêîãî ðàñïðåäåëåíèÿ φyj =
1
ℓ

∑ℓ
i=1

(
x
j
i − x̄yi j

)2

Na��ve Bayes � ëèíåéíûé êëàññè�èêàòîð:

a(x) = argmax
y∈Y

(
n∑

j=1
x j

θyj
φyj
︸︷︷︸

wyj

+ ln(λyP(y))−
n∑

j=1

c(θyj)

φyj
︸ ︷︷ ︸

by

+
✘
✘
✘
✘✘

h(x j , φyj)
︸ ︷︷ ︸
åñëè îò y
íå çàâèñèò

)

Îíëàéíîâîå îáó÷åíèå � ðåêóððåíòíûå �îðìóëû äëÿ x̄yj , φyj

ñêîðîñòü O(nℓ) êàê â î��ëàéíå, òàê è â îíëàéíå

ðåøåíèÿ îíëàéíà è î��ëàéíà ñîâïàäàþò
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Îíëàéíîâûé íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð (ONB)

èíèöèàëèçèðîâàòü by := ln(λyP(y)); x̄yj := 0; ℓy := 0;
äëÿ âñåõ i = 1, . . . , ℓ

ïîëó÷èòü î÷åðåäíîé îáúåêò xi = (x1i , . . . , x
n
i );

ñäåëàòü ïðåäñêàçàíèå ai := arg max
y∈Y

(

by +
n∑

j=1
x
j
i wyj

)

;

ïîëó÷èòü îòâåò yi è îöåíèòü ïîòåðþ Li := L (ai , yi );
äëÿ y = yi îáíîâèòü ñðåäíèå ïî ðåêóððåíòíîé �îðìóëå:

x̄yj :=
1

ℓy+1x
j
i +

ℓy
ℓy+1 x̄yj ; ℓy := ℓy + 1;

îöåíèòü ïàðàìåòðû ðàñïðåäåëåíèé:

θyj := [c ′]−1(x̄yj) è φyj (â çàâèñèìîñòè îò òèïà ïðèçíàêà);

îáíîâèòü êîý��èöèåíòû ëèíåéíîé ìîäåëè:

wyj :=
θyj
φyj

; by := ln(λyP(y))−
n∑

j=1

c(θyj )
φyj

;
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Ëåíèâîå îáó÷åíèå è îòáîð ýòàëîííûõ îáúåêòîâ

Îíëàéíîâûé íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð

Ïðåèìóùåñòâà è íåäîñòàòêè ONB

Ïðåèìóùåñòâà:

ñêîðîñòü O(nℓ) êàê â î��ëàéíå, òàê è â îíëàéíå

ðåøåíèÿ îíëàéíà è î��ëàéíà ñîâïàäàþò

íå ÷óâñòâèòåëåí ê ÷èñëó êëàññîâ è äèñáàëàíñó êëàññîâ

ïðàêòè÷åñêè íå áûâàåò ïåðåîáó÷åíèÿ

ïîäõîäèò äëÿ ðàçíîòèïíûõ äàííûõ è äàííûõ ñ ïðîïóñêàìè

â çàäà÷àõ êëàññè�èêàöèè òåêñòîâ êà÷åñòâî ñîïîñòàâèìî

ñ SVM (ïðè ââåäåíèè îòáîðà ïðèçíàêîâ ïî TF-IDF)

÷àñòî èñïîëüçóåòñÿ â êà÷åñòâå ¾áåéñëàéíà äëÿ áèòüÿ¿

Íåäîñòàòêè:

â áîëüøèíñòâå çàäà÷ ¾íàèâíîå¿ ïðåäïîëîæåíèå

î íåçàâèñèìîñòè ïðèçíàêîâ ñîâñåì íå ðàáîòàåò

J.Rennie et al. Takling the poor assumptions of Naive Bayes text lassi�ers. 2003
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Àëãîðèòì Pereptron äëÿ ëèíåéíîãî êëàññè�èêàòîðà

Ïóñòü xi ∈ R
n
, yi ∈ {−1,+1}; ìîäåëü a(x ,w) = sign(xTw).

Ñòàðåéøèé àëãîðèòì îíëàéíîâîãî îáó÷åíèÿ (ïðàâèëî Õåááà):

èíèöèàëèçèðîâàòü ïàðàìåòðû ìîäåëè w0 := 0;
äëÿ âñåõ i = 1, . . . , ℓ

ïîëó÷èòü xi ; ïðåäñêàçàòü ai := sign(xT
i wi−1); ïîëó÷èòü yi ;

åñëè ai 6= yi òî

îáíîâèòü ìîäåëü wi := wi−1 + ηyixi ;

Ýòî ýêâèâàëåíòíî ãðàäèåíòíîìó øàãó

 �óíêöèåé ïîòåðü Li (w) = (−yix
T
i w)+

è âåëè÷èíîé øàãà η

Âàðèàíò ñ íîðìàëèçàöèåé: wi := wi−1 + ηyi
xi

‖xi‖ -2 -1 0 1 2

0

0,5

1,0

1,5

2,0

Hebb

SVM

Frank Rosenblatt. The pereptron: a probabilisti model for information storage

and organization in the brain. 1958.
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Àëãîðèòì Passive-Aggressive äëÿ ëèíåéíîãî êëàññè�èêàòîðà

