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Mons Bbi4eTOB No MoAynio NpocToro Yucna

Paspensbi

o Mons BbI4ETOB MO MOAynH NpOCTOro 4ncna
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

Mone GF(p)

@ 7 — KOAbLO LefbIX Yncen eBkAnaoBo (LenocTHoe yHuTanbHoe +
BO3MOXHO feneHne ¢ octaTtkom = cywectsosaiue HOZJ!),

@ p — NpocToe HMCno.
o (p) ={np|nezZ} =pZ={0,+p, +2p, ...} — ngean
e Z/(p) = Z/pZ = {ﬁ, 1, ,]ﬁ} — KOMbLIO BLIYETOB NO
MOZy/IIO 3TOFO MAeana = KiacChl OCTaTKOB OT A€NEeHNs Ha p:
=0+(p),
=1+(),

=l Sl
|

...... = 7Z=0Ulu...Uup—1.

p—1 =p—1+(p). YepTy Hag cuMBONaMU KNaccoB
BbIYETOB 4aCTO He CTaBST.
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

Mone GF(p)

@ 7 — KONbLO LeNbIX Yncen eBkAnAoso (LenoCTHOe yHnTanbHoe +
BO3MOXHO feneHne ¢ octaTtkom = cywectsosaiue HOZJ!),

@ p — NpocToe HMCno.

o (p) ={np|nezZ} =pZ={0,+p, +2p, ...} — ngean

e Z/(p) = Z/pZ = {ﬁ, 1,...,p— 1} — KOMbLIO BLIYETOB NO
MOZYNIO 3TOFO MfeaNa = KJacChl OCTAaTKOB OT AENEHMs Ha P

=0+(p),

=1+(p),

=l Sl
|

= 7Z=0UlU...Up—1.
YepTy Hag cuMBONaMU KNaccoB
Bbl4€TOB 4a4CTO HE CTaBAT.

Mockonbky p — npoctoe, To Z/(p) — He NpPOCTO KOAbLO, a noJsie
(so3mOXxHO feneHne bes octaTka Ha 060l HeHyneBOR anemeHT).
370 npoctoe none anya, obosnavenne — ), unn GF(p); sce
onepauun B HEM — no  mod p.
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

Mone F3 =7Z/(3) n cpakTopkonbuo Z/(4)
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Heaxgbl aBa pasHO Hynto!
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

Mone F3 =7Z/(3) n cpakTopkonbuo Z/(4)
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Heaxgbl aBa pasHO Hynto!
OpHako none nz 4 3N1eMEHTOB CYLLECTBYET...
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

XapakTtepuctuka nosas

Mycte k — nponssonbHoe none, 1 — eguunua k. Cknagbisaem
eanHuubl: 1 =1, 14+1=2,
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

XapakTtepuctuka nosas

Mycte k — nponssonbHoe none, 1 — eguunua k. Cknagbisaem
eanHuubl: 1 =1, 14+1=2,
B koHeuHoM none Bcerga Haligérca nepeoe k Takoe, 4TO
1+...4+1=0.
——
k pa3

Torpa k — nopsgok agantusHoii rpynnel noas k =

def

= xapakTepuctumka noas k char k

{0, 1,2, ..., chark — 1} — muHumansHoe nognone nons k.
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

XapakTtepuctuka nosas

Mycte k — nponssonbHoe none, 1 — eguunua k. Cknagbisaem
eanHnubl: 1 =1, 14+1=2,
B koHeuHoM none Bcerga Haligérca nepeoe k Takoe, 4TO
1+...4+1=0.
——
k pa3

Torpa k — nopsgok agantusHoii rpynnel noas k =

def

= xapakTepuctumka noas k char k

{0, 1,2, ..., chark — 1} — muHumansHoe nognone nons k.

Ecnu Bce cymmbl Buga 1+ ... + 1 pasanynel, 10 chark = 0.

Mpumepb: Q, R — nonsa Hynesoli (nnn 6eckoHeyHol :))
XapaKTepUCTUKN.
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

BeckoHe4HOe nosie C NOJIOXKNTESNIbHOM XapaKTepUCTUKON
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

BeckoHe4HOe nosie C NOJIOXKNTESNIbHOM XapaKTepUCTUKON

k — npoussonbHoe (koHe4wHOe unu beckoHedHoe) none. MocTpoum:
Q k[z] — konbLo MHOro4NEHOB OT hOpPMaNbHON NEPEMEHHON Z:
{P(z)=ap+aiz+...+anz” |ag, ..., an €k, a, #0};

kjz] < {(ag, .., an) € k" | n € Ng }.
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

BeckoHe4HOe nosie C NOJIOXKNTESNIbHOM XapaKTepUCTUKON

k — npoussonbHoe (koHe4wHOe unu beckoHedHoe) none. MocTpoum:

Q k[z] — konbLo MHOro4NEHOB OT hOpPMaNbHON NEPEMEHHON Z:
{P(z)=ap+aiz+...+anz” |ag, ..., an €k, a, #0};
k[z] <> {(ag, ..., an) € k™ | n € Nog }.

@ k(z) — none pauymoHanbHbix yHkunii Hag k
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

BeckoHe4HOe nosie C NOJIOXKNTESNIbHOM XapaKTepUCTUKON

k — npoussonbHoe (koHe4wHOe unu beckoHedHoe) none. MocTpoum:

Q k[z] — konbLo MHOro4NEHOB OT hOpPMaNbHON NEPEMEHHON Z:
{P(z)=ap+aiz+...+anz” |ag, ..., an €k, a, #0};
k[z] <> {(ag, ..., an) € k™ | n € Nog }.

@ k(z) — none pauymoHanbHbix yHkunii Hag k; B HéM:
anemeHTbl — “gpobun”’ P/Q (ecnun @ #0), rae P,Q € Kk[z];
yunoxenne — (P/Q)- (U/V) = (PU)/(QV);
3KBMBAJIEHTHOCTb — P /Q1 = Po/Q2, ecnn P1Q2 = PoQq;
CnoxeHvne — Apobu MOXKHO NpUBOAUTL K 0bLieMy
3HAMEHATENHO N CKNaablBaTb!
P/Q+U/V = (PV+QU)/(QV);
BkatoyeHne — nockonbky klz| C k(z), To Kaxablii MHOro4neH
P otoxgectensercs ¢ P/1.
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

BeckoHe4HOe nosie C NOJIOXKNTESNIbHOM XapaKTepUCTUKON

k — npoussonbHoe (koHe4wHOe unu beckoHedHoe) none. MocTpoum:

Q k[z] — konbLo MHOro4NEHOB OT hOpPMaNbHON NEPEMEHHON Z:
{P(z)=ap+aiz+...+anz” |ag, ..., an €k, a, #0};
k[z] <> {(ag, ..., an) € k™ | n € Nog }.

@ k(z) — none pauymoHanbHbix yHkunii Hag k; B HéM:
anemeHTbl — “gpobun”’ P/Q (ecnun @ #0), rae P,Q € Kk[z];
ymwoxenne — (P/Q) - (U/V) = (PU)/(QV),
3KBMBAJIEHTHOCTb — P /Q1 = Po/Q2, ecnn P1Q2 = PoQq;

CnoxeHvne — Apobu MOXKHO NpUBOAUTL K 0bLieMy
3HAMEHATENHO N CKNaablBaTb!
P/Q+U/V = (PV+QU)/(QV);
BkatoyeHne — nockonbky klz| C k(z), To Kaxablii MHOro4neH
P otoxgectensercs ¢ P/1.

Ecnn B kayectse k B35Tb KOHE4HOE none [, TO
F,(xz) — beckoHeuHOe NONE NONOXKUTENLHOI XapaKTEPUCTUKA .
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

BbiuncneHus B none nosioXuTesnbHOM XapPaKTEPUCTUKHU

Jlemma (06 ynpouieHue Bblumcnexuii)

B none xapaxtepuctuku p > 0 BbINOSHEHO TOXAECTBO

(a+b)P = aP + 7.
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

BbiuncneHus B none nosioXuTesnbHOM XapPaKTEPUCTUKHU

Jlemma (06 ynpouieHue Bblumcnexuii)

B none xapaxtepuctuku p > 0 BbINOSHEHO TOXAECTBO

(a+b)P = aP + 7.

OokazatenbcTBO

| A\

B nt0bom kommyTaTUBHOM KoJibLE BEpHA ¢hopmyna assi buHoma
(a+b)P = aP + C;apflb + ... C’Ifj'flabpf1 +07,

=0

p!

anpu i=1,...,p—1 yucautenb kospchuymeHTa C]i = o=

i
AENNTCS Ha p, @ 3HameHaTens — Her, otkyga Cp =, 0.

A
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

BbiuncneHus B none nosioXuTesnbHOM XapPaKTEPUCTUKHU

Jlemma (06 ynpouieHue Bblumcnexuii)

B none xapaktepuctuku p > 0 BbimOAHEHO TOXAECTBO

(a+b)P = aP + 7.

| A\

OokazatenbcTBO

B nt0bom kommyTaTUBHOM KoJibLE BEpHA ¢hopmyna assi buHoma
(a+b)P = aP + C;apflb + ... (/"Ifj'flabpf1 +07,

=0

o 5 |
anpu i=1,...,p—1 auciurens kosppuynenta C, = —E

i
AENNTCS Ha p, @ 3HameHaTens — Her, otkyga Cp =, 0.

A

CneacrtBue

B none xapaktepuctuku p > 0 cnpasegmso (a+b)P" = aP" + b*"
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

MynbTunnukaTueHaa rpynna n NpUMUTUBHLIA 3n1emeHT nons [,

def

* = J—
Fy, = Fp~ {0} — mynetunnukatusnas rpynna nons [ .
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

MynbTunnukaTueHaa rpynna n NpUMUTUBHLIA 3n1emeHT nons [,

def

* = J—
Fy, = Fp~ {0} — mynetunnukatusnas rpynna nons [ .

VYT1BepxgeHue

F* — yuknuyeckas rpynna nopsigka p — 1
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

MynbTunnukaTueHaa rpynna n NpUMUTUBHLIA 3n1emeHT nons [,

def

* = J—
Fy, = Fp~ {0} — mynetunnukatusnas rpynna nons [ .

VYT1BepxgeHue

F¥ — yuknuyeckas rpynna nopsigka p — 1 (no ymHoxexuro).
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

MynbTunnukaTueHaa rpynna n NpUMUTUBHLIA 3n1emeHT nons [,

def

* = J—
Fy, = Fp~ {0} — mynetunnukatusnas rpynna nons [ .

VYT1BepxgeHue

[, — unknuweckas rpynna nopsaka p — 1 (no ymroxennio).

Kak ntobas koHeuHasi uukandeckas rpynna, [, comepxut
reHepaTop = NPUMUTUBHBINA SNEMEHT

o moboii anement 3 € [ sBnsetca HekoTopoii ero
HaTypanbHoii ctenensto — B = o', i€ {1, ..., p—1};
onpuuem 1= ' —t1e o' #1 gns 1 <i<p—2.
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

MynbTunnukaTueHaa rpynna n NpUMUTUBHLIA 3n1emeHT nons [,

def

* = J—
Fy, = Fp~ {0} — mynetunnukatusnas rpynna nons [ .

VYT1BepxgeHue

[, — unknuweckas rpynna nopsaka p — 1 (no ymroxennio).

Kak ntobas koHeuHasi uukandeckas rpynna, [, comepxut
reHepaTop = NPUMUTUBHBINA SNEMEHT

o moboii anement 3 € [ sBnsetca HekoTopoii ero
HaTypanbHoii ctenensto — B = o', i€ {1, ..., p—1};
onpuuem 1= ' —t1e o' #1 gns 1 <i<p—2.

YT1BepxgeHue

I'pynna b, nmeer o(p—1) npUMUTUBHBIX 3N1EMEHTOB.
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

Mpumep: MmynbTunaMkaTMBHas rpynna nons [

Fi, = {1,2,..., 10}, 4ucno renepatopos — p(10) = 4.

o [F11—<{1 2. 10}7 ><11>

<1> :{1}7 <2> :{27478757 1079a773a671}7
(3) ={3,9,5,4,1} (210 =1024 =1=1) ...

eweé reHepatopbl: 6, 7, 8

(2] [P{l = <{O, 1, ...,9}, +10>Z

0y ={0}, (1) ={1,2,3,4,5,6,7,8,9,0},
(2) ={2,4,6,8,0}

ewg reHepatopbl: 3, 7,9
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

Kak HaiiTn npumutusHble aneMenTol nons [F,7?

Ecnu npumapHoe pasnoxenne p — 1
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

Kak HaiiTn npumutusHble aneMenTol nons [F,7?

Ecnu npumapHoe pasnoxenne p — 1

1) usBecTHo — anemeHT o € ), npumutusen iff

-1
a7 #, 1 pns kaxgoro npoctoro ¢ | (p — 1)
(k. afdege — 1 | ¢ IN).
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

Kak HaiiTn npumutusHble aneMenTol nons [F,7?

Ecnu npumapHoe pasnoxenne p — 1

1) usBecTHo — anemeHT o € ), npumutusen iff

-1
a7 #, 1 pns kaxgoro npoctoro ¢ | (p — 1)
(k. afdege — 1 | ¢ IN).

Mpumep: p=11,p—1=10=2-5, ¢ € {2,5}

22 =4, 2°=32=1, 10 = 2 — NpUMUTUBHBIN

32 = 9, 3 =243=1; 1 = 3 — ne NMPUMUTUNBHbIA
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

Kak HaiiTn npumutusHble aneMenTol nons [F,7?

Ecnu npumapHoe pasnoxenne p — 1

1) usBecTHo — anemeHT o € ), npumutusen iff
-1
a7 #p 1 pns kaxgoro npoctoro ¢ | (p—1)
(tx. oFdese = 1 k€ N).
Mpumep: p=11,p—1=10=2-5, ¢ € {2,5}
22 =4, 2°=32=1, 10 = 2 — NpUMUTUBHBIN

32 = 9, 3 =243=1; 1 = 3 — ne NMPUMUTUNBHbIA

2) Hem3BeCTHO — 3(PHEKTUBHOrO aNropuTMa He HalifeHo @9y

(ncnonb3ytoT Tabanubl, BEPOSITHOCTHBIE aArOPUTMBI... ).
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

Kak HaiiTu NnpuMUTUBHBLIE 31eMeHTbl nonas [

Ecnu naiigeH ogut npumMuTuBHbIA 9nemeHT o nons [y, To ntoboii
APYroii ero NpUMNTMBHBIA 31EMEHT MOXET ObITb MOJYYEH KaK
crenens o, rae k — B3aumuo npocto ¢ p — 1.

Mpumep: p =11, 2 — npuMUTUBHbLIA 3nemeHT [
ke {1,3,7, 9} — s3aumno npocteie c p — 1 = 10
ol =2,
23 =38,
27 =128 = 7,
29 =512 =4, 6.
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

Kak Haiitu obpaTtHbiii k anementy [,

Mycte 0 #a € T
Nmeem

Haligém obpaTHbiii anemeHT k 4 B8 none Fr:

470 = 4772 = 45 = 210 = 1024 =, 2.

Mposepka: 4-2 = 8 =7 1.

OuesungHo, metog yaobeH npu HebONbLWINX 3HAYEHUSX P.
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

,El,eneHme C OCTAQTKOM B KOJibLlE MHOIro4s,1€eHOB Haa noJsaem

YT1BepxgeHue

Konbuyo mHorounenos k[x] Hag nonem k — eBkaugoso.

— 3Ha4NT, MHOTOY/IEHbI MOXKHO LEANTb APYr Ha fpyra C OCTaTKOM.
Hanpumep, nogenum «yronkom» z* Ha 22 + 1 B konbue Fa[z]:

x* x2+1 Te 2t = (22 + 1)+ 1.
x* + x? x2+1

2

|

VnpaxxHeHne: AeNeHNeM MHOFOYIEHOB «YrONKOMY» MOKaXXWTE, YTO
4aCTHOE OT geneHnsi mHorouneHa 2z° + z* + 4z + 3 na

muorounen 3z2 + 1 B konbue F5lz] ects 42® + 222 + 22 + 1, a
octaTtok — 2% + 2.
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

HeI'IpVIBO,EU/IMbIe MHOro4s,€eHbl

Teopema

Kaxxablii 271eMEHT €BKANLOBA KObLA OAHO3HAYHO C TOYHOCTbIO [0
NEepPecTaHOBOK pa3/1araeTcsi B MPON3BEAEHNE MPOCTbIX 31EMEHTOB.

MpocTbie (Hepasnoxumsle) snemenTsl koney klx] nmetor
cneunanbHoe HasBaHWe — HEMPUBOAUMBIE MHOTOYNIEHDI.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Mons BbIYMeTOB MO MOAY/IO NPOCTOro HYucna

HeI'IpI/IBO,EU/IMbIe MHOro4s,€eHbl

Teopema

Kaxxablii 271eMEHT €BKANLOBA KObLA OAHO3HAYHO C TOYHOCTbIO [0
NEepPecTaHOBOK pa3/1araeTcsi B MPON3BEAEHNE MPOCTbIX 31EMEHTOB.

MpocTbie (Hepasnoxumsle) snemenTsl koney klx] nmetor
cneunanbHoe HasBaHWe — HEMPUBOAUMBIE MHOTOYNIEHDI.

CsoiicTBo LKHeEnpuBogUMOCTU>» 3aBUCUT OT Nosasd:

mHorounen x% 4+ 1 Wenpueogum Hag Q, Ho npueoamm Hag [Fo:
i+l = (@3 +22+z+1) (z+1).

Bonpocbl gns nonei:

o KakKne MHOro4yneHbl Hag HAUMHA HeI'IpVIBO,D,VIMbI?

© Kak HaxoAWTb HEMPUBOANMbIE MHOFOYAEHbI?
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

Henpusogumbie mHorounedsl Hag C, R u Q:
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

Henpusogumbie mHorounedsl Hag C, R u Q:

B none C — ToNbKO MHOro4neHbl 1-i cTeneHwm;
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

Henpusogumbie mHorounedsl Hag C, R u Q:

B none C — ToNbKO MHOro4neHbl 1-i cTeneHwm;

B none R —

@ wmHorounenwl 1-ii cTenexn,

© MHOro4neHbl 2-il CTENEHN C OTPULATENBHBIM
OVNCKPUMUHAHTOM;
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

Henpusogumbie mHorounedsl Hag C, R u Q:

B none C — ToNbKO MHOro4neHbl 1-i cTeneHwm;

B none R —
@ wmHorounenwl 1-ii cTenexn,
© wMHOro4neHbl 2-il CTENEHMW C OTPULLATENbHBIM

ANCKPUMWHAHTOM;

B none Q — CyLLeCTBYIOT HENPUBOLMMbIE MHOMOYEHbI
NPON3BOILHON CTENEHMN.

Danee Hac OyayT wuHTepecoBaTb  HenpueBoAUMbIE
MHOrQ4YJIEHblI B KOHEYHbIX MOMsX.
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

Henpusogumbie MHoro4aeHbl Hag [Fo

HAano: none Fo = <{0, 1}, +9, '2).
TpebyeTca: HaliTu BCe HEMPUBOAMMBIE MHOFOYJ/IEHBI CTENEHED
2, 3, 4 Hag HuMm.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

Henpusogumbie MHoro4aeHbl Hag [Fo

HAano: none Fo = <{0, 1}, +9, '2).
TpebyeTca: HaliTu BCe HEMPUBOAMMBIE MHOFOYJ/IEHBI CTENEHED
2, 3, 4 Hag HuMm.

Btopas cteneub: z2 + ax + b

SlcHo, uTo b = 1, nnave 22 + ax = x(x +a) = vwem
HENPUBOANMbI/i MHOTOY/EH B BNAE z2 + az + 1.
Ecan
a=0, 70 22+1=(z+1)?
a =1, T0 nonyyaem
€L4WHCTBEHHbIA HEMPUBOAMMBIE MHOTOYNEH cTeneHn 2 Hapg [Fo:

i |




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Mons BbIYMeTOB MO MOAY/IO NPOCTOro HYucna

Henpusogumbie MHoro4aeHbl Hag [Fo

A
Tpetbsa ctenenb: 2% + ax? + bx + 1
(nouyemy cBOOOAHbIN YneH He paBeH Hynwo?)

Vickntouasi, Kak caenaHo paHee, fenMMOCTb Ha x + 1, nonydaem
ycnoeue a + b # 0, T.e.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Mons BbIYMeTOB MO MOAY/IO NPOCTOro HYucna

Henpusogumbie MHoro4aeHbl Hag [Fo

A
Tpetbsa ctenenb: 2% + ax? + bx + 1
(nouyemy cBOOOAHbIN YneH He paBeH Hynwo?)

Vickntouasi, Kak caenaHo paHee, fenMMOCTb Ha x + 1, nonydaem
ycnoeue a + b # 0, T.e.

a=0,b=1,
a=1,b=0.

.. Hap o cywecTByeT ABa HEMPUBOAUMBIX MHOTOYJEHA CTENEHN J:

242’4+l n B +r+1.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

Henpusogumbie MHoro4aeHbl Hag [Fo

A
YeTteépTas creneHb: x4 axd 4 bx? + cx + 1
WNckntoueHne genumoctu Ha x + 1 nNpuBOAUT K yCAOBUIO
a+b+c=1, T.e. umeetcs 4 BapuaHTa, KOTOpble JAOT 3 peLUeHuns:

a | b| ¢ | mHoro4nen

0|01 |a*4+z+1

01[0]|2*+22+1 — NpUBOANMbI
10|02t +a23+1

1|11 |a*+23+22+x+1

OTkyna B3sCs ewe OanH NPUBOANMbIA MHOTrOYAEH?




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

Henpusogumbie MHoro4aeHbl Hag [Fo

A
YeTteépTas creneHb: x4 axd 4 bx? + cx + 1
WNckntoueHne genumoctu Ha x + 1 nNpuBOAUT K yCAOBUIO
a+b+c=1, T.e. umeetcs 4 BapuaHTa, KOTOpble JAOT 3 peLUeHuns:

a | b| ¢ | mHoro4nen

0|01 |a*4+z+1

01[0]|2*+22+1 — NpUBOANMbI
10|02t +a23+1

1|11 |a*+23+22+x+1

OTkyga B3s1CS eLWg OfuH NPUBOANMBIA MHOrOYNEH?

HaligeHbl MHOrOYNEHbI, Y KOTOPbIX HET JIMHERHbIX AennTenei
(ctenenn 1). Ho mHorounen 4-ii creneHn moxkeT pasnaraTbCs B
npomssefeHne ABYX HENPUBOAMMbIX MHOFOYNEHOB 2-i CTeneHu:

42?2 +1 = (22 + 2+ 1)2




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

Henpusogumbie MHoro4aeHbl Hag, [

Mone F3 = <{O, 1,2}, +3, -3> = Ko/ibLo MHorounenos [3[z].



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

Henpusogumbie MHoro4aeHbl Hag, [

Mone F3 = <{O, 1,2}, +3, -3> = Ko/ibLo MHorounenos [3[z].
MHorounensl nopsigka 1:

T 2z
r+1 20+ 1
T+ 2 20+ 2

Kakue n3 Hux Henpusognmbl?



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

Henpusogumbie MHoro4aeHbl Hag, [

Mone F3 = <{O, 1,2}, +3, -3> = Ko/ibLo MHorounenos [3[z].
MHorounensl nopsigka 1:

T 2z
r+1 20+ 1
T+ 2 20+ 2

Kakune n3 Hux nenpusogumsl? Bee!



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

Henpusogumbie MHoro4aeHbl Hag, [

Mone F3 = <{O, 1,2}, +3, -3> = Ko/ibLo MHorounenos [3[z].
MHorounensl nopsigka 1:

T 2z
r+1 20+ 1
T+ 2 20+ 2

Kakune n3 Hux nenpusogumsl? Bee!

Henpueoanmbie mHorounensl nopsigka 2 8 F3lz| (oHu He nmeror
kopHeii 0, 1, 2):

2?41 227 42

e ) 222 +x+1

2 22+ 2 222 4 2z + 1



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

CyLLl,eCTBOBaHI/Ie N HaxoXxaeHne HenpneoguUMbliX MHOro4siaeHoB

Teopema (0 cyw,ecTBOBaHUUN HEMPUBOAUMbIX MHOIOY/1€HOB)

Ans nobuix HaTypansHoro n u npoctoro p Hag [, cyuwectsyer
HENPUBOANMBIN MHOIOYJ1EH CTEMEHN M.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

CyLLl,eCTBOBaHI/Ie N HaxoXxaeHne HenpneoguUMbliX MHOro4siaeHoB

Teopema (0 cyw,ecTBOBaHUUN HEMPUBOAUMbIX MHOIOY/1€HOB)

Ans nobuix HaTypansHoro n u npoctoro p Hag [, cyuwectsyer
HENPUBOANMBIN MHOIOYJ1EH CTEMEHN M.

— OOKa>XeM Nno3Xe.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

CyLLl,eCTBOBaHI/Ie N HaxoXxaeHne HenpneoguUMbliX MHOro4siaeHoB

Teopema (0 cyw,ecTBOBaHUUN HEMPUBOAUMbIX MHOIOY/1€HOB)

Ans nobuix HaTypansHoro n u npoctoro p Hag [, cyuwectsyer
HENPUBOANMBIN MHOIOYJ1EH CTEMEHN M.

— OOKa>XeM Nno3Xe.

Kak B konbye Fplx| Haiitu Henpusogumetsi MHorodnen?




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

CyLLl,eCTBOBaHI/Ie N HaxoXxaeHne HenpneoguUMbliX MHOro4siaeHoB

Teopema (0 cyw,ecTBOBaHUUN HEMPUBOAUMbIX MHOIOY/1€HOB)

Ans nobuix HaTypansHoro n u npoctoro p Hag [, cyuwectsyer
HENPUBOANMBIN MHOIOYJ1EH CTEMEHN M.

— OOKa>XeM Nno3Xe.

Kak B konbye Fplx| Haiitu Henpusogumetsi MHorodnen?

OTBeT: HeT acppekTnBHBIX anropuTMor: (e



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

CyLLl,eCTBOBaHI/Ie N HaxoXxaeHne HenpneoguUMbliX MHOro4siaeHoB

Teopema (0 cyw,ecTBOBaHUUN HEMPUBOAUMbIX MHOIOY/1€HOB)

Ans nobuix HaTypansHoro n u npoctoro p Hag [, cyuwectsyer
HENPUBOANMBIN MHOIOYJ1EH CTEMEHN M.

— OOKa>XeM Nno3Xe.

Kak B konbye Fplx| Haiitu Henpusogumetsi MHorodnen?

OTBeT: HeT acppekTnBHBIX anropuTMor: (e

(n3 Tabnuy, anroputm n3 5-i rnasbl «Anrebpery Ban gep
Bapaena, anroputm Bepnekamna...)



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

CyLLl,eCTBOBaHI/Ie N HaxoXxaeHne HenpneoguUMbliX MHOro4siaeHoB

Teopema (0 cyw,ecTBOBaHUUN HEMPUBOAUMbIX MHOIOY/1€HOB)

Ans nobuix HaTypansHoro n u npoctoro p Hag [, cyuwectsyer
HENPUBOANMBIN MHOIOYJ1EH CTEMEHN M.

— OOKa>XeM Nno3Xe.

Kak B konbye Fplx| Haiitu Henpusogumetsi MHorodnen?

OTBeT: HeT acppekTnBHBIX anropuTMor: (e

(n3 Tabnuy, anroputm n3 5-i rnasbl «Anrebpery Ban gep
Bapaena, anroputm Bepnekamna...)

Ecan mHorouneH He umeeT KopHell, 3TO €LE He 3HAYUT, YTO OH
nenpusogum. Mouemy?




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

3a4eM HY>XXHbl HENPUBOANMbIE MHOTOY/1EHbI?




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

3a4eM HY>XXHbl HENPUBOANMbIE MHOTOY/1EHbI?

Vicnonb3yst HenmpuBogMMble MHOTOY/IEHbI, MOXKHO CTPOUTH HOBbIE
KOHEYHble NoNs — pacLimpeHns npocTbix nonei [,



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

3a4eM HY>XXHbl HENPUBOANMbIE MHOTOY/1EHbI?

Vicnonb3yst HenmpuBogMMble MHOTOY/IEHbI, MOXKHO CTPOUTH HOBbIE
KOHeYHble NoNs — pacLumpeHns npocTeix noneii [

© Bbibupaem npoctoe p u cukcupyem none
I}_p = <{0a 17 "'ap_l}a +p> 'p>-
@ Paccmatpusaem konbuo [Fylx] muorounexos Hag [Fop.

© Bbibupaem HaTypanbHOE 7 1 HEMPUBOAMMBINE MHOFOYJIEH
a(xz) = apx™ + ...+ a1z +ag € Fplz].

Q Wgean (a(z)) nopoxpaer dpaktopkonbuyo Fplz]/(a(x)),
SJIEMEHTblI KOTOPOro CyTb COBOKYMHOCTM T(I) MHOI04,1€HOB,
Jatowmx npu geneHun Ha a(z) octaTtok 7(x):

r(z) = {f(x) e Fpla] [ f(z) = alz) - q(x) +r(z) }.

VT1BepxpaeHue

MHoxectso {r(x) } signsietca nonem [anya GF (p™).




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

MocTpoeHue paclwvpeHuii NPOCTbIX KOHEYHbIX MOoJie

HokazatenbcTBo

© Konbyo mrorounenos Fplz] esknugoso, ugean (a(x)) —

MaKCUMaJlbHbI => {r

0
© Ero mowjHocTb ‘ {m}

— YUCJIO MHOIro4J71€HOB Haj I}_p

crenenn He Boiwe n — 1, T.e. |{r(x)}| = p".




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

MocTpoeHue paclwvpeHuii NPOCTbIX KOHEYHbIX MOoJie

HokazatenbcTBo

O Kosbyo mHoro4nernos Fylx] eskangoso, ngean (a(x)) —

MaKCUMaJlbHbI => {r — noJsie.

@ Ero mowHoctb ‘ {r(x) }

— YUCJIO MHOIro4J71€HOB Haj I]‘_p

crenenu He Boiwe n — 1, T.e. |{r(x)}| =p"

Mone {r(x)} = GF (p™) nasbiBaeTcs pacwmpernem n-i

crenenn npoctoro nons [Fp; anstepHaTueHoe obo3HaueHne — .

[Noqemy & obosnaqennn [, He ncnonb3yercs mHorounen a(x), ¢
MOMOLYBIO KOTOPOro MOCTPOEHO none?




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

MocTpoeHue paclwvpeHuii NPOCTbIX KOHEYHbIX MOoJie

HokazatenbcTBo

O Kosbyo mHoro4nernos Fylx] eskangoso, ngean (a(x)) —

MaKCUMaJlbHbI => {r — noJsie.

@ Ero mowHoctb ‘ {r(x) }

— YUCJIO MHOIro4J71€HOB Haj ﬂ‘_p

crenenu He Boiwe n — 1, T.e. |{r(x)}| =p"

Mone {r(x)} = GF (p™) nasbiBaeTcs pacwmpernem n-i

crenenn npoctoro nons [Fp; anstepHaTueHoe obo3HaueHne — .

[Noqemy & obosnaqennn [, He ncnonb3yercs mHorounen a(x), ¢
MOMOLYBIO KOTOPOro MOCTPOEHO none?

Teopema

Jloboe koHeyroe none nzomopepro kakomy-uubyae nonto [anya ).




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

Mpumep: noctpoetue nons 3

Bribepem B [3[z] HenpuBogumblii MHOro4neH: nycTs 370 bygert
2% 4+ 1. Torga nckomoe none ectb

F3 = Fsfz]/(2* + 1)
={0,1,2,7, 2+1,2+2, 22,20+ 1,20+ 2 }.