Li (w) = (1− yix
T
i w)+ � �óíêöèÿ ïîòåðü êàê â SVM

Èäåÿ: wi = ïðîåêöèÿ wi−1 íà ìíîæåñòâî {w : Li (w) = 0}
passive � åñëè Li (wi−1) = 0, òî íå ìåíÿòü âåñà, wi := wi−1

aggressive � ñäâèíóòüñÿ êàê ìîæíî äàëüøå ê w : Li (w) = 0

Çàäà÷à ïîèñêà òî÷êè wi , ñ ïàðàìåòðîì C è ñòåïåíüþ p ∈ {1, 2}:

‖w − wi−1‖
2 + CL

p
i (w) → min

w

Àíàëèòè÷åñêîå ðåøåíèå äà¼ò çíà÷åíèå ãðàäèåíòíîãî øàãà ηi :

wi := wi−1 + ηiyixi

ηi =
Li

‖xi‖2
︸ ︷︷ ︸

ïðè C=0

èëè ηi = min

{

C ,
Li

‖xi‖2

}

︸ ︷︷ ︸

ïðè p=1

èëè ηi =
Li

‖xi‖2 +
1
2C

︸ ︷︷ ︸

ïðè p=2

K.Crammer et al. Online passive-aggressive algorithms. JMRL, 2006.
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Îíëàéíîâûé ãðàäèåíòíûé ñïóñê (Online Gradient Desent, OGD)

Ìèíèìèçàöèÿ àääèòèâíîãî êðèòåðèÿ

ℓ∑

i=1
L

(
a(xi ,w), yi

)
→ max

w

Îòëè÷èå îò ìåòîäà SGD (Stohasti Gradient Desent) â òîì,

÷òî îáúåêòû ñëåäóþò â çàäàííîì ïîðÿäêå, à íå â ñëó÷àéíîì:

èíèöèàëèçèðîâàòü ïàðàìåòðû ìîäåëè w0;

äëÿ âñåõ i = 1, . . . , ℓ
ïîëó÷èòü îáúåêò xi ; ïðåäñêàçàòü ai := a(xi ,wi−1);
ïîëó÷èòü îòâåò yi ; îöåíèòü ïîòåðþ Li := L (ai , yi );
îáíîâèòü ìîäåëü wi := wi−1 − ηi∇wL

(
a(xi ,wi−1), yi

)
;

M.Zinkevih. Online onvex programming and generalized in�nitesimal

gradient asent. 2003.
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Íàïîìèíàíèå. �åøàþùåå äåðåâî (Deision Tree)

F = {f1, . . . , fn} � ìíîæåñòâî ïðèçíàêîâ, fj : X → Efj , |Efj | < ∞

�åøàþùåå äåðåâî � àëãîðèòì êëàññè�èêàöèè a(x),
çàäàþùèéñÿ äåðåâîì (ñâÿçíûì àöèêëè÷åñêèì ãðà�îì):

1) V = V
âíóòð

⊔ V
ëèñò

, v0 ∈ V � êîðåíü äåðåâà;

2) v ∈ V
âíóòð

: ïðèçíàê fv ∈ F è �óíêöèÿ Sv : Efv → V ;

3) v ∈ V
ëèñò

: ìåòêà êëàññà yv ∈ Y .

v := v0;

ïîêà (v ∈ V
âíóòð

):
v := Sv (fv (x));

âûõîä a(x) := yv ;

Åñëè Efv ≡ {0, 1} äëÿ âñåõ v ,

òî ðåøàþùåå äåðåâî áèíàðíîå

v0

v

Sv(0) Sv(1)

· · ·

0
⑧⑧

��⑧⑧
⑧ 1

❄❄

��
❄❄

❄❄

0
⑧⑧

��⑧⑧
⑧ 1

❄❄

��
❄❄
❄

· · · · · ·

0
⑧⑧

��⑧⑧
⑧⑧

1
❄❄

��
❄❄

❄❄
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Íàïîìèíàíèå. Àëãîðèòì îáó÷åíèÿ ðåøàþùåãî äåðåâà ID3

v0 := TreeGrowing (X ℓ) � �óíêöèÿ ðåêóðñèâíî âûçûâàåò ñåáÿ

�óíêöèÿ TreeGrowing (U ⊆ X ℓ) 7→ êîðåíü äåðåâà v ;

fv := argmax
f ∈F

Gain (f ,U) � êðèòåðèé âåòâëåíèÿ äåðåâà;

åñëè Gain (fv ,U) < G0 òî

ñîçäàòü íîâûé ëèñò v ; yv := Major (U); âûõîä v ;

ñîçäàòü íîâóþ âíóòðåííþþ âåðøèíó v ñ �óíêöèåé fv ;

äëÿ âñåõ k ∈ Efv :

Uvk :=
{
x ∈ U : fv (x) = k

}
;

Sv(k) := TreeGrowing (Uvk);

âûõîä v ;

Ìàæîðèòàðíîå ïðàâèëî: Major (U) := argmax
y∈Y

P(y |U).

John Ross Quinlan. Indution of Deision Trees // Mahine Learning, 1986.
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Èíêðåìåíòíûé àëãîðèòì îáó÷åíèÿ ðåøàþùåãî äåðåâà ID5R

Uv � ìíîæåñòâî îáúåêòîâ (xi , yi ), äîøåäøèõ äî âåðøèíû v .

Cv [ j , z , y ] = #
{
xi ∈ Uv : yi = y , fj(xi ) = z

}
� ñ÷¼ò÷èêè ÷èñëà

îáúåêòîâ äëÿ âû÷èñëåíèÿ êðèòåðèÿ âåòâëåíèÿ Gain (fj ,Uv ).

äëÿ âñåõ i = 1, . . . , ℓ:
ïîëó÷èòü xi ; ïðåäñêàçàòü ai ; ïîëó÷èòü yi ;

äëÿ âñåõ v íà ïóòè îò v0 äî ëèñòà, â êîòîðûé ïîïàë xi :

Cv [ j , fj (xi ), yi ] += 1 äëÿ âñåõ j = 1, . . . , n;
f ′v := argmaxf Gain (f ,Uv ) � êðèòåðèé âåòâëåíèÿ;

åñëè (Gain (f ′v ,Uv ) > G0) è (v ∈ V
ëèñò

) òî
ïðåîáðàçîâàòü v âî âíóòðåííþþ âåðøèíó;

åñëè (f ′v 6= fv) è (v ∈ V
âíóòð

) òî
v := TreeGrowing (Uv ); fv := f ′v ;

Paul E. Utgo�. Inremental Indution of Deision Trees. 1989
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Ïðåèìóùåñòâà è íåäîñòàòêè

Ïðåèìóùåñòâà:

õðàíèòñÿ íå âûáîðêà, à ñ÷¼ò÷èêè

äåðåâî ðàñò¼ò ïîñòåïåííî ñ ðîñòîì îáú¼ìà äàííûõ

ðåøåíèÿ îíëàéíà (ID5R) è î��ëàéíà (ID3) ñîâïàäàþò

åñòü íåñêîëüêî âåðñèé áîëåå ïðîäâèíóòîãî àëãîðèòìà IDI

Íåäîñòàòêè:

áîëüøîé îáú¼ì õðàíèìûõ äàííûõ

èç-çà ýòîãî áîëüøîé ëåñ èç ID5R ïîñòðîèòü òðóäíî

P.E.Utog�, N.C.Berkman, J.A.Clouse. Deision tree indution based on

e�ient tree restruturing. 1996

P.E.Utog�. An improved algorithm for inremental indution of deision trees. 1994
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�åêóðñèâíûé ìåòîä íàèìåíüøèõ êâàäðàòîâ (RLS)

Ïóñòü xi ∈ R
n
, yi ∈ R; ìîäåëü ðåãðåññèè a(x ,w) = xTw .

Ìåòîä íàèìåíüøèõ êâàäðàòîâ (ÌÍÊ) äëÿ ëèíåéíîé ðåãðåññèè:

ℓ∑

i=1

(
xT
i w − yi

)2
+ λ

n∑

j=1
w2
j = ‖Fw − y‖2 + λ‖w‖2 → min

w

�åøåíèå çàäà÷è ÌÍÊ (ãðåáíåâàÿ ðåãðåññèÿ):

w∗ = (F TF + λIn)
−1F Ty

Íîâûé îáúåêò xi äîáàâëÿåòñÿ íèæíåé ñòðîêîé ê Fi−1:

F T
i Fi =

(
F T
i−1 xi

)
(
Fi−1

xT
i

)

= F T
i−1Fi−1 + xix

T
i

Ôîðìóëà Øåðìàíà�Ìîððèñîíà äëÿ ìàòðèöû A = F T
i−1Fi−1 + λIn:

(A+ uvT)−1 = A−1 −
A−1uvTA−1

1 + vTA−1u
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�åêóðñèâíûé ìåòîä íàèìåíüøèõ êâàäðàòîâ (RLS)

�åêóðñèâíûé ÌÍÊ (Reursive Least Squares):

èíèöèàëèçèðîâàòü w0 := 0, A0 := (In + λIn)
−1
;

äëÿ âñåõ i = 1, . . . , ℓ
ïîëó÷èòü îáúåêò xi ; ñäåëàòü ïðåäñêàçàíèå ai := xT

i wi−1;

ïîëó÷èòü îòâåò yi ; îöåíèòü ïîòåðþ Li := (ai − yi)
2
;

Ai := Ai−1 −
Ai−1xix

T
i Ai−1

1 + xT
i Ai−1xi

;

wi := wi−1 − Aixi (ai − yi );

Ñëîæíîñòü O(ℓn2), ðåøåíèå òî÷íîå, ñîâïàäàåò ñ î��ëàéíîì

Ñðàâíåíèå ñ OGD:

wi := wi−1 − ηixi (ai − yi)