MoxHo COCTaBVITb Ta6J1VILI|bI C/IOXKEHNA N YMHOXEHUA B 3TOM none

c yuétom 22 = —1 =3 2.
Hanpuwmep:
TF14+z12 =2, 7727 =1,
2r+1+7 =1, 20+1-T =z +1,
u T4

Yepty Hag anementamu nonsi Fplx]/(a(x)) obbldHO He cTaBST u
Ha3bIBAtOT UX KMHOTOYIEHAMUY...



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

MocTpoenne nons F3...

3ameTum, 4To

=x+1,
2-—2x,
P =2r+1
4 _o



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

MocTpoenne nons F3...

3ameTum, 4To

(z+ 1) =2 +1, (x+1)5—2a:+2
(x+1)% =2z, (x+1)° =
(z+1)3 =22+ 1, (m+1)7—x—|—2
(z+1)* =2, (x+1)% =

370 3HauNT, 4TO T + 1 — NpPUMUTUBHbIA nemeHT nons [3
(a  — weT, nockonbky =4 =3 1).



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Mons BbIYMeTOB MO MOAY/IO NPOCTOro HYucna

MocTpoenne nons F3...

3ameTum, 4To

(z+ 1) =2 +1, (x+1)5—2a:+2
(x+1)% =2z, (x+1)° =
(z+1)3 =22+ 1, (m+1)7—1:+2
(z+1)* =2, (x+1)% =

370 3HauNT, 4TO T + 1 — NpPUMUTUBHbIA nemeHT nons [3
(a  — weT, nockonbky =4 =3 1).

Y1o byner, ecau npu noctpoenuy nons emecto x> + 1 B3s7Tb
Apyroi nenpusognmsiii 8 Fs[x] mHorodnen?
Hanpumep, 2x% +x +17




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

MocTpoenne nons F3...

3ameTum, 4To

(z+ 1) =2 +1, (x+1)5—2a:+2
(x+1)% =2z, (x+1)° =
(z+1)3 =22+ 1, (m+1)7—1:+2
(z+1)* =2, (x+1)% =

370 3HauNT, 4TO T + 1 — NpPUMUTUBHbIA nemeHT nons [3
(a  — weT, nockonbky =4 =3 1).

Y1o byner, ecau npu noctpoenuy nons emecto x> + 1 B3s7Tb
Apyroi nenpusognmsiii 8 Fs[x] mHorodnen?
Hanpumep, 2x% +x +17

OTBeT: nony4utcs nose, N30MOpPPHOE NOCTPOEHHOMY.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

BbluncneHns B KoHe4HOM none: npnmMmep

3apaya. OnepeguTsb, asasercs au:

1. Muorounen a(z) = a3 + 2z + 4 € F5[x] — Henpusognmbim?

2. Jnement 422 + 2 — ropHem a(x) B pakTOopKONBLE/NONE
Fslz]/ (23 + 2z + 4)7



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Mons BbIYMeTOB MO MOAY/IO NPOCTOro HYucna

BbluncneHns B KoHe4HOM none: npnmMmep

3apaya. OnepeguTsb, asasercs au:
1. Muorounen a(z) = a3 + 2z + 4 € F5[x] — Henpusognmbim?

2. Jnement 422 + 2 — ropHem a(x) B pakTOopKONBLE/NONE
Fslz]/ (23 + 2z + 4)7

Pewenne.

1. Mepebopom anementos = € GF(5) = {0,1,2,3,4} —
a(0) =4, f(1) =2,a(2) =1, a3) =2,a(4) =1

ybexgaemcs a(z) — HENPUBOANMBIN MHOTOYIEH

(a ecnm Bbl 310 BbIA MHOrOUNEH 4-i cTeneHn?).

Cneposatensho, daktopkonbuo F = Fslz]/(2® + 2z + 4)

ABnseTcA nosfem u B HéM 1% = —2x —4 = 3z + 1.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

BbluncneHns B KoHe4HOM none: npnmMmep

3apaya. OnepeguTsb, asasercs au:
1. Muorounen a(z) = a3 + 2z + 4 € F5[x] — Henpusognmbim?

2. Jnement 422 + 2 — ropHem a(x) B pakTOopKONBLE/NONE
Fsla]/ (2?4 22 4+ 4)7

Pewenne.

1. Mepebopom anementos = € GF(5) = {0,1,2,3,4} —
a(0) =4, f(1) =2,a(2) =1, a3) =2,a(4) =1

ybexgaemcs a(z) — HENPUBOANMBIN MHOTOYIEH

(a ecnm Bbl 310 BbIA MHOrOUNEH 4-i cTeneHn?).

Cneposatensho, daktopkonbuo F = Fslz]/(2® + 2z + 4)

ABnseTcA nosfem u B HéM 1% = —2x —4 = 3z + 1.

2. a(4a?+1) = (2222 +2))° +2-2(222 +1) +4 =
=332 +22t + 22+ 1)+ 322 +3 = dab + 2t + 22 +1 =
= 4(32+1)?+32%+o+22+1 = 2?+dw+4+322+r+22+1 = 0.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

Kak HaiiTu NpUMUTUBHBIE 3/1IEMEHTbI NOS [F;'?

f(x) — npumuTuneHbIi anemeHT (renepatop) rpynnei F77*, ecin

o (f(:v))pn_l =1mn (f(ac))Z # 1 pna 0<i<p®—1,

@ nons nwoboro mHorodneHa ¢g(xz) € F™* Hailipércs cTeneHb 1
p

Takas, 4to g(z) = (f(x))", i€ {0, 1,...,p" —1}.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

Kak HaiiTu NpUMUTUBHBIE 3/1IEMEHTbI NOS [F;'?

f(z) — npumuTuneHEIl 3nemenHT (renepatop) rpynnel %, ecnn

o (f(:v))pn_l =1mn (f(ac))Z # 1 pna 0<i<p®—1,

@ nons nwoboro mHorodneHa ¢g(xz) € F™* Hailipércs cTeneHb 1
p

i
Takas, 4to g(z) = (f(z)), :€{0,1,...,p" =1}
Ha ocHoBe n3BecTHOro: ecnm o — NPUMUTUBHbLIV 31EMEHT NOAs
GF (q), To ntoboii fpyroii NpMMUTNBHBIGA 3EMEHT MOXET bbITh
nonyyeH kak ctenenb o, rge k — uenoe B3aumHo npocToe ¢
q—1 = Konn4ecTBO NPUMNTUBHBIX dnemenTos nons [ pasHo

o(p™ —1).



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

Kak HaiiTu NpUMUTUBHBIE 3/1IEMEHTbI NOS [F;'?

f(z) — npumuTuneHEIl 3nemenHT (renepatop) rpynnel %, ecnn

o (f(:v))pn_l =1mn (f(ac))Z # 1 pna 0<i<p®—1,

@ nons nwoboro mHorodneHa ¢g(xz) € F™* Hailipércs cTeneHb 1
p

i
Takas, 4to g(z) = (f(z)), :€{0,1,...,p" =1}
Ha ocHoBe n3BecTHOro: ecnm o — NPUMUTUBHbLIV 31EMEHT NOAs
GF (q), To ntoboii fpyroii NpMMUTNBHBIGA 3EMEHT MOXET bbITh
nonyyeH kak ctenenb o, rge k — uenoe B3aumHo npocToe ¢
q—1 = Konn4ecTBO NPUMNTUBHBIX dnemenTos nons [ pasHo

p(p" —1).
Hanpumep, & 9-anementHom none F3 nmeetca »(8) = 4

NPUMUTUBHBLIX 31eMeHTa, 0bpa3oBaHHbIx cTenensimu 1, 3, 5, 7
(4mcna, B3aMMHO npocTble C 8) yXe HaliAEHHOro reHepaTopa:

v+ 1 (x+1)2=22+1, (z+1)=22+2, (z+ 1) =2 +2.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

9 4TO-TO HEe NoHuMmalo: HenpmseogunmMmblie MHOro4aeHbl — 3TO
NMPUMUNTUBHbLbIE 3nemMeHThb?
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Mons Bbi4eTOB No MoAynio NpocToro Yucna

9 4TO-TO HEe NoHuMmalo: HenpmseogunmMmblie MHOro4aeHbl — 3TO
NMPUMUNTUBHbLbIE 3nemMeHThb?

Beab 6bn0: ans noucka n Tex, n Apyrux HeT 3pdPeKTUBHBIX
aJrOpUTMOB...



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

9 4TO-TO HEe NoHuMmalo: HenpmseogunmMmblie MHOro4aeHbl — 3TO
NMPUMUNTUBHbLbIE 3nemMeHThb?

Beab 6bn0: ans noucka n Tex, n Apyrux HeT 3pdPeKTUBHBIX
aJrOpUTMOB...

@ Henpueognmele MHOroUNEHBI NLLYT B KOJIbLE MHOFOYNEHOB
Fplz] nag npocteim nonem [, — nanpumep, 4Tobbl
NOCTPOMTbL €ro pacLumpeHme.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

9 4TO-TO HEe NoHuMmalo: HenpmseogunmMmblie MHOro4aeHbl — 3TO
NMPUMUNTUBHbLbIE 3nemMeHThb?

Beab 6bn0: ans noucka n Tex, n Apyrux HeT 3pdPeKTUBHBIX
aJrOpUTMOB...

@ Henpueognmele MHOroUNEHBI NLLYT B KOJIbLE MHOFOYNEHOB
Fplz] nag npocteim nonem [, — nanpumep, 4Tobbl
NOCTPOMTbL €ro pacLumpeHme.

@ [MpyMNTUBHBIE 2AEMEHTBI ULYT B MYNbTUNJIUKATUBHO rpynne
nons [ — Hanpumep, 4Tobbl nmeTs yaobHoe npeacTaBneHne
HEHYJIEBbIX 3JIEMEHTOB MOJSI YEPE3 €ro CTeneHu.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

9 4TO-TO HEe NoHuMmalo: HenpmseogunmMmblie MHOro4aeHbl — 3TO
NMPUMUNTUBHbLbIE 3nemMeHThb?

Beab 6bn0: ans noucka n Tex, n Apyrux HeT 3pdPeKTUBHBIX
aJrOpUTMOB...

@ Henpueognmele MHOroUNEHBI NLLYT B KOJIbLE MHOFOYNEHOB
Fplz] nag npocteim nonem [, — nanpumep, 4Tobbl
NOCTPOMTbL €ro pacLumpeHme.

@ [MpyMNTUBHBIE 2AEMEHTBI ULYT B MYNbTUNJIUKATUBHO rpynne
nons [ — Hanpumep, 4Tobbl nmeTs yaobHoe npeacTaBneHne
HEHYJIEBbIX 3JIEMEHTOB MOJSI YEPE3 €ro CTeneHu.

3ameuanue. B none GF (p") noHsTue «HenpuBOANMBIi
MHOFOY/IEH» He UMEET CMbICNa: TaM Jitoboli MHOTrOYNEH AeANTCs Ha
Moboii HeHyNEBOIA.

r+1

Hanpumep, B [Fg[m]/(g;2+1): Y =



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

MO)KeT Jan I'IpVIBO,EU/IMbIVI MHOro4JseH 6bITb I'Ipl/IMVITI/IBHbIM
3nemeHToOM?




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

MO)KeT Jan I'IpVIBO,EU/IMbIVI MHOro4JseH 6bITb I'Ipl/IMVITI/IBHbIM
3nemeHToOM?

© Bosbmém none Fp = {0, 1}.
© Bosbmém nenpueogumebiii Hag Fo MmHorounen 3 + x + 1.

© TMoctponm none F = Folz]/(2® +x+ 1) = F3; oo
cogepxut Bce nonnHombl ns Falx] crenenn < 2.

Q Muorounen P(z) = 22 + 2 = z(x + 1) — npueogum B
nobom konbue, B T.4. — B Fox], u on npunagnexur F.

O dsnserca nm P(x) — npuMnTnBHbIM 3n1emeHTOM nonst F'7



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

MO)KeT Jan I'IpVIBO,El,VIMbIVI MHOro4JseH 6bITb I'Ipl/IMVITI/IBHbIM
3nemeHToOM?

© Bosbmém none Fp = {0, 1}.
© Bosbmém nenpueogumebiii Hag Fo MmHorounen 3 + x + 1.

© TMoctponm none F = Folz]/(2® +x+ 1) = F3; oo
cogepxut Bce nonnHombl ns Falx] crenenn < 2.

Q Muorounen P(z) = 22 + 2 = z(x + 1) — npueogum B
nobom konbue, B T.4. — B Fox], u on npunagnexur F.

O dsnserca nm P(x) — npuMnTnBHbIM 3n1emeHTOM nonst F'7

MynbTunnukaTueHas rpynna nons F cogepxut 23 —1 =7
3/IEMEHTOB, 3TO MPOCTOE YUCAO => B MYNbTUMIWKATUBHAS rpynne
Bce ¢(7) = 6 HEeaMHNYHBIX SNEMETOB — FEHEPaTOpbl =

oTBeT Ha oba sonpoca — Al



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

MO)KeT Jan I'IpVIBO,EU/IMbIVI MHOro4JseH 6bITb I'Ipl/IMVITI/IBHbIM
anemeHToM?...

Vaoctosepumcs, 4to o = 2% + 2 = 2(z + 1) — NpUMUTUBHBIi
snement nons F' = Falz]/(a® + 2 +1).

BEF: a23=x+1m

« :x2+x,

0 =zt 422 = L2yt £ = g,

o =a-a? =23 +2% = :z:z—i-a:—kl7

ot =(a?)? = 2,

o =2 =B+t =g+ 1422+ f =22 +1,

b =2t 422 4+1 =2 +ax+22+1 = T+ 1,

o =2t (@t 1) =t ad a2 =2 A A1 = L



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

Bcerp,a an HEI'IpI/IBO,EI.I/IMbIVI MHOro4s71eéH eCctTb I'IpI/IMI/ITVIBHbIVI
anemeHT?




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

Bcerp,a an HEI'IpI/IBO,EI.I/IMbIVI MHOro4s71eéH eCctTb I'IpI/IMI/ITVIBHbIﬁ
anemeHT?

© Boszbmém none F5 = {0,1,2,3,4}.
@ Bosbmém Henpusogumbliii Hag F5 MmHorounen x2 + o + 1.

O Moctponm none F = Fs[z]/(2? + x4+ 1) = FZ; oo
COAEPXUT TObKO noauHombl 0-ii u 1-ii cTenenein ns Fslx].

© Bce mHorounensl 1-i cTeneHn HenpueoAUMbBI, UMEKOT BUZ
axr+b nwnx— 20 wr.
Bce nu onn — npumuTuBHbIE 3neMeHTbl nonsa F7?



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

Bcerp,a an HEI'IpI/IBO,EI.I/IMbIVI MHOro4s71eéH eCctTb I'IpI/IMI/ITVIBHbIﬁ
anemeHT?

© Boszbmém none F5 = {0,1,2,3,4}.
@ Bosbmém Henpusogumbliii Hag F5 MmHorounen x2 + o + 1.

O Moctponm none F = Fs[z]/(2? + x4+ 1) = FZ; oo
COAEPXUT TObKO noauHombl 0-ii u 1-ii cTenenein ns Fslx].

© Bce mHorounensl 1-i cTeneHn HenpueoAUMbBI, UMEKOT BUZ
axr+b nwnx— 20 wr.
Bce nu onn — npumuTuBHbIE 3neMeHTbl nonsa F7?

MynsTunaukaTusHas rpynna nons F cogepxut 52 — 1 = 24
3/1eMEHTa U3 KOTOPbIX ©(24) = 8 NpUMUTNBHBIX => He BCE
MHoOrouneHbl 1-ii cTeneHm — reHepaTtopsl =

oTeeT Ha oba sonpoca — HET!



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

Bcerp,a an HEI'IpI/IBO,EI.I/IMbIVI MHOro4s71eéH eCctTb I'IpI/IMI/ITVIBHbIﬁ
anemMeHT?...

Y[oCcTOBEPUMCS, 4TO (v = & HE €CTb NPUMUTWBHbIA NEMEHT NOJS
F = Fs[z]/(2* + = +1).