Ñëîæíîñòü O(ℓn), ðåøåíèå ïðèáëèæ¼ííîå, îòëè÷àåòñÿ îò î��ëàéíà
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Ïðîãíîçèðîâàíèå è îíëàéíîâûå àíñàìáëè

Àäàïòèâíûå ìîäåëè êðàòêîñðî÷íîãî ïðîãíîçèðîâàíèÿ

Àäàïòèâíàÿ ñåëåêöèÿ è êîìïîçèöèÿ ìîäåëåé

Îíëàéíîâîå îáó÷åíèå àíñàìáëåé è ãëóáîêèõ íåéðîñåòåé

Çàäà÷à ïðîãíîçèðîâàíèÿ âðåìåííîãî ðÿäà

y0, y1, . . . , yt , . . . � âðåìåííîé ðÿä, yi ∈ R

xt = (y1, . . . , yt) � îïèñàíèå ïðåäûñòîðèè ðÿäà â ìîìåíò t

ŷt+d (xt ;w) � ìîäåëü âðåìåííîãî ðÿäà, d = 1, . . . ,D
w � âåêòîð ïàðàìåòðîâ, D � ãîðèçîíò ïðîãíîçèðîâàíèÿ

Ïðèìåð: ëèíåéíàÿ ìîäåëü àâòîðåãðåññèè

ŷt+1(w) =
n∑

j=1
wjyt−j+1, w ∈ R

n

Ìåòîä íàèìåíüøèõ êâàäðàòîâ:

Qt(w) =
t−d∑

i=t0

(
ŷi+d(xi ,w)− yi+d

)2
→ min

w

Îñíîâíûå ÿâëåíèÿ â ýêîíîìåòðè÷åñêèõ âðåìåííûõ ðÿäàõ:

òðåíäû

ñåçîííîñòè

ðàçëàäêè (ìîìåíòû ñìåíû ìîäåëè ðÿäà)
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Àäàïòèâíûå ìîäåëè êðàòêîñðî÷íîãî ïðîãíîçèðîâàíèÿ

Àäàïòèâíàÿ ñåëåêöèÿ è êîìïîçèöèÿ ìîäåëåé

Îíëàéíîâîå îáó÷åíèå àíñàìáëåé è ãëóáîêèõ íåéðîñåòåé

Ýêñïîíåíöèàëüíîå ñêîëüçÿùåå ñðåäíåå (ÝÑÑ)

Ïðîñòåéøàÿ ðåãðåññèîííàÿ ìîäåëü � êîíñòàíòà ŷt+1 = c ,

íàáëþäåíèÿ ó÷èòûâàþòñÿ ñ âåñàìè, óáûâàþùèìè â ïðîøëîå:

t∑

i=0

βt−i (yi − c)2 → min
c
, β ∈ (0, 1)

Àíàëèòè÷åñêîå ðåøåíèå � �îðìóëà Íàäàðàÿ-Âàòñîíà:

c ≡ ŷt+1 =

∑t
i=0 β

iyt−i
∑t

i=0 β
i

Çàïèøåì àíàëîãè÷íî ŷt , îöåíèì
t∑

i=0
βi ≈

∞∑

i=0
βi = 1

1−β
,

ïîëó÷èì ŷt+1 = ŷtβ + (1− β)yt , çàìåíèì α = 1− β:

ŷt+1 = ŷt + α(yt − ŷt) = αyt + (1− α)ŷt ,

α ∈ (0, 1) íàçûâàåòñÿ ïàðàìåòðîì ñãëàæèâàíèÿ.
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Àäàïòèâíàÿ ñåëåêöèÿ è êîìïîçèöèÿ ìîäåëåé

Îíëàéíîâîå îáó÷åíèå àíñàìáëåé è ãëóáîêèõ íåéðîñåòåé

�åêóððåíòíàÿ �îðìóëà äëÿ ñðåäíåãî àðè�ìåòè÷åñêîãî

Ýêñïîíåíöèàëüíîå ñêîëüçÿùåå ñðåäíåå (ÝÑÑ):

ŷt+1 = ŷt + α(yt − ŷt)

Ñðåäíåå àðè�ìåòè÷åñêîå:

ŷt+1 =
1

t + 1

t∑

i=0

yi = ŷt +
1

t + 1
(yt − ŷt)

Ïðè αt =
1

t+1 èìååì ñðåäíåå àðè�ìåòè÷åñêîå

Ïðè αt = const èìååì ýêñïîíåíöèàëüíîå ñêîëüçÿùåå ñðåäíåå

Óñëîâèå ñõîäèìîñòè ê ñðåäíåìó (äëÿ ñòàöèîíàðíûõ çàäà÷):

∞∑

t=1
αt = ∞,

∞∑

t=1
α2
t < ∞

ÝÑÑ ïðèìåíÿåòñÿ ê íåñòàöèîíàðíûì âðåìåííûì ðÿäàì
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Ïðîãíîçèðîâàíèå è îíëàéíîâûå àíñàìáëè