BF 22=-2—-1=4x+4n
a =z
o? =4x + 4,
o’ =42® + 42 = 162 + 16+ 4o = 1.

WNHTepechbiii (n BaxcHbiid!) Bonpoc:

Korga x ectb npumMuTuBHbIi snemenHt nons Fplz]/(a(x))?



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

npl/IMI/ITI/IBHbIe MHOrI0O41€HbI

Bonpoc: korga kopeHb = (cam HenpuBoAUMBbI MHOro4eH!)

Henpueoaumoro Hag [, muorounena a(x) byaer npuMUTNBHBLIM
anementom nonst Fplz]/(a(z))?



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Mons BbIYMeTOB MO MOAY/IO NPOCTOro HYucna

npl/IMI/ITI/IBHbIe MHOrI0O41€HbI

Bonpoc: korga kopeHb = (cam HenpuBoAUMBbI MHOro4eH!)
Henpueoaumoro Hag [, muorounena a(x) byaer npuMUTNBHBLIM
anementom nonst Fplz]/(a(z))?

OTBeT: 370 ByneT ecnu U TOABLKO €Cm MHOroYneH a(r)

npuMuTUBeH gns T, T.e. m = p" — 1 — HaumeHbLMii NOKasaTenb,
npu kotopom a(x) | z™ — 1.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

npl/IMI/ITI/IBHbIe MHOrI0O41€HbI

Bonpoc: korga kopeHb = (cam HenpuBoAUMBbI MHOro4eH!)
Henpueoaumoro Hag [, muorounena a(x) byaer npuMUTNBHBLIM
anementom nonst Fplz]/(a(z))?

OTBeT: 370 ByneT ecnu U TOABLKO €Cm MHOroYneH a(r)
npuMuTUBeH gns T, T.e. m = p" — 1 — HaumeHbLMii NOKasaTenb,
npu kotopom a(x) | z™ — 1.

Mpumep

® Henpusoanmbiii Hag o mMHorounex 22 + x4+ 1 npumutusen:
Pl =2"41= (B +r+1)- (@' +224+z+1) n

2t —1 /234 2+ 1 nun npn kakom 1 <t < 7 = m. Mostomy

F3)/(z® +2+1) = {2 =1,2", 2% 2> =2 +1,

x4:$2+33,x5:$2+x+1,x6:x2+1}.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

npl/IMI/ITI/IBHbIe MHOrIO4J1€HDbI...

® Henpusogumbiii Hag Fo muorounen z* + 23 + 22 + 2 + 1 ne

4
NPUMUTUBEH: OH JENUT He Tonbko buHom 22 1 —1 = 215 — 1, no
n bunom z° — 1:

PP—1=241= (" +23+22+2+1) (z+1),
unm, uyto Toxe, degxr = 5 # 15:

=@+ (e +1) 41 = 1

=0




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

rlpl/IMI/ITI/IBHbIe MHOro4s1€Hbl: 3aaa4a

Onpegenntb, SBASETCS SN HENPUBOZNMBIN MHOTOYJIEH
f(x) =28 + 23 +1 € Foz] npumutusHem?




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Mons Bbi4eTOB No MoAynio NpocToro Yucna

rlpl/IMI/ITI/IBHbIe MHOro4s1€Hbl: 3aaa4a

Onpegennts, ABAAETCA JIN HENPUBOANMBIN MHOFOYAEH
flx) =25+ 23 +1 € Falx] npumutusHbim?
PeweHue

MynsTunaukatuenas rpynna nons Fala]/(2® + 2% + 1) coctont us
26 — 1 = 63 anemenTos.

Mpoctbie aenntenn 63 =32-7 cyts 3 u 7 = pasencrso z% =1
HY>KHO NpOBepuUTb ansa d € {21 = 6:,)—3, 9 = % }

B paccmatpusaemom none 2% = 23 4+ 1 n
2 = 253 = (a;3+1)a:3 =20+ =8 +14+ 2 =1

T.o. degx =9 # 63 n mHorounen f(x) He npumuTMBEH.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Bbiuncnenne aneMeHTOB B KOHEHYHBIX NOASAX

Paspensbi

e BbluncneHue 3nemMeHTOB B KOHEYHbIX MOASAX



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Bbiuncnenne aneMeHTOB B KOHEHYHBIX NOASAX

Anroputm EBknuga —

— npumensitoT ans Haxoxaerns HO[(a,b) HaTypanbHbix a un b.

Habntoperune: obwuii genntens napsl yucen (a,b), To octaéres
um 1 ans napel (@ — b, b) (cyurtaem, yto a > b).
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Bbiuncnenne aneMeHTOB B KOHEHYHBIX NOASAX

Anroputm EBknuga —

— npumensitoT ans Haxoxaerns HO[(a,b) HaTypanbHbix a un b.

Habntoperune: obwuii genntens napsl yucen (a,b), To octaéres
um 1 ans napel (@ — b, b) (cyurtaem, yto a > b).

OTcropa:

@ napsbl yucen (a,b) n (a — kb,b) nmeet ognHakosbie obuine
AENnNTenn;
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Bbiuncnernne anemeHTOB B KOHEYHBIX NOMSX

Anroputm EBknuga —

— npumensitoT ans Haxoxaerns HO[(a,b) HaTypanbHbix a un b.
Habntoperune: obwuii genntens napsl yucen (a,b), To octaéres
um 1 ans napel (@ — b, b) (cyurtaem, yto a > b).
OTcropa:
@ napsbl yucen (a,b) n (a — kb,b) nmeet ognHakosbie obuine
aennTenu;

@ BmecTo a — kb (818 «yCKOpPeHUs» ) MOXHO B3ATb OCTAaTOK 7
OT geneHus Haueno a Ha b: a = bg+7rg, g € N, 0 < rg < b;
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Bbiuncnenne aneMeHTOB B KOHEHYHBIX NOASAX

Anroputm EBknuga —

— npumensitoT ans Haxoxaerns HO[(a,b) HaTypanbHbix a un b.

Habntoperune: obwuii genntens napsl yucen (a,b), To octaéres
um 1 ans napel (@ — b, b) (cyurtaem, yto a > b).

OTcropa:

@ napsbl yucen (a,b) n (a — kb,b) nmeet ognHakosbie obuine
AENnNTenn;

@ BmecTo a — kb (818 «yCKOpPeHUs» ) MOXHO B3ATb OCTAaTOK 7
OT geneHus Haueno a Ha b: a = bg+7rg, g € N, 0 < rg < b;

@ 3aTeM, nepecTtaBme 4ncia B Nape, MOXHO MNOBTOPUTb
npoueaypy; OHa 3aKOH4YUTCA, T.K. HNCNa B Nap€ YMEHbLUAKOTCA,
HO OCTAKOTCA HEOTPMUATENBbHBIMNA.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Bbiuncnenne aneMeHTOB B KOHEHYHBIX NOASAX

Anroputm EBknuga —

— npumensitoT ans Haxoxaerns HO[(a,b) HaTypanbHbix a un b.

Habntoperune: obwuii genntens napsl yucen (a,b), To octaéres
um 1 ans napel (@ — b, b) (cyurtaem, yto a > b).

OTcropa:

@ napsbl yucen (a,b) n (a — kb,b) nmeet ognHakosbie obuine
AENnNTenn;

@ BmecTo a — kb (818 «yCKOpPeHUs» ) MOXHO B3ATb OCTAaTOK 7
OT geneHus Haueno a Ha b: a = bg+7rg, g € N, 0 < rg < b;

@ 3aTeM, nepecTtaBme 4ncia B Nape, MOXHO MNOBTOPUTb
npoueaypy; OHa 3aKOH4YUTCA, T.K. HNCNa B Nap€ YMEHbLUAKOTCA,
HO OCTAKOTCA HEOTPMUATENBbHBIMNA.

B pesynbTaTe: 3a KoHewHOe 4mcio waros obpasyercs napa (7,,0)
n sicio, yto HOA(a,b) = r,, ( HOLA — anra. ged).



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Bbiuncnernne anemeHTOB B KOHEYHBIX NOMSX

Anroputm EBknuga —

— npumensitoT ans Haxoxaerns HO[(a,b) HaTypanbHbix a un b.
Habntoperune: obwuii genntens napsl yucen (a,b), To octaéres
um 1 ans napel (@ — b, b) (cyurtaem, yto a > b).

OTcropa:

@ napsbl yucen (a,b) n (a — kb,b) nmeet ognHakosbie obuine
AENnNTenn;

@ BmecTo a — kb (818 «yCKOpPeHUs» ) MOXHO B3ATb OCTAaTOK 7
OT geneHus Haueno a Ha b: a = bg+7rg, g € N, 0 < rg < b;

@ 3aTeM, nepecTtaBme 4ncia B Nape, MOXHO MNOBTOPUTb
npoueaypy; OHa 3aKOH4YUTCA, T.K. HNCNa B Nap€ YMEHbLUAKOTCA,
HO OCTAKOTCA HEOTPMUATENBbHBIMNA.

B pesynbTaTe: 3a KoHewHOe 4mcio waros obpasyercs napa (7,,0)
n sicio, yto HOA(a,b) = r,, ( HOLA — anra. ged).

JanHblii anroputm aBaxkabl onucad B Havanax Esknuga, HoO He
Bbin UM oTKpbIT (ynomuHaetcs B Tonuke ApuctoTtens).



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Bbiuncnenne aneMeHTOB B KOHEHYHBIX NOASAX

Anroputm EBknupa: obuwas cxema (a > b)

HOA (a,b)[=]

[lar (—=2): r—9 = a — nonaraem gns yaobcrea;
Ilar (—1): r—; = b — nonaraem gns ypobcTea;
IMTar 0: 7_9 = r_1q9 + rg — BEAUM T"_9 Ha r_1, OCTATOK T;

lar 1: 7y = 7oq1 + 71 — AENUM r_] Ha T, OCTATOK T'1;
BCerga Aesmm ¢ octaTkom b60/ibLuee 4ucao Ha
MeHbLLIEE, OCTaBASIEM MEHbLUEE (OHO CTAHOBUTCS
661b1wMM) 1 OCTAaTOK (OH CTAHOBUTCS MEHBLUUM);

IMlar n: rp_92 = rp_1qn + rn — BEAUM T _9 HA Tp_1,
OCTaTOK Ty}

MTar n 4+ 1: rp—1 = Tpgn+1 + 0 — peneHne Haueno = OCTAHOB.

Beerpa r o >2r 1 >rg>r1>...>1r, > 1. [=]7rn.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Bbiuncnenne aneMeHTOB B KOHEHYHBIX NOASAX

Anroputm EBknunga: npumep

HO[ (252,105) = 21




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Bbiuncnenne aneMeHTOB B KOHEHYHBIX NOASAX

Anroputm EBknunga: npumep

HO[ (252,105) = 21

Mar (—2): r_y = 252;

Mlar (—1): r—y = 105 = (252,105);
ITar 0: 252 = 105-2 + 42 = (105,42);
Mlar 1: 105 = 422 + 21 = (42,21);
TMar 2: 42 = 21-2 40 = (21,0)



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Bbiuncnernne anemeHTOB B KOHEYHBIX NOMSX

Anroputm EBknunga: npumep

HO[ (252,105) = 21

Mar (—2): r_y = 252;

Mlar (—1): r—y = 105 = (252,105);
ITar 0: 252 = 105-2 + 42 = (105,42);
Mlar 1: 105 = 422 + 21 = (42,21);
MTar 2: 42 = 21-240 = (21,0)

HOJ (a,b,c) = HOJ (a, (HOA (b, ¢))

UnTtepecHo: echn a = F,11, b = F,, — cooTBeTCTBYIOLLME HNCIA
PubboHaun, To ocTaTkn B anroputMe EBknnga nocnenoBaTenbHO
JapyT 3HayeHusa F,_1, ..., Fp =1,



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Bbiuncnernne anemeHTOB B KOHEYHBIX NOMSX

CooTtHoweHune Be3y (oTkpbiTo 32 106 net go poxperus 3.6Besy)

V1eepxpaeHue (cootHoweHne Besy)

Lns nobeix natypanshbix a,b u d = HO/J(a,b) Haigyrcs
yesnble Koagppuumnentsl besy x,y Takme, 4To d = ax + by.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Bbiuncnernne anemeHTOB B KOHEYHBIX NOMSX

CooTtHoweHune Be3y (oTkpbiTo 32 106 net go poxperus 3.6Besy)

V1eepxpaeHue (cootHoweHne Besy)

Lns nobeix natypanshbix a,b u d = HO/J(a,b) Haigyrcs
yesnble Koagppuumnentsl besy x,y Takme, 4To d = ax + by.

OokazatenbcTBO

Paccmatpusaem anroputm EBknuga ¢ koHUa K Hadany:
d =Ty, = Tn_9 — Tn_1Gn, 3aT€M, MOACTABJSS CHO4A 3HAYEHUE
Tn—1 = Th—3 — Tn—2Qqn—1, Noay4aem

d = —qnrn—3+ (1 + QnQn—l)Tn—2 = arp—3 + ﬂrn—2

47151 HEKOTOPbIX o, 3 € Z un T.4.

N




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Bbiuncnernne anemeHTOB B KOHEYHBIX NOMSX

CooTtHoweHune Be3y (oTkpbiTo 32 106 net go poxperus 3.6Besy)

V1eepxpaeHue (cootHoweHne Besy)

Lns nobeix natypanshbix a,b u d = HO/J(a,b) Haigyrcs
yesnble Koagppuumnentsl besy x,y Takme, 4To d = ax + by.

OokazatenbcTBO

Paccmatpusaem anroputm EBknuga ¢ koHUa K Hadany:
d =Ty, = Tn_9 — Tn_1Gn, 3aT€M, MOACTABJSS CHO4A 3HAYEHUE
Tn—1 = Th—3 — Tn—2Qqn—1, Noay4aem

d = —qnrn—3+ (1 + QnQn—l)Tn—2 = arp—3 + Brn—2

47151 HEKOTOPbIX o, 3 € Z un T.4.

N

3ameuvanue Koacppuunentsl besy onpegenenbl HeOgHO3HAYHO:
HOA (12,30) = 6 = 3-12+(—1)-30 = (—2)-12+4 1 - 30.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Bbiuncnernne anemeHTOB B KOHEYHBIX NOMSX

PacwupeHHbiii anroputm EBknupa —

— nosTopsieT cxemy (npocToro) anroputma Esknnga, B kotopom
Ha KaXKAOoM Luare:

©Q LONOSHUTENBHO BBINUCASIIOTCA ; U Y; No dopmynam
Ty = Tim2 — GTi—1,  Yi = Yi-2 — GYi-1, 1 =0,1, ..
xTo=y1 =1, 1 =y-2=0;
e CnpaBe,ﬂ,ﬂVlBO COOTHOLUEHNE

ri = Ti—o—qiri—1 = (azi—2+byi—2) —qi(axi—1+byi—1) =
= a(Ti—2 — ¢ii—1) + b(Yi—2 — qiYi—1) = ax; + by;.

Pacwupettbiii anroputm EBknga no gByM HaTypasibHbIM YnCiam
a u b naxogut ux HatypanbHbli HOOd w gea uenbix z,y
koacpcpuymenta besy (takux, yto |z| < [b/d|, |y| < |a/d]).




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Bbiuncnernne anemeHTOB B KOHEYHBIX NOMSX

PacwupeHHbiii anroputm EBknupa: npumep

3apava. Haiitn HaTtypanbHoe d u uenble ' U y Takue, 4TO

d = HOJ,(252,105) = 252z + 105y.

Pewenve. Nveem =; = xj—2 — ¢;Ti-1, Yi = Yi—2 — GiYi—1-
Ceeaém BCe BbIYMCAEHUS B Tabauuy:

war i | rio | i1 | @G| T | T | i
—2 252 1 0
—1 105 | O 1

0 | 252 | 105 | 2 | 42 1 -2
1 105 42 2 21 | =2 5
2 42 21 2 0

OtBer: d=21,2=-2,y=>5,1e 21 = 252-(—-2)+105-5.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Bbiuncnenne aneMeHTOB B KOHEHYHBIX NOASAX

3apava

B none Z/(101) pewnts ypaBHenne Axr = 1. (%) )




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Bbiuncnenne aneMeHTOB B KOHEHYHBIX NOASAX

3apava

B none Z/(101) pewnts ypaBHenne Axr = 1. (%) )
Pewenne

Q 4z = 1+k-101 = 102, 203, 304, ...; = = 304/4 = 76.