Àäàïòèâíûå ìîäåëè êðàòêîñðî÷íîãî ïðîãíîçèðîâàíèÿ

Àäàïòèâíàÿ ñåëåêöèÿ è êîìïîçèöèÿ ìîäåëåé

Îíëàéíîâîå îáó÷åíèå àíñàìáëåé è ãëóáîêèõ íåéðîñåòåé

Ïîäáîð ïàðàìåòðà ñãëàæèâàíèÿ

Ýêñïîíåíöèàëüíîå ñêîëüçÿùåå ñðåäíåå (ÝÑÑ):

ŷt+1 = αyt + (1− α)ŷt

×åì áîëüøå α, òåì áîëüøå âåñ ïîñëåäíèõ òî÷åê,

ïðè α → 1 ïðîãíîç ñòðåìèòñÿ ê òðèâèàëüíîìó ŷt+1 = yt .

×åì ìåíüøå α, òåì ñèëüíåå ñãëàæèâàíèå,

ïðè α → 0 ïðîãíîç ñòðåìèòñÿ ê òðèâèàëüíîìó ŷt+1 = ȳ .

Îïòèìàëüíîå α∗
íàõîäèì ïî ñêîëüçÿùåìó êîíòðîëþ:

Q(α) =

T∑

t=t0

(
ŷt(α) − yt

)2
→ min

α

Ýìïèðè÷åñêèå ïðàâèëà:

åñëè α∗ ∈ (0, 0.3), òî ðÿä ñòàöèîíàðåí, ÝÑÑ ðàáîòàåò;

åñëè α∗ ∈ (0.3, 1), òî ðÿä íåñòàöèîíàðåí, íóæíà ìîäåëü òðåíäà.
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Ïðîãíîçèðîâàíèå è îíëàéíîâûå àíñàìáëè

Àäàïòèâíûå ìîäåëè êðàòêîñðî÷íîãî ïðîãíîçèðîâàíèÿ

Àäàïòèâíàÿ ñåëåêöèÿ è êîìïîçèöèÿ ìîäåëåé

Îíëàéíîâîå îáó÷åíèå àíñàìáëåé è ãëóáîêèõ íåéðîñåòåé

Âðåìåííûå ðÿäû ñ òðåíäîì è ñåçîííîñòüþ

Ïðèìåð. Ñî÷åòàíèÿ òðåíäà è ñåçîííîñòè (ìîäåëüíûå äàííûå)

�ÿä 1 � ñåçîííîñòü áåç òðåíäà

�ÿä 2 � ëèíåéíûé òðåíä, àääèòèâíàÿ ñåçîííîñòü

�ÿä 3 � ëèíåéíûé òðåíä, ìóëüòèïëèêàòèâíàÿ ñåçîííîñòü

�ÿä 4 � ýêñïîíåíöèàëüíûé òðåíä, ìóëüòèïëèêàòèâíàÿ ñåçîííîñòü
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Ïðîãíîçèðîâàíèå è îíëàéíîâûå àíñàìáëè

Àäàïòèâíûå ìîäåëè êðàòêîñðî÷íîãî ïðîãíîçèðîâàíèÿ

Àäàïòèâíàÿ ñåëåêöèÿ è êîìïîçèöèÿ ìîäåëåé

Îíëàéíîâîå îáó÷åíèå àíñàìáëåé è ãëóáîêèõ íåéðîñåòåé

Àääèòèâíûé òðåíä è ñåçîííîñòü

Ìîäåëü Õîëüòà: ŷt+d = at + btd

�åêóððåíòíûå �îðìóëû äëÿ ïàðàìåòðîâ ëèíåéíîãî òðåíäà:

at = α1yt + (1− α1)(at−1 + bt−1)

bt = α2(at − at−1) + (1− α2)bt−1

Ìîäåëü Òåéëà�Âåéäæà: ŷt+d = (at + btd) + θt+d−s , d 6 s

Ëèíåéíûé òðåíä è àääèòèâíàÿ ñåçîííîñòü ñ ïåðèîäîì s:

at = α1(yt − θt−s) + (1− α1)(at−1 + bt−1)

bt = α2(at − at−1) + (1− α2)bt−1

θt = α3(yt − at) + (1− α3)θt−s

θ0, . . . , θs−1 � ñåçîííûé ïðî�èëü ïåðèîäà s

α1, α2, α3 � ïàðàìåòðû ñãëàæèâàíèÿ
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Àäàïòèâíûå ìîäåëè êðàòêîñðî÷íîãî ïðîãíîçèðîâàíèÿ

Àäàïòèâíàÿ ñåëåêöèÿ è êîìïîçèöèÿ ìîäåëåé

Îíëàéíîâîå îáó÷åíèå àíñàìáëåé è ãëóáîêèõ íåéðîñåòåé

Ìóëüòèïëèêàòèâíûé òðåíä è ñåçîííîñòü

Ìîäåëü Óèíòåðñà: ŷt+d = (at + btd) · θt+d−s , d 6 s

Ëèíåéíûé òðåíä è ìóëüòèïëèêàòèâíàÿ ñåçîííîñòü ïåðèîäà s:

at = α1(yt/θt−s) + (1− α1)(at−1 + bt−1);

bt = α2(at − at−1) + (1− α2)bt−1;

θt = α3(yt/at) + (1− α3)θt−s ;

Ìîäåëü Óèíòåðñà: ŷt+d = at · r
d
t · θt+d−s , d 6 s

Ìóëüòèïëèêàòèâíûå òðåíä è ñåçîííîñòü ïåðèîäà s:

at = α1(yt/θt−s) + (1− α1)at−1rt−1;

rt = α2(at/at−1) + (1− α2)rt−1;

θt = α3(yt/at) + (1− α3)θt−s ;

θ0, . . . , θs−1 � ñåçîííûé ïðî�èëü ïåðèîäà s

α1, α2, α3 � ïàðàìåòðû ñãëàæèâàíèÿ

Ê.Â. Âîðîíöîâ (k.v.vorontsov�physteh.edu) ÏÌÌÎ: èíêðåìåíòíîå îáó÷åíèå 28 / 37



Çàäà÷è èíêðåìåíòíîãî è îíëàéíîâîãî îáó÷åíèÿ

�ðàäèåíòíûå è òî÷íûå èíêðåìåíòíûå ìåòîäû

Ïðîãíîçèðîâàíèå è îíëàéíîâûå àíñàìáëè

Àäàïòèâíûå ìîäåëè êðàòêîñðî÷íîãî ïðîãíîçèðîâàíèÿ

Àäàïòèâíàÿ ñåëåêöèÿ è êîìïîçèöèÿ ìîäåëåé

Îíëàéíîâîå îáó÷åíèå àíñàìáëåé è ãëóáîêèõ íåéðîñåòåé

Èäåÿ àäàïòèâíîé ñåëåêöèè ìîäåëåé

Ïðèìåð: Äèíàìèêà ÝÑÑ îøèáîê ïðîãíîçîâ |εt | äëÿ 6 ìîäåëåé

(ïî ðåàëüíûì äàííûì îáú¼ìîâ ïðîäàæ â ñóïåðìàðêåòå):

146 148 150 152 154 156 158 160 162 164 166 168 170 172 174 176 178 180 182 184 186 188

0.5

1.0

1.5

2.0

t

AvrErr

Èäåÿ: êàæåòñÿ, ìîæíî óñïåâàòü âêëþ÷àòü íàèáîëåå óäà÷íûå

ìîäåëè è îòêëþ÷àòü ìåíåå óäà÷íûå...

�àçëàäêà � ìîìåíò âðåìåíè, êîãäà âðåìåííîé ðÿä

ïåðåêëþ÷àåòñÿ ñ îäíîé ìîäåëè ïîâåäåíèÿ íà äðóãóþ
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Àäàïòèâíàÿ ñåëåêöèÿ è êîìïîçèöèÿ ìîäåëåé

Îíëàéíîâîå îáó÷åíèå àíñàìáëåé è ãëóáîêèõ íåéðîñåòåé

Àäàïòèâíàÿ ñåëåêòèâíàÿ ìîäåëü

Ïóñòü èìååòñÿ k ìîäåëåé ïðîãíîçèðîâàíèÿ,

ŷj ,t+d � ïðîãíîç j-é ìîäåëè íà ìîìåíò t + d

εjt = yt − ŷjt � îøèáêà ïðîãíîçà j-é ìîäåëè â ìîìåíò t

ε̃jt = γ|εjt |+ (1− γ)ε̃j ,t−1 � ÝÑÑ ìîäóëÿ îøèáêè

Ëó÷øàÿ ìîäåëü â ìîìåíò âðåìåíè t:

j∗t = argmin
j=1,...,k

ε̃jt

Àäàïòèâíàÿ ñåëåêòèâíàÿ ìîäåëü � ïðîãíîç ïî ëó÷øåé ìîäåëè:

ŷt+d := ŷj∗t ,t+d

Òðåáóåòñÿ ïîäáîð γ, ðåêîìåíäàöèÿ: γ = 0.01 . . . 0.1.

Þ.Ï.Ëóêàøèí. Àäàïòèâíûå ìåòîäû êðàòêîñðî÷íîãî ïðîãíîçèðîâàíèÿ

âðåìåííûõ ðÿäîâ. 2003.
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Àäàïòèâíûå ìîäåëè êðàòêîñðî÷íîãî ïðîãíîçèðîâàíèÿ

Àäàïòèâíàÿ ñåëåêöèÿ è êîìïîçèöèÿ ìîäåëåé

Îíëàéíîâîå îáó÷åíèå àíñàìáëåé è ãëóáîêèõ íåéðîñåòåé

Àäàïòèâíàÿ êîìïîçèöèÿ ìîäåëåé

Ïóñòü èìååòñÿ k ìîäåëåé ïðîãíîçèðîâàíèÿ,

ŷj ,t+d � ïðîãíîç j-é ìîäåëè íà ìîìåíò t + d

εjt = yt − ŷjt � îøèáêà ïðîãíîçà j-é ìîäåëè â ìîìåíò t

ε̃jt = γ|εjt |+ (1− γ)ε̃j ,t−1 � ÝÑÑ ìîäóëÿ îøèáêè

Ëèíåéíàÿ (âûïóêëàÿ) êîìáèíàöèÿ ìîäåëåé:

ŷt+d =
k∑

j=1
wjt ŷj ,t+d ,

k∑

j=1
wjt = 1, ∀t.