370 pewweHrune nepebopom.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Bbiuncnernne anemeHTOB B KOHEYHBIX NOMSX

3apava

B none Z/(101) pewnts ypaBHenne Axr = 1. (%) )
Pewenne

Q 4z = 1+k-101 = 102, 203, 304, ...; = = 304/4 = 76.

370 pewweHrune nepebopom.

@ [Mockonbky 101y =101 0, BMeCTO (%) MOXHO pacLUMPeHHbIM
anroputmom Eeknnga pewaTs ypasHeHne

4z + 101y = 1.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Bbiuncnernne anemeHTOB B KOHEYHBIX NOMSX

3apava
B none Z/(101) pewnts ypaBHenne Axr = 1. (%) )
Pewenne

Q 4z = 1+k-101 = 102, 203, 304, ...; = = 304/4 = 76.

370 pewweHrune nepebopom.

@ [Mockonbky 101y =101 0, BMeCTO (%) MOXHO pacLUMPeHHbIM
anroputmom Eeknnga pewaTs ypasHeHne

Az + 101y = 1.
B pesynbrtaTe pabotsl anroputma: 476 + 101 - (—3) = 1.

AHanorvuy4HO pelarTCsl ypaBHEHUS
ar = c n ar+by = c

(nepen pewetnem a, b n ¢ Hago nogennTb Ha nx obwwmii HOZ).



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Bbiuncnenne aneMeHTOB B KOHEHYHBIX NOASAX

HaxoxpaeHue obpaTHbix 31eMeHTOB B pacluupenusix noneii [,

Anroputm EBknupa u ero paclimpeHHasi Bepcusi 0CTatoTCs
CNpaBeaauBLIMUA B JIHOBOM E€BKANAOBOM KOJbLE, CNEJOBATENLHO,
n B ntobom none lanya.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Bbiuncnenne aneMeHTOB B KOHEHYHBIX NOASAX

HaxoxpaeHue obpaTHbix 31eMeHTOB B pacluupenusix noneii [,

Anroputm EBknupa u ero paclimpeHHasi Bepcusi 0CTatoTCs
CNpaBeaauBLIMUA B JIHOBOM E€BKANAOBOM KOJbLE, CNEJOBATENLHO,
n B ntobom none lanya.

MoaTomy: obpaTHblii anemeHT y(z) [As HEKOTOPOTO MHOrOYJEHA
b(z) B none F =F,[z]/(a(x)) onpemensiercsi cooTHoLEHNEM

br) y@) =1 & ale)-x(@) + b(a)-y(z) = 1,

KOTOPOE MOXET ObITb PELLEHO PACLUMPEHHBIM aNrOpUTMOM
Esknunga ans napel muorounetos (a(x), b(z)) B none F.

PeweHne gaHHbIx ypaBHeHWii CyliecTsyeT Bcerga: T.k. a(z) —
Henpueogumblii MHorodned u degb(z) < dega(zx), To

HOZA (a(z), b(z)) = 1.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Bbiuncnenne aneMeHTOB B KOHEHYHBIX NOASAX

Mpumep: waiitn (22 + 2+ 3)~! 8 none Frlz]/(2* + 2 + 2% + 3)



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Bbiuncnenne aneMeHTOB B KOHEHYHBIX NOASAX

Mpumep: waiitn (22 + 2+ 3)~! 8 none Frlz]/(2* + 2 + 2% + 3)

MNpumeHsis pacwmperHblid anroputm EBknupa, pelwmm ypasHeHue

(x* + 23 + 22+ 3)x(z) + (@® + 2+ 3)y(z) =1 (%)



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Bbiuncnenne aneMeHTOB B KOHEHYHBIX NOASAX

Mpumep: waiitn (22 + 2+ 3)~! 8 none Frlz]/(2* + 2 + 2% + 3)

MNpumeHsis pacwmperHblid anroputm EBknupa, pelwmm ypasHeHue

(x* + 23 + 22+ 3)x(z) + (@® + 2+ 3)y(z) =1 (%)

War 0: r_o(x) = 2* + 23 + 2% +3,

r_i(x) = 2% + 1 +3,

y—2(x) =0

y_1(z) =1 — 33JaHNe Ha4aNbHbIX 3HAYEHUA.
War 1 r_o(z) = r—1(x)qo(x) + ro(x),

qo(z) = z* 45,

ro(x) = 2z + 2,

yo(x) = y—2(z) — y—1(x)qo(x) = —qo(z) = —2* — 5.
War 2:  r_i(x) = ro(x)q1(z) + 1 (),

q1(x) = 4z,

ri(z) =3, degri(x) =0

y1(2) = y-1(z) — yo(x)qu(z) = 1+ 4z (a? +5) =

=423 + 61 + 1.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
Bbiuncnenne aneMeHTOB B KOHEHYHBIX NOASAX

Mpumep... [F2: (z*+23+22+3)x(z) +b(@) (2?2 +2+3) = 1 (%)

AnropuTm 3akaH4mMBaeT CBO paboTy Ha ware 2, T.K. r1(z) =3 n
degri(z) = degl = 0 (1 — mHorounen B npaeoii 4actu (x) ).



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Bbiuncnernne anemeHTOB B KOHEYHBIX NOMSX

4

Mpumep... [F2: (z*+23+22+3)x(z) +b(@) (2?2 +2+3) = 1 (%)

AnropuTm 3akaH4mMBaeT CBO paboTy Ha ware 2, T.K. r1(z) =3 n
degri(z) = degl = 0 (1 — mHorounen B npasoii Yactm (x) )

3ameyvaHue: npu nTepauusx anropmTmMa HetT HeobxognmocTw
BbiumncaaTts x;(z) — koacbduyment npn 2t 4+ 23 + 22 4+ 3, — Tk
Hac MHTepecyeT Tonbko y;(x) — koacbuumenT npn x2 + x + 3.

OcraTok 71(x) = 3, oT/M4aeTcs OT 1 Ha MHOXMTENb-KOHCTAHTY.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

Bbiuncnernne anemeHTOB B KOHEYHBIX NOMSX

Mpumep... [F2: (z*+23+22+3)x(z) +b(@) (2?2 +2+3) = 1 (%)

AnropuTm 3akaH4mMBaeT CBO paboTy Ha ware 2, T.K. r1(z) =3 n
degri(z) = degl = 0 (1 — mHorounen B npaeoii 4actu (x) ).

3ameyvaHue: npu nTepauusx anropmTmMa HetT HeobxognmocTw

BbiumncaaTts x;(z) — koacbduyment npn 2t 4+ 23 + 22 4+ 3, — Tk
Hac MHTepecyeT Tonbko y;(x) — koacbuumenT npn x2 + x + 3.
Ocratok ri(z) = 3, oTnyaeTcsi oT 1 Ha MHOXMTE/Ib-KOHCTAHTY.

Y70bbl NONYHNTL pelueHne ypaBHEHNUS () BbINUCASIEM NEMEHT
371 =, 5 n nomHOXaem Ha Hero yi:

5y1(z) = 5(4a® + 62+ 1) =7 623 4 2z + 5.

Ovsert: 8 none Fr[z]/(2* + 2 + 2% + 3) nmeem

(22 +2+3)"! = 623 + 22 +5.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

BekTopHasn anrebpa Hap koHe4HbIM nosem

Paspensbi

e BekTopHas anrebpa Hag KOHEYHbLIM MOJIEM



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

BekTopHasn anrebpa Hap koHe4HbIM nosem

BekTopHOoe npocTpaHCTBO: onpejeneHue

AbCTpakTHbIM BEKTOPHBIM npocTpaHcTBom Hag nonem k = {1, a, 3, ...}
Ha3biBaeTcs anrebpamyeckas cucrema V = (V, k; +, - ), roe

oV =1{0,v,...} — nponsBonbHOE MHOXECTBO,

@ + — buHapHas onepauus cnoxenusi Hag V: V x V 5 Vv,

@ - — BuHapHasi onepaumns yMHOXeHNs1 anemeHTa («4ncna») us k Ha
anemeHT («BekTop») M3 V: kxV =V,




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

BekTopHasn anrebpa Hap koHe4HbIM nosem

BekTopHOoe npocTpaHCTBO: onpejeneHue

AbCTpakTHbIM BEKTOPHBIM npocTpaHcTBom Hag nonem k = {1, a, 3, ...}
Ha3biBaeTcs anrebpamyeckas cucrema V = (V, k; +, - ), roe

oV =1{0,v,...} — nponsBonbHOE MHOXECTBO,

@ + — buHapHas onepauus cnoxenusi Hag V: V x V 5 Vv,

@ - — buHapHas onepauusi yMHOXeHUMs anemeHTa («ducna») us k Ha
anemeHT («BekTop») M3 V: kxV =V,

npu4ém onepauunm + 1 - YAOBNETBOPSIOT CIEAYIOLNM aKCNOMAM:

L1: V — kommyTaTuBHas rpynna no cnoxexuto, 0 — eé HeliTpanbHblii
3/IEMEHT.

L2: a-(v14+wv) =a-v1+a vy, (1+a)-v=a - -v+a- v,
(ucTpnbyTuBHOCTL - OTHOCUTENBHO +),

L3: a-(B-v) = (af) v (kOMNO3nNLMA YyMHOXKEHNI Ha ABa dJeMeHTa
MoNIsi COBMAfAET C YMHOXEHNEM UX NPOU3BEAEHNE,
«accouMaTUBHOCTLY ONepaLnii YMHOXEHUS NOAS 1 -),

L4: 1-v=wv (yHuTanbHOCTb).




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

BekTopHasn anrebpa Hap koHe4HbIM nosem

KoopaunHaTtHoe npocTpaHCTBO

Mycte V = k™ — MHOXECTBO KOHEYHbIX MOCNE[OBATENbHOCTEN ANMHBI N
anemenToB nons k.

Cnoxenue’ n 'ymuoxerune Ha uucio (u3 k)’ anementos ns V'
ONpPeAeNstoTCs NOKOMMOHEHTHO.

Monyumeluascs cTpykTypa — BEKTOPHOE MPOCTPAHCTBO.

Ero Ha3bIBalOT n-MEpHbIM KOOPAMHATHLIM NPOCTPAaHCTBOM Hag nonem k.

AnctpnbyTnBHOCTL OTHOCUTENBHO BbiunTaHus: (a— ) -v = a-v— - v:

(a=pB)-v+B-v=(a—F+pF) - v=a-v

OTctoga nony4daem, 4to
@ 0-v=0takkak 0-v=(1-1)-v=v—0v=0
oun —v=(—1)- v, Tak KaK
v+ (-1)-v=1v+(-1)-v=(1-1)-v=0-v=0.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

BekTopHasn anrebpa Hap koHe4HbIM nosem

MpumeHeHne BeKTOPHOW anredpbl K U3yHEHUD KOHEYHbIX Nosei

lMone k xapaktepuctukn p > 0 ecTs BekTOpHOE NPOCTPaHCcTBO HaA [F)).




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

BekTopHasn anrebpa Hap koHe4HbIM nosem

MpumeHeHne BeKTOPHOW anredpbl K U3yHEHUD KOHEYHbIX Nosei

lMone k xapaktepuctukn p > 0 ecTs BekTOpHOE NPOCTPaHCcTBO HaA [F)).

[okasaTtenbcTBO

CNOXKeHNe — Hac/iegyetrcs onepayus caoxenunsi s noae k;

YMHOXEHNe — 0CKO/IbKY p—1
o —
Fp 2 F={0,1,T+1,...,14+...41} Ck,
TO Npu yMHOXeHun «4icnay n3 nons [, moxHo

3aMEHATb HAa COOTBETCTBYROLNE 3JIEMEHTbLI U3 014 F,’

AKCMOMbl BEKTOPHOrO MPOCTPAaHCTBA —  BbIMOJNHANTCS B CUY
CBOWICTB apucbmeTndecknx onepayuii 8 none k.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

BekTopHasn anrebpa Hap koHe4HbIM nosem

MpumeHeHne BeKTOPHOW anredpbl K U3yHEHUD KOHEYHbIX Nosei

lMone k xapaktepuctukn p > 0 ecTs BekTOpHOE NPOCTPaHCcTBO HaA [F)).

[okasaTtenbcTBO

CNOXKeHNe — Hac/iegyetrcs onepayus caoxenunsi s noae k;

YMHOXEHNe — 0CKO/IbKY p—1
o —
Fp2F={011+T1...,14+...41} Ck,
TO NMpy YMHOXEHUU «YUCAa» U3 Moas [Fp MO>XHO
3aMEHATb HAa COOTBETCTBYROLNE 3JIEMEHTbLI U3 014 F,'

AKCMOMbl BEKTOPHOrO MPOCTPAaHCTBA —  BbIMOJNHANTCS B CUY
CBOWICTB apucbmeTndecknx onepayuii 8 none k.

CnepctBue

llone [anya kak BEKTOPHOE MPOCTPAHCTBO COCTOUT U3 P 2/1EMEHTOB.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

BekTopHasn anrebpa Hap koHe4HbIM nosem

Monsa Manya kak KosblLla BbIYETOB UJIN BEKTOPHbIE MPOCTPAHCTBA

Mone [FZ ecTb koHedHass AC C MHOXXECTBOM 3AEMEHTOB

= {ao—i—alx—i—...—l—an_lm”_l\ao, al,...,an_le[l-_p},

KOTOPYHO MOXHO paccMaTpuBaTh Kak

@ haKTOPKO/IbLO BLIYETOB MO MAEaNy HEKOTOPOro
HenpuBogMMoro MHorounesa f(x) crenenn n Hag nonem [

P (Fple)/(f(2)); +pp)
nnnm Kak

@ 7-MepHOe KOOpAWHAaTHOEe NPOCTPaHCTBO Hag nonem [y

Fp = (Mpn(), Fpi +p, )



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

BekTopHasn anrebpa Hap koHe4HbIM nosem

Basuc e [

Teopema

dnementsl 1, T, ..., x"~1 obpasyroT basuc [F}.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

BekTopHasn anrebpa Hap koHe4HbIM nosem

Basuc e [

Teopema

dnementsl 1, T, ..., x"~1 obpasyroT basuc [F}.

OokazatenbcTBO

1. J/lroboii anemenT [Fg NPencTasuM B BUAE IMHERHON KomMbuHaLmm
YKa3aHHbIX BEKTOPOB:

ao+az+...+ap_12" ! =apl+a 1T+ ... +a,_1x" L.

2. O6patro, nyctb g(x) = bol + 1T+ ... + b2t = 0.
710 03HayaeT, yTo MHoroynen g(x) creneHu n — 1 genutcs Ha
HEKOTOPbIN MHOFOYEH N~V CTENEHN, YTO BO3MOXHO JINLLb NPH

bo=0by=...=b,_1 =0, Te. cucrema {T, T, ...,x”*l}

JINHENHO HE3aBUCUMA.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

BekTopHasn anrebpa Hap koHe4HbIM nosem

C — pacwmpeHue nons R

3ameuaHue. ocTpoeHne NoAs C NOMOLLLIO BLIYETOB MO MOLY/HO
HEKOTOPOro HEMPUBOAMMOro MHOFOYJIeHa U aHaNOrN LOKa3aHHbIX
TeopeM CrnpaBefJjiMBbl He TOJIbKO B C/lyYae KOHEYHbIX MOJENA.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
BekTopras anrebpa Hag KoHe4HbIM nosnem

C — pacwmpeHue nons R

3ameuaHue. ocTpoeHne NoAs C NOMOLLLIO BLIYETOB MO MOLY/HO
HEKOTOPOro HEMPUBOAMMOro MHOFOYJIeHa U aHaNOrN LOKa3aHHbIX
TeopeM CrnpaBefJjiMBbl He TOJIbKO B C/lyYae KOHEYHbIX MOJENA.

Hanpumep:
© paccmoTpum none geicteutensHbix Yucen R n konbuo
mHorounenos R[x] nag Huwm;
@ B R[r] BO3bMEM HEMpNBOLMMbIA MHOFOYIEH 241
© noctpoum none F kak caktopkonsuo: F = R[z]/(z? + 1);
@ I Takxe n BekTOpHOe npocTpaHcTeo Hag R; ero 6asmc —
{1,Z} v kaxpeiii ero anement z € F' MOXHO NpeacTaBuTh B
Buge z =al + bz, a,b € R;
© none F' vnsomopdHO MO KOMMIEKCHBIX Y4NCEN
C={a+ib|labeR, *=-1},
nsomopdnsm 3agaérca cooteeTcTBuem 1+ 1, T+ i.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

BekTopHasn anrebpa Hap koHe4HbIM nosem

n
Moanonsa [

llone T conepxut nognone [F]; itf k| n.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

BekTopHasn anrebpa Hap koHe4HbIM nosem

n
Moanonsa [

Jlemma

llone T conepxut nognone [F]; itf k| n.

OokazatenbcTBO

Ecnn none ki cogepxutcsa B none (ki C ky), 1o anementsr ko
MOXHO YMHOXaTb Ha 3N1€MeHTbI u3 K1, a pe3ynbTaTbl CKAaAbIBaTb.
lostomy none ko sB19€TCS BEKTOPHLIM NPOCTPAHCTBOM HAJ
nonem ki HeEKOTOpPo# pasmepHoCTH d — 3HAYNT, B HEM |H<1|d
snemenTos. Haw cayqaii: p* = (p¥)?, 4to u osnaqaer k | n.

ObpaTHoe cnepyeT u3 CyLecTBOBaHUS N EAUHCTBEHHOCTH (C
TOYHOCTbIO fj0 u3oMoppusma) noneni [anya.

N

Slcro, uto [, — Bcerpa nognone [ (cnywaii k =1).



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

BekTopHasn anrebpa Hap koHe4HbIM nosem

n
Moanonsa [

Jlemma

llone T conepxut nognone [F]; itf k| n.

OokazatenbcTBO

Ecnn none ki cogepxutcsa B none (ki C ky), 1o anementsr ko
MOXHO YMHOXaTb Ha 3N1€MeHTbI u3 K1, a pe3ynbTaTbl CKAaAbIBaTb.
lostomy none ko sB19€TCS BEKTOPHLIM NPOCTPAHCTBOM HAJ
nonem ki HeEKOTOpPo# pasmepHoCTH d — 3HAYNT, B HEM |H<1|d
snemenTos. Haw cayqaii: p* = (p¥)?, 4to u osnaqaer k | n.

ObpaTHoe cnepyeT u3 CyLecTBOBaHUS N EAUHCTBEHHOCTH (C
TOYHOCTbIO fj0 u3oMoppusma) noneni [anya.

N

Slcro, uto [, — Bcerpa nognone [ (cnywaii k =1).

YnpaxHeHue: nepeducaute sce nognons nons GF (230).



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

BekTopHasn anrebpa Hap koHe4HbIM nosem

I'Ipe,qCTaBneHme 3J/1IEMEHTOB KOHEYHOro nons: pe3srnme

Haunbonee ynoTpebumbl fBa NpeacTaBAEHNS S1EMEHTOB KOHEYHOrO
nons F' = Fylz]/(a(z)) = F} (nonvHom a(r) nenpusoaum,
dega(z) =n):

BEKTOPHOE — KakAblii anemMeHT [’ 3anucbiBaeTcs kak BEKTOp B

basuce {T, xl, 22, ... pnl }

CTeneHHOe — KaXkAblii HEHYNeBOW deMeHT F' 3anuchiBaeTCs

KaK HEKOTOpasi CTeneHb reHepatopa « rpynnst F™.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

BekTopHasn anrebpa Hap koHe4HbIM nosem

I'Ipe,qCTaBneHme 3J/1IEMEHTOB KOHEYHOro nons: pe3srnme

Haunbonee ynoTpebumbl fBa NpeacTaBAEHNS S1EMEHTOB KOHEYHOrO
nons F' = Fylz]/(a(z)) = F} (nonvHom a(r) nenpusoaum,

dega(z) =n):

BEKTOPHOE — KaXkAblil anemeHT F' 3anucbiBaeTcs Kak BEKTOP B
basuce {T, 2l 22, ...,F};

CTeneHHOe — KaXkAblii HEHYNeBOW deMeHT F' 3anuchiBaeTCs

KaK HEKOTOpasi CTeneHb reHepatopa « rpynnst F™.

3ameuaHue. epexos OT CTENEHHOro NpeacTaBiAeHUs K
BEKTOPHOMY [JOCTaTOYHO MPOCT, a 0bpaTHbLIN Nepexos — OYeHb
cnoxeH (CBA3aH C BBIYUCIEHNEM LUCKPETHOIO JIOrapughpma —
HaTypanbHOro z B paBeHCTBe o = b).

Ha cnoxHocTtu aToii 3agaqm (n3BecTHbl He Honee, Yem
Cyb3KCNOHEHUMaNbHbIE aNropuTMbl €€ peluenus) basupytotes
MEeTOLbl KpUNTOrpachum C OTPLITHIM KITKOHOM.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

Paspensbi

o KOPHVI MHOrIro4,1€HoB Ha/J KOHe4YHbIM nonem



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MwuHMManNbHbI MHOFOYAEH

PaccmoTpum anemenT [ KoHedHOro nonst u byaem MHTepecoBaThbCA
MHOTO4YJIeHaMU, 411 KOTOPbIX OH SBJSIETCH KOPHEM.

OnpepgeneHue

MunumansHsivm mHorounenom (m.m.) snementa 5 € GF(p")
Ha3blBaeTCs NpuBeAEHHbIN MHorouned mpg(x) € Fplx]
HaMMeHbLUeR CTeneHn, Ans KOTOporo (3 SBASIETCS KOPHEM.

HApyrumu cnosamu, foJIXXHbI BbINOJHATLCS TPU YCIOBUS:
Q mp(8) =0;
Q@ V f(z) € Fylz] : deg f(z) < degmp(z) = f(B) #0;

© koabdbuumeHT npu cTapleii ctenenn B mg(x) pased 1.

MouTu 04EBNAHO, HTO M.M. — HenpueoauMbIi (JoKaXkeM nocne).



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MuHUManNbHbI MHOFOY€H U3 Henpunsogumoro

Paccmotpum none F' = F[z]/(a(x)), nopoxxpaemoe
HENPUBOAMMBIM MHOrO4YIEHOM a(x) = ag + a1 + ...+ apz™ n
ybeanmcs, 4To MHorounen a, 'a(xr) — MUHUManNbHbIG Ans
sanementa T = (0,1,0,...,0) € F.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MuHUManNbHbI MHOFOY€H U3 Henpunsogumoro

Paccmotpum none F' = F[z]/(a(x)), nopoxxpaemoe
HENPUBOAMMBIM MHOrO4YIEHOM a(x) = ag + a1 + ...+ apz™ n
)

—1 -
y6Eﬂ,VIMC9I, 4YTO MHOro4neH a, CL(IL‘ — MWHWMaNbHbIN ONA

sanementa T = (0,1,0,...,0) € F.
SlcHo, uTo
72 =22 =(0,0,1,0,...,0), ..., 2" 1=(0,...,0,1)

[Hanee, c ogHoll cTOpOHbI T — KOpeHb a(z):

ag+ aT+ ...+ ap(T)" = ag+ a1z + ...+ apa”™ = 0,

a 3HaunT u a, ta(z).

C ppyroii — ecnm 3b(x) =bg +biT+ ... +b,_1(T)" 1 =0, T0
bo + 01T+ ...+ b,_12"1 = 0, T.e. uMeem nuHelinyto

33aBUCMMOCTb MeXAY d/eMeHTaMu {T, T, ..., a1 } — ba3uca

nona F kak BeKTopHoro npocTpaHcTea Hag [, oTkyaa
bo=br=...=bp_1 =



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MuHUManNbHbI MHOFOY€H U3 Henpunsogumoro

Paccmotpum none F' = F[z]/(a(x)), nopoxxpaemoe
HENPUBOAMMBIM MHOrO4YIEHOM a(x) = ag + a1 + ...+ apz™ n
)

—1 -
y6Eﬂ,VIMC9I, 4YTO MHOro4neH a, CL(IL‘ — MWHWMaNbHbIN ONA

sanementa T = (0,1,0,...,0) € F.
SlcHo, uTo
72 =22 =(0,0,1,0,...,0), ..., 2" 1=(0,...,0,1)

[Hanee, c ogHoll cTOpOHbI T — KOpeHb a(z):

ag+ aT+ ...+ ap(T)" = ag+ a1z + ...+ apa”™ = 0,

a 3HaunT u a, ta(z).

C ppyroii — ecnm 3b(x) =bg +biT+ ... +b,_1(T)" 1 =0, T0
bo + 01T+ ...+ b,_12"1 = 0, T.e. uMeem nuHelinyto

33aBUCMMOCTb MeXAY d/eMeHTaMu {T, T, ..., a1 } — ba3uca

nona F kak BeKTopHoro npocTpaHcTea Hag [, oTkyaa
bo=br=...=bp_1 =



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

Kcrtatun, 4to Takoe




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

KcrtaTtu, 4to takoe 7

Paccmatpusaem none [ = Fy[z]/a(x), rae

a(z) = ap+ a1z + ...+ apx™ — HENPUBOANMMBIA MHOTOYNEH,
T.e. B 3TOM noJsie

a(:c) =0 & " = an_l (—ao - a1 r — ... — an_lx”_l).



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

KcrtaTtu, 4to takoe 7

n __
Paccmatpusaem none [ = Fy[z]/a(x), rae
a(z) = ap+ a1z + ...+ apx™ — HENPUBOANMMBIA MHOTOYNEH,
T.e. B 3TOM none

a(:c) =0 & " = an_l (—ao - axr — ... — an_lx”_l).

=
Sl

= {f(z) € Fpla] | f(z) = q(x)a(x)+z, q(x) € Fp[z] }.

2. [FIT)L:
= {f(:]}):bo—i—blx—l-...—i-bn_lxn_l’bo,bl,...,bn_l E[Fp} =
= {(bg, bl, ceey bnfl) |bo,bl,...,bn71 S ﬂ‘_p}

z=1{(0,1,0,...,0)|1eF,}.

B panbHeiiwem, Kak NpUHATO, BMECTO T 4acCTO MULUIEM MPOCTO .



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

ABnaOTCA MM MUHUMANbHbIE MHOTO4YJIEHBI I'IpVIMVITI/IBHbIMI/I?




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

ABnaOTCA MM MUHUMANbHbIE MHOTO4YJIEHBI I'IpVIMVITI/IBHbIMI/I?

Mpumepbl U3 npeabiayLLero.

® Muorounen a(x) = 23 + 2 + 1 venpusogum & F[z],
cnegosatensio F' = Fafz]/(a(x)) — none n no gokasanHomy
paHee a(r) — MUHUMAasbHbIA MHOTOYNEH ANS .

MpumutuseH au a(x)?

Mposepsiem, 4o 8 F = GF(2%) a(z) [ (2t —1) npn
t=3,4,5, 6 (a menvumocts 27 — 1 Ha a(x) Bcerpa byaeT umeTs
mecto: z7 + 1= (23 + 2+ 1)(z* + 22+ 2 +1)).

70 o3HavaeT, 4To a(x) — NPUMUTUBHBIA MHOTOYJIEH 1

T — NpUMUTUBHbIG nemeHT nons F' (rewepatop F*, degx = T7).



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
KopHu mMHoOro4neHoB Haj KOHe4YHbIM nosem

ABnaOTCA MM MUHUMANbHbIE MHOTO4YJIEHBI NMPUMUTUBHbBIMMN...

® Muorounen a(z) = o* + 23 + 22+ 2+ 1 nenpusogum B Fa[z],
cneposatensHo F' = [Fy[z|/(a(x)) — none n no gokasaHHomy
paHee a(r) — MUHUMAasbHbIA MHOTOYNEH ANst .

MpumnTusen an a(z)?
Nveem 8 F = GF(2%):

alz) | (@® -1 : 25 +1=(@*+23+22 +2+1)(z +1).
70 o3HavaeT, 4TO a(x) — He eCTb NPUMUTUBHBIA MHOFOYIEH 1

x — He reHepatop F*, T.x. degz =5 # 15.

,D,pyroe onpeneneHne: MUHUMaNbHbIA MHOTFOYNEH NPUMUTUBHOIO
S/1IEMEHTA NONA HA3bIBAETCA MPUMUTUBHBIM MHOIO4J71€HOM.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

CsoiicTBa MMHUManbHOrO MHOrouneHa mg(r) € F): pesome

[anHbie cBolicTBa byoyT fokazaHbl ganee.

© Muorounen mg(x) Henpusogum.

© Ecn f(x) — Takoii mHorounex, uto f(fB) =, T0

mpg(x) | f(x)-
Q mp(z) | (27" —z).
Q degmp(x) < n.

© Muorounen mg(x) — MuHUManbHbii ans 5 n [P,



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MHorou4neHsi:

HenpusoauMble
(Hepaznoxummbie)

MWUHWMMa/IbHblE

NPYMUTMBHbIE
(MUHMManbHbIE ANA
MPVMUTUBHbIX 3/IEMEHTOB)



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

CBoiicTBa MUHUMAJIBHBLIX MHOTO4/1EHOB

YT1BepxgeHue

MuHumManbHbie MHOFOYEHbI HENpnBoanNMbI.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

CBoiicTBa MUHUMAJIBHBLIX MHOTO4/1EHOB

YT1BepxgeHue

MuHumManbHbie MHOFOYEHbI HENpnBoanNMbI.

OokazatenbcTBO

Mycte mg(z) — m.m. gnsi B n mg(x) = mq(x)ma(x).
Toraa

my(B8) =0

mg(ﬁ) =0

Ho degmy < degm u degmo < degm = [ He MOXeT bbiTh
kopHeM Hu my(xz), Hu ma(x).

mg(ﬂ) =0 =




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

CBoiicTBa MUHUMAJIbHBLIX MHOTO4YJIEHOB. ..

VT1BepxaeHue

IMyctb B HekoTopom none anya mp(x) — M.M. 4ns snemenHTa 3, a
f(x) — mHorounen Takoii, 4o f() = 0.

Torga f(x) genntcs na mpg(x).




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

CBoiicTBa MUHUMAJIbHBLIX MHOTO4YJIEHOB. ..

IMyctb B HekoTopom none anya mp(x) — M.M. 4ns snemenHTa 3, a
f(x) — mHoro4nen takoii, yto f(B) = 0.
Torga f(x) genntcs na mpg(x).

Jdoka3aTenbcTBO

Paspennm f(x) Ha mpg(x) c ocTaTkom:
f(z) = u(z)mg(xz) +v(z), degv < degm.
lNogcTaBnsisi B 370 paBeHCTBO 3 BMECTO x, NOJyHaem

0 = f(B) = u(B)mp(B) +v(B) = v(B),
N——

=0

T.e. 3 — KkopeHb v(x), YTO NPOTUBOPEYNT MUHUMANLHOCTN Ma(X).




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

CBoiicTBa MUHUMAJIbHBLIX MHOTO4YJIEHOB. ..

CnepctBue

Lns kaxgoro snemenTa nons Cywectsyer He bosiee 0fHOro M.M.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
KopHu mMHoOro4neHoB Haj KOHe4YHbIM nosem

CBoiicTBa MUHUMAJIbHBLIX MHOTO4YJIEHOB. ..

CnepctBue

Lns kaxgoro snemenTa nons Cywectsyer He bosiee 0fHOro M.M.

OokazatenbcTBO

n_yCTb MWHVWMAaJIbHbIX MHOIO4/1EHOB 4Ba.