Àäàïòèâíûé ïîäáîð âåñîâ [Ëóêàøèí, 2003℄:

wjt =
(ε̃jt)

−1

∑k
s=1(ε̃st)

−1
.

Òðåáóåòñÿ ïîäáîð γ, ðåêîìåíäàöèÿ: γ = 0.01 . . . 0.1.

Þ.Ï.Ëóêàøèí. Àäàïòèâíûå ìåòîäû êðàòêîñðî÷íîãî ïðîãíîçèðîâàíèÿ

âðåìåííûõ ðÿäîâ. 2003.
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Ïðîãíîçèðîâàíèå è îíëàéíîâûå àíñàìáëè

Àäàïòèâíûå ìîäåëè êðàòêîñðî÷íîãî ïðîãíîçèðîâàíèÿ

Àäàïòèâíàÿ ñåëåêöèÿ è êîìïîçèöèÿ ìîäåëåé

Îíëàéíîâîå îáó÷åíèå àíñàìáëåé è ãëóáîêèõ íåéðîñåòåé

Îíëàéíîâîå îáó÷åíèå àíñàìáëÿ: àëãîðèòì Hedge(β)

bt(x) ∈ [0, 1], t = 1, . . . ,T � [îáó÷àåìûå℄ áàçîâûå ïðåäèêòîðû

L (b, y) ∈ [0, 1] � âûïóêëàÿ ïî b �óíêöèÿ ïîòåðü

β ∈ (0, 1) � ïàðàìåòð îñíîâàíèÿ ñòåïåíè (βz
óáûâàåò ïî z)

Â áóñòèíãå �èêñèðóåì ℓ, íàðàùèâàåì T , à â Hedge � íàîáîðîò!

èíèöèàëèçèðîâàòü âåñà ïðåäèêòîðîâ w0t =
1
T
, t = 1, . . . ,T ;

äëÿ âñåõ i = 1, . . . , ℓ
ïîëó÷èòü î÷åðåäíîé îáúåêò xi ;

ñäåëàòü ïðåäñêàçàíèÿ bt(xi ), t = 1, . . . ,T ;

ïîëó÷èòü îòâåò yi è îöåíèòü ïîòåðè Lit := L (bt(xi ), yi );

îáíîâèòü âåñà ïðåäèêòîðîâ: wit := norm
t

(
wi−1,t β

Lit
)
;

äîîáó÷èòü ïðåäèêòîðû bt , t = 1, . . . ,T íà (xi , yi);

Yoav Freund, Robert E. Shapire. A deision-theoreti generalization of on-line

learning and an appliation to boosting. 1997

Ê.Â. Âîðîíöîâ (k.v.vorontsov�physteh.edu) ÏÌÌÎ: èíêðåìåíòíîå îáó÷åíèå 32 / 37



Çàäà÷è èíêðåìåíòíîãî è îíëàéíîâîãî îáó÷åíèÿ

�ðàäèåíòíûå è òî÷íûå èíêðåìåíòíûå ìåòîäû

Ïðîãíîçèðîâàíèå è îíëàéíîâûå àíñàìáëè
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Ôèíàíñîâàÿ èíòåðïðåòàöèÿ àëãîðèòìà Hedge(β)

Çàäà÷à ïîðò�åëüíîãî èíâåñòîðà (Online Portfolio Seletion):

bt � �èíàíñîâûå èíñòðóìåíòû èëè ñòðàòåãèè (equity)

Lit � ïîòåðÿ îò èíñòðóìåíòà t â ìîìåíò âðåìåíè i

wit � äîëÿ êàïèòàëà â èíñòðóìåíòå t â ìîìåíò âðåìåíè i

Li =
∑T

t=1 witLit � ïîòåðÿ ïî âñåìó ïîðò�åëþ â ìîìåíò i

Òåîðåìà

Äëÿ ëþáûõ Lit ∈ [0, 1] ïîòåðÿ àíñàìáëÿ íå ñèëüíî õóæå ïîòåðè

ëó÷øåãî èç ïðåäèêòîðîâ è ñòðåìèòñÿ ê íåé ïðè ℓ → ∞:

1

ℓ

ℓ∑

i=1

Li 6 min
t

1

ℓ

ℓ∑

i=1

Lit +

√

2 lnT

ℓ
+

lnT

ℓ

Èíòåðïðåòàöèÿ: äîõîäíîñòü ïîðò�åëÿ ñòðåìèòñÿ ê äîõîäíîñòè

ëó÷øåãî èç èíñòðóìåíòîâ ïðè ℓ → ∞ ñî ñêîðîñòüþ O
(
√

lnT
ℓ

)
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Ñâîéñòâà àëãîðèòìà Hedge(β)