OHy B3aUMHO ZENAT APYr APyra, a 3HAYUT, Pa3IN4atoTCs Ha
0b6paTUMbIN MHOXUTENL-KOHCTAHTY.

nOCKOﬂbe MUHUMAJIbHBIA MHOIMOYJ/1EH HOPMUWPOBAH, 3Td KOHCTAHTAa
paBHa 1, T.€. JAHHbIE MHOIrO4/71€Hbl COBMNagaroT.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

CBoiicTBa MUHUMAJIbHBLIX MHOTO4YJIEHOB. ..

YT1BepxgeHue

Lns kaxgoro anementa (3 noas [Fg CyLyecTByeT (€4MHCTBEHHOCTb
[OKa3aHa paHeEe) M.M. U ero CTENeHb HE MPEBOCXOAUT M.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

CBoiicTBa MUHUMAJIbHBLIX MHOTO4YJIEHOB. ..

Lns kaxgoro anementa (3 noas [F;} CyLyecTByeT (€4MHCTBEHHOCTb
[OKa3aHa paHeEe) M.M. U ero CTENeHb HE MPEBOCXOAUT M.

JdokazatenbcTBO

| \

Paccmotpum cnegyrowme snementsr nons by 1, 3, B2, ..., B" —
ux n+1 wryka, a pa3MepHOCTb [Fg KaK BEKTOPHOIrO NpoCTPaHCTBa
paBHa M => 3TU 3JIEMEHTbI JINHENHO 3aBUCAMBbI, T.€. CyLECTBYHOT
Takue He Bce pasHbie () Ko3hhuunenTsi ¢y, . .., Cp, 4TO

col+cif+...+c, 6" =0,
= [ — KopeHb mHoro4neHna f(x) =co+ c1z+ ...+ cpa™.

Munumansueim MHorodynenom gns (3 bynet HeKOTOPbI
HOPMUPOBAaHHbIN HENpUBOAUMBINA fenntens ().




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MHoro4neHsi Ha/J KOHEeYHbIM NoJIeEM: CBOWCTBA

Teopema

J1r0boli HeHyneBow aeMeHT Moas F, sBnseTcs kopHem
7
mHorodnena P 1 — 1, te.

"l 1 = (x—B1) ... (x— Bpn1),
roe {ﬂl, A Bpn_l} =y = )~ {0}.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MHoro4neHsi Ha/J KOHEeYHbIM NoJIeEM: CBOWCTBA

Teopema

J1r0boli HeHyneBow aeMeHT Moas F, sBnseTcs kopHem
7
mHorodnena P 1 — 1, te.

"1 =(z—B1) ... (T = Bpr-1),
roe {51, A Bp”—l} =y = )~ {0}.

HokazatenbcTBO

| A\

[Fg* — UUKAMYECKas rpynna no yMHoxeHuto nopsgka p" — 1.
Mopsigok deg v nr0boro €€ anementa (= MOPSHOK UNKIANYECKON
nogrpynnei () — no Teopeme JlarpaH»a) JeNUT NOPSZOK rpynmbi.
Mostomy p"* —1 = ¢q-dega, ad8® =1 y

aP" =l 1 = qudega _ 1 — (adega)q —1=179—1 = 0.

A



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MHoro4neHsi Ha/J KOHEeYHbIM NoJIeEM: CBOWICTBA...

KcTtat — u3 Teopembl cneayer ewg ofuH cnocob HaxoXaeHus
obpaTHbIx anemenToB B none [, yoobHblii npn Hebonbwnx p n n:

T __ n__ —
2T =1 = P 2=

B none F = Falxz]/(2® 4+ z + 1) naiitn anement, obpaTHbIii k
a=1x+1.
Nveem: |F| =8, 2° =2+ 1,

ol = a0 = (2+1)% = (a+1)% (24+1)? = (2'4+1)(2+1) =
= @ +z+1)(@?+1) = at+ 23+ 2+ g2+t =
= @ 4+)+ @+ +z+1 =224z

Mpoeepka: (z+1)(z%2+12) = x(x+1)? = z(2?+1) =
=2+r=zx+1+z = 1L




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MHoro4neHsi Ha/J KOHEeYHbIM NoJIeEM: CBOWICTBA...

Cneacreue (Teopema ®epma)

Bce anementei nons [y (He ucknioqas Hyns) sensoTcs kopHamu
7
MHoroyneHa ¥ — x.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MHoro4neHsi Ha/J KOHEeYHbIM NoJIeEM: CBOWICTBA...

Cneacreue (Teopema ®epma)

Bce anementei nons [y (He ucknioqas Hyns) sensoTcs kopHamu

T
MHorodneHa rP — x.

| A\

OdokazatenbcTBO

Beinecem x 3a ckobky:

(e

P —x:x(a;pnfl—l).

V BTOporo comHoxutens kopHsamu byayT BCe HeHynEBbIE
asniemeHTbInONs, a y nepsoro — 0.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MHoro4neHsi Ha/J KOHEeYHbIM NoJIeEM: CBOWICTBA...

Teopema

B KOJIbLUE MHOro4/1€EHOB Ha4 KOHEYHbIM MOJIEM

(z"—=1): (2™ - 1) & n:im.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MHoro4neHsi Ha/J KOHEeYHbIM NoJIeEM: CBOWICTBA...

B KOJIbLUE MHOro4/1€EHOB Ha4 KOHEYHbIM MOJIEM

(z"—=1): (2™ - 1) & n:im.

4

[JokazaTtenbcTBO

o [lycts n = mk. Cgenaem 3ameny x'™ =y, Torga
2" —1=y*—1 u 2™ —1=y— 1. Jerumocts oyesusHa,
Tk. 1 — Kkopenb y* — 1.

N




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MHoro4neHsi Ha/J KOHEeYHbIM NoJIeEM: CBOWICTBA...

B KOJIbLUE MHOro4/1€EHOB Ha4 KOHEYHbIM MOJIEM

(z"—=1): (2™ - 1) & n:im.

4

[JokazaTtenbcTBO

o [lycts n = mk. Cgenaem 3ameny x'™ =y, Torga
2" —1=y*—1 u 2™ —1=y— 1. Jerumocts oyesusHa,
Tk. 1 — Kkopenb y* — 1.

o lpeanonoxum, 4to n /m, Te. n=km+r, 0 <r <m,
Torga
" (2™ — 1)(z™ — 1)

n_ 1 _ T _1 =
T 1 7 — 1 +x 1

1)(:Em—1)+:1:’“—1.

N




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MHoro4neHsi Ha/J KOHEeYHbIM NoJIeEM: CBOWICTBA...

llocnegHee BbipaxceHne 3agaet pe3yabtat geneHus x* — 1 Ha
™ — 1 ¢ ocTaTKOM, NOCKOJbKY . | aeantcad Ha ' — 1 no

JOKa3aHHOMY BbILUE.
Octatok " — 1 # 0 B cuny caenanHbix NPERNOIOKEHNI.

. x™ —1 He genutcs Ha ™ — 1.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MHoro4neHsi Ha/J KOHEeYHbIM NoJIeEM: CBOWICTBA...

lNocnenHee BoipaxkeHue 3a[aeT pe3ynbtat genenuss x'* — 1 Ha
™ — 1 ¢ ocTaTKOM, NOCKOJbKY . | aeantcad Ha ' — 1 no
JOKa3aHHOMY BblLLE.

Octatok " — 1 # 0 B cuny caenanHbix NPERNOIOKEHNI.

. x™ —1 He genutcs Ha ™ — 1.

Teopema AaéT BO3MOXHOCTb packnafblBaTb MHOro4eHsl " — 1
Mpu COCTaBHbLIX .
Hanpumep, paznoxum z'° +1 8 Folz] (rae —1 = +1):

2P 4+1 =@+ 1) (@ + 2% + 28+ 22+ 1),

P41 =@+ 1) (@0 + 25 +1).

Bo3mMOXHOCTb packiagbiBaTb MHOFOYJIEHB! CMIELNANbHOrO BMAA Ha
HeNpMBOAMMbIE [AET Cledyiollas Teopema.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

PasnoxeHue MHOro4aeHOB Ha Hernpueogumblie

Teopema

Bce nenpusogumbie muorounensr n-ii crenenu us Fylx| gensar
n
MHoroyneH zP — x.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

PasnoxeHue MHOro4aeHOB Ha Hernpueogumblie

Teopema

Bce nenpusogumbie muorounensr n-ii crenenu us Fylx| gensar
T
MHoroyneH zP — x.

dokazatenbcTBO

| A\

n = 1. Vbexpgaemcs, yro (x —a) | (2P — ), rge a € Fp: mpn a =0
3TO OYEBUAZHO, @ B OCTA/IbHBIX CIYHasiX JOKA3aHO, HYTO G —
kopeHb MHorodneHa P~ —1 = (2P — x)/x.
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

PasnoxeHue MHOro4aeHOB Ha Hernpueogumblie

Teopema

Bce nenpusogumbie muorounensr n-ii crenenu us Fylx| gensar
T
MHoroyneH zP — x.

| A\

dokazatenbcTBO

n = 1. Vbexpgaemcs, yro (x —a) | (2P — ), rge a € Fp: mpn a =0
3TO OYEBUAZHO, @ B OCTA/IbHBIX CIYHasiX JOKA3aHO, HYTO G —
kopeHb MHorodneHa P~ —1 = (2P — x)/x.

n > 1. Crpoum no nenpusogumomy u (6e3 orpanuderuns obyHoCTH —
n
HopMupoBaHHomy) mMHoro4qneny f(x) creneny n none Fy.
B stom none x — kopers u f(xz), u xP" L — 1, npuyém
f(x) — m.m. gns Hero.
Mo ceosicteam m.m. zP" 1 — 1 genutca Ha f(x).
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

Mpumep: 3aBepwaem pasnoxenne z'° 4 1 € Fafz]

2P+l = 1:24_171, noaToMy nposepsiem ctenedn p =2 ot 1 pgo 4:
24 —1=15/15, 22 —-1="7/15, 22—1=3[15 2!'—1=1]J15,

4
Q z(2'° +1) =2 + 2, oTKyaa BCe HENPUBOANMbBIE MHOMOUMEHI
16 _ 2 un, cnegoBaTtensHo,

4-i cteneHn ByayT genuTensamu x
2 4+ 1. Takux MHOrouneHos 3:
4o +1, 43 +1 v i1

« 2 o
Q a:(m3 +1)= ¥+, OTKY[a BCE HEMPUBOAMMbIE MHOTOYEHbI 2-1
cTeneHn bynyT penutensiMu zt — 1z n, cnepoBaTensHo, 3 + 1.
Takoii MHOFOYJIEH TOJIBKO OAWH: 2?4z + 1.

1 - ~
© z(x' +1) =22 + 2, 0TKyAa €ANHCTBEHHBI OTANYHBIA OT
HeNpUBOAMMBIN MHOrouneH 1-ii ctenenn = + 1 gennt 2 + .
Wtoro: pasnoxenne z'° 4 1 Ha Hepaznoxumble Hag [Fo MHOroUEHbI —

P41 = (z+ 1) (2 +z+ 1) (et +z+1) (e 23+ 1) (2 + 23+ 2+ 2+ 1).



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
KopHu mMHoOro4neHoB Haj KOHe4YHbIM nosem

MHoro4neHsi HaJ KOHEeYHbIM NMOJIEM...

Teopema

~ [ve o
JTioboii HenpuoguMbIii MHoroynen-geantens a1 —1 umeer
CTeNneHb, He NPeBOCXO[ALLYIO N.

| \

OokazatenbcTBO

- n
[lycte (p — Henpusogumeili genntens xP — x crenenn k.

def
Torga F = F,/(¢) — none, koTopoe paccMOTpUM Kak BEKTOPHOE
)

* )

npoctpancTso Hag [, ¢ basucom {T, T, ..

Obosnaq4um T = a. [Mockonbky (zP" —z) ', T0 B F nmeem
7
ol —a=0.
k=1
Jloboii anement F' Boipaxkaetcs qepes basuc: [ = Y a;o’.
i=0




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MHoro4neHsi HaJ KOHEeYHbIM NMOJIEM...

A
Bossegsi 0be yactu 3T0ro paseHcTsa B creneHs p', noay4um

. k=1 \P" k-1
= Y et = ) aia’ = p,
i=0 i=0
T.e. 0 — KOpeHb ypaBHEHNS
P -z =0 (%)

Wrak, kaxaeiii anement nonss F sensercs kopHem (x), Ho y (%) He
bonee p" pasnnynsix kopred, a |F| =p* . n> k.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MHoro4neHsi HaJ KOHEeYHbIM NMOJIEM...

YT1BepxgeHue

llycts 3 € B}y umeer nopsgok I, a ero m.m. m(x) umeer crenews k.

Torga @ (p* —1)il,aecmr <k, o @ (p' —1) /1.
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MHoro4neHsi HaJ KOHEeYHbIM NMOJIEM...

llycts 3 € B}y umeer nopsgok I, a ero m.m. m(x) umeer crenews k.

Torga @ (p* —1)il,aecmr <k, o @ (p' —1) /1.

OokazatenbcTBO

O [lo Henpusogumomy mHoroydneHy k-ii crenenn m(x) cTpoum
none u3 p* anementos. Bce ero Hewynesbie 3n€MEHTEI, B TOM
qyucne v 3, SABASIOTCS KOPHIMU YPaBHEHUS i 0, Te
BP1_1=0u B"1=1,Ho degB=1 = 1| (pF—1).

® lycts (p" —1):1 u r < k. Torga 3 — KopeHb ypaBHeHUs

T T .
¥ —1=0, a k. m(x) —mm. gas B, 7o (2P —1):m(z) (bbro
[OKa3aHo) = HalifeH HENPUBOAUMbIN JEANTEND xP" — 1 crenenn
k, HO k > r = npoTuBopedue JOKa3aHHOMY paHee.
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MHoro4neHsi HaJ KOHEeYHbIM NMOJIEM...

Cnepyrowiast TeopemMa no3BOJISAET pPaCKIafblBaTh MHOMOYJIEHbBI HA
MHOXUTENN.

Teopema (CBOCTBO KOpHEli HEMPUBOAUMOIO MHOTOYJIEHA)

Mycte [ — kopeHb Henpusogumoro mHoroynena f(x) creneHum n c
koagppuymentamu n3 . Torga snementsr 3, 3P, ﬁPQ, o, BP
@ sce pazimyHe;; @ ucHepnbIBatOT CNNCOK BCex 1 KopHed f(x)
(nx HasbIBaKOT CMEXHBIMY).

T.e. 4TODObI NONYYNTL BCE KOPHW HEMPUBOAMMOrO MHOrO4JIeHa,
ZJOCTaTOYHO HaliTh OAMH U3 HUX N BO3BOAWTH €ro NOC/eA0BaTENbHO B
CTeneHm p.
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MHoro4neHsi HaJ KOHEeYHbIM NMOJIEM...

Cnepyrowiast TeopemMa no3BOJISAET pPaCKIafblBaTh MHOMOYJIEHbBI HA
MHOXUTENN.

Teopema (CBOCTBO KOpHEli HEMPUBOAUMOIO MHOTOYJIEHA)

Mycte [ — kopeHb Henpusogumoro mHoroynena f(x) creneHum n c
koagppuymentamu n3 . Torga snementsr 3, 3P, ﬁPQ, o, BP
@ sce pazimyHe;; @ ucHepnbIBatOT CNNCOK BCex 1 KopHed f(x)
(nx HasbIBaKOT CMEXHBIMY).

T.e. 4TODObI NONYYNTL BCE KOPHW HEMPUBOAMMOrO MHOrO4JIeHa,
ZJOCTaTOYHO HaliTh OAMH U3 HUX N BO3BOAWTH €ro NOC/eA0BaTENbHO B
CTeneHm p.

[okasaTtenbcTBo

O [Tokaxem, 4To ecau [ — kopeub f(x), To BP — Toxe KOpeHb.




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MHoro4neHsi HaJ KOHEeYHbIM NMOJIEM...

A
lMockoneky aP = a ans scex a € [}, To cnpasegnanso

(ao + a1z + ... + agz®)’ = af + afaP + aha® + ... + a2 =

= ag + a1(2P) + az(2P)? + ... + ap(2P)*,

T.e. gas moboro muorodnena p(x) € Fplz] Boinonnsiercs pasencrso
(e(@)" = e(aP). (%)

Orcroga:

fB)=0 & f(BP=0 < f(B)=0

m B, 6P, ..., ﬂpn_l — KopHu mHoroynexa f(x).
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

MHoro4neHsi HaJ KOHEeYHbIM NMOJIEM...

n—1
® (Ocranocs fokasats, 4To Bce (3, BP, ..., BP pasnyHbl, 1
Torga (MHOro4YneH creneHn n MMeEeT He bosiee N KOPHEN) MOXKHO
YTBEPXAATb, YTO HaNAeHbl BCE KOPHU MHOroyneHa f(x).
l k
lpegnonoxum, yto P = PP° u 6e3 orpaHudenns obLyHOCTY
I < k. Nmeem:
Y2
Q5 =5

© nockonbky
n—k n—k

_ p p —
prn _ /Bpk,pn k _ (Bpk) _ (Bpl) _ Bpn Ic-H,
k+l_1 1 . 0
17k TEOPEMbI «Bce HenpuBoOAUMbIE MHOIOYJIEHbI N~ CTENEHN Has

[, ssnswoTca genntenamu P — x>y nosay4aem
n—k+1l>n = [ >k — nporusope4ue.

"
10 B — KOpeHb ypaBHeHns xP




NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

KopHu MHOro4neHoB Haj KOHEYHbIM Monem

PeweHne ypaBHeHN «HeNnpuBOguMbIA MHOro4aeH = 0»

1. HaliTn kopHu Henpueogumoro Hag Fo MHorouvneHa

flz) =zt + 23 +1
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

PeweHne ypaBHeHN «HeNnpuBOguMbIA MHOro4aeH = 0»

1. HaliTn kopHu Henpueogumoro Hag Fo MHorouvneHa

flz) =zt + 23 +1

Pewenne. Ognn kopeHb nosyyaem Hemegsienno: = (uan ).
Mo TONbKO HTO AOKA3AHHON TEOPEME MOXKHO BbINMUCATH OCTabHbIE

kopHu B none Fofz]/(f(x)):

z2, o= g AL 2 =ab+1=a34+2242.
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

PeweHne ypaBHeHN «HeNnpuBOguMbIA MHOro4aeH = 0»

1. HaiiTun kopHu Henpusogumoro Hag Fo MHoroynexa
flz) =zt + 23 +1

Pewenne. Ognn kopeHb nosyyaem Hemegsienno: = (uan ).
Mo TONbKO HTO AOKA3AHHON TEOPEME MOXKHO BbINMUCATH OCTabHbIE

kopHu B none Fofz]/(f(x)):
z2, o= g AL 2 =ab+1=a34+2242.

2

Moka>kem, 4TO, HanNpumep, T — AEWCTBUTENBHO KOpeHb f(x):

f(l'Q) = x4+x3+1}$»—>x2 = m4.2+m4+2+1‘x4ﬁm3+1 =
= @@+ 12+ @3+ D22 +1 =25+ 1 +25 422+ 1 =

=20 42422 = 2@+ 234+ 1) =220 = 0.
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

PeweHne ypaBHeHN «HeNnpuBOguMbIA MHOro4aeH = 0»

2. PewinTb ypaBHeHMe

flx) =zt+23+22+2+1 =0, f(z)e€ ]

Pewetne.

Vbexxpaemcsi, 4to mHorouned f(z) nenpusogum B [Folx].
Mo3ToMy OAMH €ro KopeHb — I, 1 MO [OKA3AHHON Teopeme
BbinMCbIBaeM octanbhbie B none Faolx]/(f(x)):

22, =2+ +zx+1, B=ab+2t+22+1=...=125

[Mokaxkute CaMOCTOATENIbHO, 4YTO 1’3

f(zx), T.e. uTO

f@®) =22 +2%+a28+23+1 =0,

— [efCTBUTENBHO KOPEHb
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

PeweHne ypaBHeHNs «HenpuBoguMblii MHOro4YseH = 0»

3. PewnTb ypaBHeHue

flz) = 22+2x -1 = 0, rge f(z) € F3[z].
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

PeweHne ypaBHeHNs «HenpuBoguMblii MHOro4YseH = 0»

3. PewnTb ypaBHeHue

flz) = 22+2x -1 = 0, rge f(z) € F3[z].

Pewenue. MNepebopom anementos = € F3={0, 1,2}
ybexgaemcs f () — HENpMBOANMBIT MHOTOYEH.
Ho torpa B none Fs[z]/(2* + 2z + 2) oH umeet kophn z n z°.

Mockonbky 22 = —2z+1 =241, 70 2% = 22+ 2 = 20+ 1.
VYbegumces, uto 2z 4+ 1 — kopenb f(x):
fz’+z) = 2x+1)2+z+2-1=

=z24+z4+14+2+1=3-(z+1) = 0.

Otser: ypasHenune f(z) = 22 +2x —1 = 0, rge f(z) € F3[z]
nmeet koptn z n 2z + 1 B none Fz]/ (2% 4 2z + 2).
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

PeweHne ypaBHeHNsA «HENpPUBOAUMBbIA MHOro4YaeH = 0»...

MpoBepum, KCTaTn, SIBASIETCA N HEMPUBOAUMbIA MHOFOYJIEH
f(z) = 2% 4+ 22 + 2 € F3]x] npumnTusHbIM?

MynbeTunankaTUBHAs Fpynna NOCTPOEHHOrO Nons [F?,, cocTouT s 8
s7emMeHToB, 8 = 23 umeeT egMHCTBEHHBIR NpoCTOi pgennTens 2 1
NOSTOMY HEOBXOAMMO NpoBepuThL paBeHcTRO 4 = 1 (% = 4).
Nveem (22 =+ 1):

= (127 = (@+1)2 = P42 +1 =f+1+ 2241 = 24 1.

3T0 o3Ha4aeT, 4To degx = 8 M JaHHbIA MHOrOYNEH —

NPUMUTUBHBINA.
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

Kak pewatb ypaBHerus f(z) =0, koraa kopHei HeTt?

ANropnTmM HaxoXgeHusi Bcex KOpHel nosivHoma f

© Pasnoxuts f(z) Ha Henpueogumblie comHoxutenu wag [Fplz]:

f(@) = g1(x) - g2(2) - ... - gr().

@ [nsa kaxgoro mHorounena g;(z), i = 1,k paccmMoTpeTs
pacwupenne Fp[z]/(gi(z)), B koTOpom oH byger nmetsb
n; = deg g; KopHei

2 pig =1l
a, o, o, ..., P

7

3anucaTb OaHHbI€ KOPHN KaK MHOMQ4YJI€HblI U3 NOoAA

Fplal/(gi(x)).

© Ob6beanHnTbL BCE KOPHU B 0aHOM obuiem pacwupenun 7,
rae n = HOK (nq,..., ng).
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

Pewenne ypasnenuns f(z) = 22* + 23 + 422 +4 =0 wnapg F;

3apava. PewnTb ypaBHeHue

f(z) = 22 + 23 + 422 +4 = 0, rge f(x) € F5[z].
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

Pewenne ypasnenuns f(z) = 22* + 23 + 422 +4 =0 wnapg F;

3apava. PewnTb ypaBHeHue

f(z) = 22 + 23 + 422 +4 = 0, rge f(x) € F5[z].

Pewenne. Boiuncnsiem 3nadenns f(z) gns

vels; ={0,1,2,3, 4} f(0) =4, f(1) =1, f(2) = 0.

Takum obpasom, = = 2 — kopeHb f(x).

Oensi «yronkom» f(x) Ha fi(z) =2 —2 (= z + 3), nony4ynm
20t + 2% + 42?2 +4 = (2 —2) - (22% + 42 + 3).

Ons ynobctea Hopmupyem Hacthoe 223 + 4z +3: 1.k. 271 =3, 10

BMecTo ypasHeHus 22° + 4x + 3 = 0 byaem pewaTb ypaBHeHue

folx) = 3- (223 +42+3) = 22 + 20 +4 = 0.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya
KopHu mMHoOro4neHoB Haj KOHe4YHbIM nosem

Pewenne ypasnenuns f(z) = 22* + 23 + 422 +4 =0 wapg Fs...

Mepebopom anemenTos x € F5 —

f0) =4, f(1) =2, f(2) =1, f3) =2, f(4) =1
ybexpaemcs, 4to fo(z) = 2 + 2 + 4 — HenpusoanMBbIii
MHorounieH (a ecim Bbl 370 bbin MHOTrOUNEH 4-if cTeneHn?).
B none Fs[z]/(2® + 2z +4) kopHsmn mHorodnena fa(z) =0
byayt x, z°, x2°
Boluncnsiem — ¢ yuérom 2° = —2z —4 = 3z + 1
2 = 22Br4+1) =323 +22 =42 +3+2% = 22 +42+ 3.
% = (:c5)5 = (332 + 4z + 3)5 = 21044525 + 35 =

=204+ 4(2? + 42+ 3)+3 = 210+ 422 + 1.

(nockoneky 4° =210 =1024 n 3° =81 -3 = 243).

Haigém otaenbho 0.
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

Pewenne ypasnenuns f(z) = 22* + 23 + 422 +4 =0 wapg Fs...

20 = (2°)? = (2® + 424 3)° = 427324300+ ta® =
=t 4323 + 20+ 4w +4 =32+ S+ Ao+ 3+ P+ A 4+4 =
= 4x + 2.

[Mpogoskaem:
¥ = 210440 b = fr + 2+ 427+ F = 42?4 2.

Otsert: ypastenune f(x) = 22* + 2% +422 +4 = 0, roe
f(z) € F5[z] umeer kopHu 2, x, 2% + 4z + 3, 42> + 2 B none
F = Fs[z]/(2® 4+ 22+ 4) (nockonbky kopeHb 2 € F).
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

O nopoxpatowem MHorouneHe 3 + 2z + 4 € F5[x]

Kcratu, siensietcs nu Henpueogumslii B F5[z] MHoroune
a(z) = 23+ 2z + 4 npumMuTMBHBIM?
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

O nopoxpatowem MHorouneHe 3 + 2z + 4 € F5[x]

Kcratu, siensietcs nu Henpueogumslii B F5[z] MHoroune
a(z) = 23+ 2z + 4 npumMuTMBHBIM?

MynbTunankaTMBHas rpynna noctpoenHoro nons F3 coctout u3
53 — 1 = 124 snemenTOB.
Onpegenum nopsiiok eé aneMeHTa x, ans kotoporo z° = 3x + 1.
Mockonbky 124 = 22 .31, paseHcTBo ¢ = 1 Hy>KHO NPOBEPUTE
ans d:%:fﬁ " d:%zll.
Boiuncnsem: 2t = 232 = 322+ # 1.
262 = (231)2 = (225 . 25)2.
Mockonbky 28 = (:v3)2 =Br+1)2=422+2+1, 70

3 = (422 42)- (42 +x+1) = 2+ 423+ 422 4302 42042 =

= 2t +42° 4+ 202420 4+2 = 3%+ x4+ 20 +4+ 22+ 22 +2= 1

— degx = 31 n mHorouneH a(x) He NPUMUTUBEH.
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

Pewenne ypasrenuns f(z) =28 + 2+ 22+2+1=0 nag F,

3apava. PewnTb ypaBHeHue

flx) =28+t +22+2+1 =0, rge f(z) € Fafz).
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

Pewenne ypasrenuns f(z) =28 + 2+ 22+2+1=0 nag F,

3apava. PewnTb ypaBHeHue

flx) =28+t +22+2+1 =0, rge f(z) € Fafz).

PeweHune. B Tabnnuax HeNpuBOAYMbIX MHOFOYEHOB aHHbIiA
MHOFOYIEH OTCYTCTBYET.

Mogbopom Haxoaum, 4Tto f(x) pasnaraercs B NpousBeneHne ABYX
HenpueoAUMBIX Hafg [Fo MHOro4YneHoB:

Byttt dr+1l =@ 4224+ @t 1),

-~ -~

fi(z) J2(z)

Vpagrenus fi(x) =0 n fa(x) =0 paHee bbinn pewwensl: nx
KOPHW COOTBETCTBEHHO CyTb

z, 22, 22+ 1, 23+ 22 + = B none F1:[F2[x]/(334+x3—|—1) "
z, 2%, 2%, 23+ 2 + 2+ 1 8 none ngfg[x]/(m4+$3—i—x2—|—a:+1).
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

Pewenne ypasrenuns f(z) =28 + 2+ 22+2+1=0 nag F,

Crenenn obonx pacwmpennii nonss GF(2) cosnagator (=4) n
nonsa F1 n Fy n3mopdHbl (Noka He gokasaHo!), T.o. sce 8
KOpHeii ypaeHenus f(x) = 0 nexat B none GF(2%).

Ina sanucu gavHbIX KOpHell Beibepem npeactasnenne Fy nons
GF(2%).

Torpa 3anucek kopHeil f1(z) = 0 octanercs be3 uameHeHuii, a
kopHu fo(x) = 0 Hamo NpeacTaBuTb Kak snemeHTsl F.
MpupaBHMBas MHOrOYAEHbI, NOPOXAAIOLLME AAHHbIE NONSA,
nosy4um

B tl=st e+l = 2 rr=2(+1)=0.
SICHO, 4TO NpU NOACTAaHOBKE = — = + 1 NOAy4YeHHOE PaBEHCTBO

OCTaHeTCs cnpaBegivnebiM. [TpUMeHUM AaHHYO NOCTaHOBKY ANs
nsomopdpHoro npeobpasosarus noneii I <> Fb.
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

Pewenue ypasvenus f(z) =28 +2* + 22+ 2 +1=0 nag Fs...

Haxoaum npeactaenenus kopHeii mHorounena fao(x) B none Fi:
r—x+1,
22 (z+1)2 =22 +1,
P (1) =t a1,

B el @+ D)+ @)+ (e +1)+1 =23

VpocTosepumcs, 4To, Hanpumep, 2 + 1 — kopeHb f(x):

f@®+1) = @+ 1)+ (@@ + D'+ @2+ 1)+ @+ 1)+ 1 =
= @0+ 1)+ (a® + 1) + (z* + 1) + 22

Ouesnpto z1¢ =2, 2t =23 +1 n 2® = (23 +1)? =20+ 1.
MNockonbky P=xtt+r=2+2+1, 10
=t +r=a3+22+z+1n 2B =23 +22+ 2.
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KopHu MHOro4neHoB Haj KOHEYHbIM Monem

Pewenue ypasvenus f(z) =28 +2* + 22+ 2 +1=0 nag Fs...

Moactaenss B ebipaxenue ans f(z2 + 1) nonydeHnble
NOJIMHOMUA/IbHbIE NPEACTABAEHNS CTeneHeid x, byaem nmeTb

f@+1) = @+ )+ @+ 1)+ @' +1) +2% =
=@+ D)+ @@+ e+ )+ @ +1+1)+22=0.
VaoCTOBEPUMCS, 4TO, HanNpuMmep, z3 — KopeHb fo(x): BBIYNCAUM

22 = (20?2 = (2 +1)% = 2° + 25+ 23+ 1 n Torpa

fola®) = @) +(2®)3+(@)2+ () +1 = 22427 +25+234+1= 0.

Orteert: ypaeHenne f(x) =28 +at+22+2+1 =0, rge
f(z) € Falz], 8 none Fafz]/(z* + 2® + 1) nmeer kophn

z, xQ,x2+1, m3, x3+1, 133—1—1’2—|—£L‘, T+ 1, 422 4+ z+ 1.



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

CyujecTBoBaHNe U eguHCTBEHHOCTL nonsa GEF(p™)

Paspensbi

@ CyuecrsoBanue n eguucteentocTs nons GE(p?)
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LUnknuyeckne nognpocrpaHcTBa

Paspensbi

e Uuknnyeckmne nognpocTpaHcTBa



NPNKNAOHAA AJITEBPA. Hacte |. Kone4nble nons wnn nons MNanya

3apaqm c peweHnaMn

Paspensbi

@ 3apaum c pewenusimu
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