Òåîðåìà ñïðàâåäëèâà äëÿ ëþáûõ Lit ∈ [0, 1],
áåç êàêèõ-ëèáî âåðîÿòíîñòíûõ ïðåäïîëîæåíèé

Òà æå îöåíêà âåðíà è äëÿ ñðåäíèõ ïîòåðü àíñàìáëÿ

â ñèëó âûïóêëîñòè �óíêöèè ïîòåðü è íîðìèðîâêè wit :

L

( T∑

t=1

witbt(xi ), yi

)

6

T∑

t=1

witL
(
bt(xi ), yi

)
= Li

×åì ìåíüøå β, òåì áûñòðåå îáó÷àåòñÿ àíñàìáëü

Ìîæíî îöåíèòü β, ìèíèìèçèðîâàâ áîëåå òî÷íóþ îöåíêó:

∑

i

Li 6
−L lnβ + lnT

1− β
→ min

β
, ãäå L = min

t

∑

i

Lit 6 ℓ

Yoav Freund, Robert E. Shapire. A deision-theoreti generalization of on-line

learning and an appliation to boosting. 1997
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Àäàïòèâíàÿ ñåëåêöèÿ è êîìïîçèöèÿ ìîäåëåé

Îíëàéíîâîå îáó÷åíèå àíñàìáëåé è ãëóáîêèõ íåéðîñåòåé

Îíëàéíîâîå ãëóáîêîå îáó÷åíèå

Ñåòü äëÿ ìíîãîêëàññîâîé êëàññè�èêàöèè ñ H ñëîÿìè, a = (ay )y∈Y :

x0 = x

xh = σ(W hxh−1)
a(x) = SoftMaxy (Vx

H)

Ïðîáëåìà: êàê îáó÷èòü âñå ñëîè, ïîêà äàííûõ ìàëî?

Ïîñëå êàæäîãî ñëîÿ h áóäåì ñòðîèòü êëàññè�èêàòîð bh(x):

x0 = x

xh = σ(W hxh−1)
bh(x) = SoftMaxy (V

hxh)

ëèíåéíûé àíñàìáëü ñ âåñàìè wh:

a(x) =
H∑

h=0

whb
h(xh)

D.Sahoo et al. Online deep learning: learning deep neural networks on the �y. 2018
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Îáðàòíîå ðàñïðîñòðàíåíèå îøèáêè: Hedge BakProp

Âåñà àíñàìáëÿ wh âû÷èñëÿþòñÿ àëãîðèòìîì Hedge(β)
Ôóíêöèÿ ïîòåðü � ìíîãîêëàññîâûé log-loss:

Li (a(xi ), yi ) =
∑

y∈Y

[yi = y ] ln ay (xi ) + [yi 6= y ] ln
(
1− ay (xi )

)

Îñîáåííîñòè ãðàäèåíòíûõ øàãîâ â OGD:

V h := V h − ηwh∇V hLi (b
h(xi ), yi )

W h := W h − η
H∑

j=h

wj∇W jLi (b
j(xi ), yi )

Hedge âêëþ÷àåò ñëîè ïîñòåïåííî ñ ðîñòîì îáú¼ìà äàííûõ:

D.Sahoo et al. Online deep learning: learning deep neural networks on the �y. 2018
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�åçþìå

Ïîòîêîâûõ äàííûõ ñòàíîâèòñÿ âñ¼ áîëüøå, â ïåðñïåêòèâå

âñ¼ ìàøèííîå îáó÷åíèå äîëæíî ñòàòü èíêðåìåíòíûì

Èíêðåìåíòíûå ìîäè�èêàöèè ñóùåñòâóþò äëÿ áîëüøèíñòâà

ìåòîäîâ ìàøèííîãî îáó÷åíèÿ

Íå ñóùåñòâóåò óíèâåðñàëüíûõ ðåöåïòîâ, êàê èç îáû÷íîãî

(î��ëàéíîâîãî) ìåòîäà ñäåëàòü îíëàéíîâûé

Èíêðåìåíòíûå ìåòîäû ìîãóò áûòü:

� îíëàéíîâûå èëè ïàêåòíûå

� òî÷íûå èëè ïðèáëèæ¼ííûå â ñðàâíåíèè ñ î��ëàéíîì

� ñ èçìåíÿåìîé èëè íåèçìåííîé ñëîæíîñòüþ ìîäåëè

� ñ õðàíåíèåì ÷àñòè âûáîðêè (ýòàëîíîâ) èëè áåç íåãî

� ñ òåîðåòè÷åñêèìè ãàðàíòèÿìè èëè áåç íèõ

� ñ âîçìîæíîñòüþ äåêðåìåíòà èëè áåç íåãî

Deep Online Learning � àêòèâíîå ðàçâèâàþùååñÿ íîâîå

íàïðàâëåíèå, îõîòíî çàèìñòâóþùåå èäåè ñòàðûõ ìåòîäîâ

Steven C. H. Hoi et al. Online learning: a omprehensive survey. 2018
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